UNCLASSIFIED 


298  518 


f 


(leptoduced 
if  ilta 


ARMED  SERVICES  TECHNICAL  INFORMATION  AGENCY 
ARLINGTON  HALL  STATION 
ARLINGTON  12,  VIRGINIA 


UNCLASSIFIED 


>+m  o  (i  <  a  ib  n  n  005 


R  NOTICE:  When  government  or  other  drawings,  speci- 

f  fications  or  other  data  are  used  for  any  purpose 

other  than  in  connection  with  a  definitely  related 
government  procurement  operation,  the  U.  S. 
Government  thereby  Incurs  no  responsibility,  nor  any 
obligation  whatsoever;  and  the  fact  that  the  Govern¬ 
ment  may  have  fonoulated,  furnished,  or  In  any  way 
supplied  the  said  drawings,  specifications,  or  other 
data  is  not  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  manner  licensing  the  holder  or  any 
other  person  or  corporation,  or  conveying  any  rights 
or  permission  to  manufacture,  use  or  sell  any 
patented  invention  that  may  in  any  way  be  related 
thereto. 


c  y  u.  c 


AFSWC-  'l^C-TDR-62-64 


swc 

TDR 

62-64 


00 

$> 

10 

00 

0* 


A  A  GUIDE  FOR  THE  DESIGN  OF  SHOCK  ISOLATION  SYSTEMS 
FOR  UNDERGROUND  PROTECTIVE  STRUCTURES 


TECffECHNICAL  DOCUMENTARY  REPORT  NUMBER  AFSWC- TDR-6*.- 64 


Research  Directorate 
AIR  FORCE  SPECIAL  WEAPONS  CENTER 
Air  Force  Systems  Command 
Kirtland  Air  Force  Base 
New  Mexico 


Project  Number  1080,  Task  Number  10803 


This  research  has  been 
Defense  Atomic  Support  Agency 


sponsored  by  the 
under  WEB  No. 


13.  004 


(Prepared  under  Contract  AF  29(6011-4551 
by  The  Ralph  M.  Parsons  Company,  Los 
Angeles,  California) 


HEADQUARTERS 

AIR  FORCE  SPECIAL  WEAPONS  CENTER 
Air  Force  Systems  Command 
Kirtland  Air  Force  Base 
New  Mexico 


When  Government  drawing*,  specifications,  or  other  data  are  used  for 
any  purpose  other  than  in  connection  with  a  definitely  related  Government 
procurement  operation,  the  United  States  Government  thereby  i-  curs  no 
responsibility  nor  any  obligation  wh'.ttoever;  and  the  fact  that  the  Government 
may  have  formulated,  furnished,  or  in  any  way  supplied  the  said  drawings, 
specifications,  or  other  data,  is  not  to  be  regarded  by  implication  or  other¬ 
wise  as  in  any  manner  licensing  the  holder  or  any  other  person  or  corporation, 
or  conveying  any  rights  or  permission  to  manufacture,  use,  or  sell  any 
patented  invention  that  may  in  any  way  be  related  thereto. 

This  report  is  made  available  for  study  upon  the  understanding  that  the 
Government's  proprietary  interests  in  and  relating  thereto  shall  not  be  Im¬ 
paired.  In  case  of  apparent  conflict  between  the  Government's  proprietary 
Interests  and  those  of  others,  notify  the  Staff  Judge  Advocate,  Air  F oice 
System.*  Command,  Andrews  AF  Base,  Washington  25,  DC. 


This  report  is  published  for  the  exchange  and  stimulation  of  ideas;  it  doe* 
not  necessarily  express  the  intent  or  policy  of  any  higher  headquarters. 

Qualified  requesters  may  obtain  copies  of  this  report  from  ASTI  A. 

Orders  will  be  expedited  if  placed  through  the  librarian  c;  other  staff  member 
designated  tc  request  and  receive  documents  from  ASTI*. 


SVC-TDR-62-64 


October  19&2 


FOREWORD 


While  the  general  subject  ot  .  '  ,ck  isolation  has  received 
considerable  attention  during  recent  years,  the  designer  of  isolation 
systems  for  use  in  underground  protective  structures  is  confronted 
with  many  special  and  difficult  problems.  In  particular,  the  lack  of 
an  adequate  description  of  the  shock  to  which  the  systems  are  exposed 
has  not  only  prevented  the  use  of  powerful  analytical  techniques,  but 
has  also  reduced  confidence  in  the  ability  of  the  systems  to  perform  as 
intended.  This  and  similar  problems  have  indicated  a  pressing  need 
for  a  summary  of  the  state-of-the-art  in  those  fields  directly  related 
to  isolation  systems  for  underground  protective  structures  application 
and  for  the  development  of  broad  design  principles  to  assist  the 
designer  in  achieving  greater  reliability. 

Early  in  1961,  after  many  discussions  with  facility  engineers,  the 
Research  Directorate,  Air  Force  Special  Weapons  Center,  selected  The 
Ralph  M.  Farsons  Company  as  prime  contractor,  to  review  the  state-of- 
the-art  of  all  major  factors  relating  to  the  analysis  and  design  of 
shock  isolation  systems  for  hardened  facilities.  Contributing  substan¬ 
tially  to  this  effort  were  the  Stanford  Research  Institute  and  the 
Armour  Research  Foundation  of  The  Illinois  Institute  of  Technology . 

The  parameters  significantly  influencing  the  selection  and  analysis 
of  shock  isolation  systems  for  protective  underground  structures  are  60 
numerous  and  complex  that  reduction  of  the  design  to  a  routine  procedure 
is  virtually  impossible.  For  this  reason  the  Design  Guide  stresses  an 
understanding,  qualitative  where  necessary,  of  the  basic  phenomena. 

Areas  where  extra  caution  must  be  exercised  are  pointed  out  and  suggestions 
are  made  regarding  possible  methods  of  approach.  In  some  areas  definite 
recommendations  can  be  and  are  given)  in  others  the  designer  may  be  left 
with  little  more  than  an  enhanced  appreciation  for  the  magnitude  of  tae 
problem  confronting  him.  Such  is  the  state-of-the-art. 

While  far  from  being  a  complete  work  on  the  subject  in  its  present 
form,  it  is  hoped  nonetheless  that  the  Design  Guide  will  be  of  assistance 
to  the  facility  engineer  in  improving  the  economy  and  reliability  of 
isolation  system  designs.  The  comments  and  suggestions  of  all  users  of 
the  Design  Guide  are  earnestly  solicited. 
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ABSTRACT 

This  report  reviews  the  major  considerations  relating  to  the  design  of 
Shock  Isolation  Systems  £or  use  in  underground  protective  structures, 
emphasizing  in  particular  those  areas  where  special  guidance  is  needed  by 
tb»*  facility  engineer.  The  motion  of  the  ground  due  to  nuclear  blast,  the 
interaction  of  the  ground  motion  with  buried  structures,  and  the  tolerances 
of  typical  facility  equipment  to  shock  are  described  and  employed  to  es¬ 
tablish  the  input  and  output  requirements  for  isolation  systems.  Analytical 
methods  for  determining  the  dynamic  responses  of  both  linear  and  nonlinear 
isolation  systems  are  summarized  and,  for  several  of  the  more  commonly 
use  1  configurations,  the  equations  are  reduced  to  simple  form.  The  report 
suggests  the  use  of  the  shock  response  spectrum  in  a  unified  approach  to  the 
specification  of  attenuation  requirements,  equipment  shock  tolerances,  and 
shock  test  machine  selection. 
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1.1  Purpose  of  the  Design  guide 

An  essential  element  i.n  the  deni:-n  of  underground,  structures  for 
protection  from  nuclear  blust  is  the  provision  of  reliable  shock 
isolation  systems  for  personnel  and  equipment.  The  levels  of  shock 
to  which  the  systems  may  be  exposed  at  many  sites  are  very  high,  with 
ground  accelerations  measured  in  hundreds  01  g's  anu  ground  displace¬ 
ments  in  feet.  Very  few  accessories  are  capable  of  withstanding  shocks 
of  this  magnitude  without  serious  damage  while  the  peak  shock  which  can 
be  tolerated  by  the  unsupported  human  being  falls  far  short  of  these 
figures.  Yet  the  unimpaired  functioning  of  both  personnel  and  equipment 
immediately  following  attack  must  he  preserved  if  the  facility  is  to 
fulfill  its  intended  mission. 

In  the  design  of  early  facilities  of  low  hardness  level,  the 
magnitudes  of  the  expected  ground  motions  were  relatively  small.  As  a 
consequence,  the  attenuation  requirements  which  were  dictated  by  the 
survival  tolerances  of  the  enclosed  equipment  or  personnel  could  be  met 
with  little  difficulty.  As  the  hardness  level  of  new  facilities 
increased,  confidence  in  the  details  of  the  predicted  ground  shock  was 
reduced  and  economic  considerations  discouraged  the  arbitrary  acceptance 
of  very  large  margins  of  safety.  Further,  more  severe  attenuation 
requirements,  demands  for  larger  lead  capacity  and  greater • flexibility 
in  load  arrangement  resulted  in  isolator  designs  of  greater  sophistication. 
These  critical  criteria  generally  impose  an  additional  need  for  a  more 
refined  definition  of  the  input  shocks.  Thus  the  basic  concepts  of  shock 
isolation  design  were  subjected  to  a  more  searching  inspection. 

In  a  broad  sense,  the  problems  confronting  the  designer  of  shock 
isolation  systems  for  underground  protective  structures  are  no  different 
from  those  encountered  in  the  design  of  shock  resistant  packaging, 
earthquake  resistant  buildings,  gust  resistant  aircraft,  or  other 
apparatus  which  accept  an  energy  impulse  and  convert  it  to  a  more 
tolerable  form.  In  all  these  cases,  the  principal  complication  is  intro¬ 
duced  by  the  fact  that  the  exact  description  of  the  impulse  in  time  is 
rarely  unique.  The  designer  must  deal  with  the  typifying  characteristics 
cf  the  shock  and  must  design  his  system  to  be  relatively  insensitive  to 
its  less  predictable  features. 

Insufficient  data  have  been  accumulated  to  daoc  on  ground  shock 
resulting  from  a  high-yield  nuclear  blast,  to  provide  a  basis  for  any  but 
the  most  general  of  observations  about  the  shock  vavefonn.  Indeed,  the 
differences  in  soil  structure  between  the  test  and  the  actual  site  in  all 
known  cases  are  so  great  that  it  is  doubtful  if  experiment  can  ever  be 
expected  to  yield  design  duta  directly.  The  nonlinearity  of  the  phenomena 
precludes  direct  extrapolation.  The  correlation  of  low-yield  data  wir.i 
theory  and  subsequent  extrapolation  of  the  theory  to  higher  yields  at 
other  sites  is  handicapped  by  the  manj  simplifications  necessarily 
employed  in  theoretical  treatments.  These  simplifications  could  easily 
obscure  the  existence  of  phenomena  of  significant  influence  on  the  time 
history  of  the  ground  motion. 
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The  designer  of  shock  isolation  systems  for  underground  protective 
structures  is  provided  very  little  information  on  even  the  general 
characteristics  of  the  wave  to  which  his  system  may  be  subjected.  Thus, 
many  techniques  employed  by  designers  <  'her  fields  are  not  available 
to  him. 

Other  special  problems  also  face  the  isolation  system  designer. 

In  many  other  engineering  applications,  components  which  must  survive 
rigorous  environments  are  either  designed  specially  for  the  purpose 
or  .are  selected  on  the  basis  of  the  results  of  exhaustive  tests.  A 
large  percentage  of  equipment  installed  in  underground  facilities, 
however,  comprises  off-the-shelf  items  intended  for  stationary  industrial 
use.  While  in  some  instances  the  shock  tolerance  of  the  equipment  is 
high,  more  often  it  has  never  been  determined  under  controlled  conditions. 
When  the  equipment  has  been  tested,  the  results  are  rarely  in  a  useful 
form  for  the  underground  facilities  designer.  Since  economy  dictates  the 
continued  use  of  industrial  equipment  wherever  possible,  the  isolation 
system  designer  is  faced  with  the  questions  of  whether  the  equipment 
will  withstand  the  shock  without  attenuation  and,  if  not,  what  must  be 
the  output  of  the  isolation  system  to  ensure  equipment  survival. 

Despite  a  lack  of  information  concerning  the  nature  of  the  input 
shock  or  of  the  output  necessary  to  ensure  survival  of  the  isolated 
equipment,  the  designer  is  charged  with  the  responsibility  for  devising 
an  energy  conversion  system  with  the  required  transfer  characteristics 
and  for  predicting  the  peak  displacement  of  the  system  relative  to  the 
surrounding  structure.  Notwithstanding  these  areas  of  ignorance,  it  is 
evident  that  the  designer  can  achieve  a  highly  reliable  system  by: 

(a)  selecting  a  type  of  system  which  responds  only  to  gross  characteristics 
of  the  input  shock,  (.b)  assuming  an  input  waveform  which  is  most  dis¬ 
advantageous  to  his  system,  (c)  fixing  the  output  at  an  extremely  low 
frequency  and  acceleration,  and  (d)  increasing  the  clearance  between  the 
supported  mass  and  the  structure  to  a  value  well  above  that  estimated  to 
be  required.  The  economic  penalty  for  compounding  margins  of  safety  in 
this  manner,  however,  is  usually  prohibitive,  not  only  with  respect  to 
the  isolation  system  components  but  also  for  the  increased  volume  of  the 
underground  structure  housing  the  system. 

Even  though  generous  clearance  (rattlespace)  has  been  shown  to  be 
the  least  expensive  technique  for  adequate  shock  isolation,  the  engineering 
principle  of  minimizing  unoccupied  structural  volumes,  the  almost  inevitable 
growth  of  the  suspended  weight  due  to  equipment  or  mission  updating  with 
center  of  gravity  shift  due  to  such  additions,  and  the  deterioration  of 
system  performance  due  to  nging  ar.d  wear  all  act  to  decrease  the  margin  of 
safety  afforded  by  extra  clearance. 

To  these  special  technical  problems  is  added  the  usual  contractual 
necessity  of  completing  the  design  in  a  minimum  of  time.  The  final 
design  of  most  facilities  of  tnis  nature  is  accomplished  in  a  matter  of 
months.  Considering  the  significant  number  of  isolation  systems 
contained  in  a  single  facility,  it  is  evident  that  design  approaches  must 
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be  clearly  defined  and  analytical  procedures  reduced  to  the  simple st 
form  consistent  with  the  required  accuracy  if  design  time  limitations 
are  to  be  met  with  consistency. 

This  Design  Guide  is  intended  to  assist  the  facility  engineer 
in  solving  these  difficult  design  problems  by  critcially  examining 
the  input  shock  for  parameters  of  significance  to  the  performance  of 
isolation  systems,  by  reviewing  the  standards  for  the  survival 
tolerances  of  equipment  and  relating  them  to  isolation  system  character¬ 
istics  and  by  summarizing  techniques  by  which  the  dynamic  response  of 
the  systems  themselves  may  be  analyzed.  Where  the  state-of-the-art 
cr-iudes  the  formulation  of  explicit  design  procedures,  emphasis  has 
been  placed  on  current  concepts  of  the  underlying  phenomena  with  the 
hope  of  providing  the  designer  with  some  basis  for  judgement. 

A  complete  description  of  the  technical  problems  relating  to  the 
design  of  isolation  systems  lor  underground  protective  structures  must 
draw°equally  from  the  fields  of  soil  mechanics,  rigid  body  dynamics, 
equipment  damage  mechanisms,  and  shock  testing  equipment  and  techniques. 
Each  of  these  subjects  is  treated  in  the  Design  Guide  from  the  viewpoint 
of  the  isolation  system  designer.  The  Design  Guide  is  of  equal  importance 
to  the  specialist  in  acquainting  him  with  the  demands  of  isolation  system 
design  on  his  field  of  interest  and  in  directing  his  attention  to  those 
areas  wherein  further  research  is  needed. 
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1.2  Basis  for  Design  Approach 

The  transmission  of  ground  pressure  waves  from  a  nuclear  explosion 
occurring  at  the  surface  of  the  ground  is  ■'  ,.vn  schematically  in  Figure 
1.2-1  and  diagramatically  in  Figure  1.2-2.  In  the  process  of  explosion, 
the  tremendous  quantity  of  energy  released  by  a  nuclear  weapon  vaporizes 
the  weapon  casing,  thus  creating  a  small  ball  of  metal  vapor  plasma  at 
intense  pressure.  As  the  ball  expands,  it  compresses  the  surrounding 
atmosphere  generating  am  air  blast  wave  which  recedes  rapidly  from  the 
source.  For  a  surface  burst,  pressure  is  transmitted  to  the  ground 
both  by  the  direct  impingement  of  the  metal-vapor  ball  and  by  the  passage 
of  the  air  blast  wave  across  the  surface. 

The  large  number  of  parameters  influencing  the  manner  in  which  the 
shock  is  generated  and  transmitted  through  the  ground  to  the  isolation 
system  precludes,  from  a  practical  point  of  view,  a  determination  of  an 
exact  shape  for  the  shock  waveform.  Ground  shock  waveforms  have  been 
measured  at  test  sites  but  the  size  of  the  weapon,  formation  of  the  soil, 
and  orientation  of  the  instrumentation  in  all  tests  differed  significantly 
from  those  conditions  expected  at  any  known  underground  protective 
installation.  In  view  of  the  meagerness  of  the  data  and  the  nonlinearity 
of  the  phenomenon,  the  usefulness  of  test  results  in  predicting  the 
detailed  characteristics  of  the  waveform  at  an  actual  site  is  severely 
limited. 

In  current  design  it  is  customary  to  estimate  the  strength  of  the 
shock  wave  expected  at  an  underground  protective  structure  by  computing, 
from  simple  force -velocity  relationships,  the  peak  ground  motion  resulting 
from  given  pressure  loadings  and  to  represent  the  shock  by  means  of  its 
response  spectrum.  The  response  spectrum  is  the  distribution  of  peak 
responses  to  the  ground  shock,  of  a  series  of  single -degree -of -freedom 
oscillators  as  a  function  of  the  natural  frequencies  of  the  oscillators. 
Thus,  the  response  spectrum  is  not  bo  much  a  description  of  the  shock  as 
it  ie  a  measure  of  the  effect  of  the  shock.  As  computed  by  accepted 
practices  for  a  given  site,  the  response  spectrum  is  th*  envelope  of  the 
peak  responses  to  all  waves  which  might  be  expected  at  that  location 
rather  than  the  effect  of  a  single  shock  wave. 

There  are  two  inherent  characteristics  of  the  response  spectrum 
which  deserve  special  mention.  First,  since  the  response  spectrum 
contains  no  information  on  phasing  of  the  peak  responses  at  the  various 
frequencies,  it  is  not  possible  to  deduce  from  it  the  time  history  of 
the  shock  which  produced  it.  An  infinite  number  of  shocks  can  produce 
identical  response  spectra.  Second,  since  the  peak  response  of  even  a 
single-degree-of -freedom  oscillator  is  dependent  on  the  shape  of  the 
disturbing  impulse,  the  act  of  constructing  a  response  spectrum  from 
weapons  effects  data  implies  some  knowledge  of  the  shock  waveform.  This 
latter  point  is  of  particular  significance  when  it  is  noted  that  current 
practice  suggests  the  use  of  a  velocity  amplification  factor  of  1. 5-2,0 
which  is  a  value  based  on  test  data  obtained  under  atypical  conditions. 

Yet  it  is  easily  shown  that  small  variations  from  the  waveforms  measured  at 
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Figure  .S-2  Diagram  of  Ground  Wave  Transmi s s ion 
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the  test  sites  can  produce  sizeable  increases  in  the  linear  velocity 
amplification  factors. 


Desnite  the  limited  information  concern.,  -g  the  nature  of  the 
shock  revealed  by  the  response  spectrum,  the  concept  of  applying  the 
response  spectrum  to  the  solution  of  problems  of  shock  isolation  and 
structural  dynamics  has  been  a  useful  one.  If  the  designer  assumes 
tacitly  or  otherwise  that  the  velocity  amplification  factor  incorporated 
in  the  "centrum  will  not  be  exceeded  at  the  actual  site,  then,  by 
definition,  the  peak  responses  of  single-degree-of-freedom,  undamped 
S neS  systems  are  established.  Further,  although  the  response  spectrum 
contains  no  phasing  information,  the  upper  limit  of  responses  of  coupled 
linear  systems  can  be  calculated  by  the  method  of  modal  superposition. 
While  in  some  instances  this  method  must  yield  highly  conservative 
results,  the  high  degree  of  reliability  demanded  of  these  facility 
components,  coupled  with  the  lack  o'  stalled  information  on  the  shock, 
does  not  make  this  degree  of  conservatism  undesirable. 


The  acceptance  of  an  arbitrary  velocity  amplification  factor 
irrespective  of  site  or  orientation  of  the  facility  from  the  blast  does 
not  appear  to  be  Justified  in  view  of  existing  analyses  of  test  data. 

It  appears  that  under  some  combinations  of  site  and  weapon  parameters, 
the  waveform  of  the  ground  shock  contains  a  strong  low-frequency 
oscillatory  component.  Since  the  response  spectrum  is  particularly 
sensitive  to  oscillatory  inputs,  an  amplification  factor  should  not  be 
assigned  until  a  careful  inspection  of  the  probable  ground  wave  patterns 
at  the  point  of  interest  has  been  made. 


Further,  the  dynamic  response  of  nonlinear  systems  cannot  be 
determined  from  the  information  contained  in  the  spectrum  alone,  nor  can 
the  upper  bounds  of  the  responses  be  established.  To  eva_ua„e  w.e 
dynamic  behavior  of  this  large  class  of  systems  the  input  must  be  denned 

in  time. 


As  a  consequence  of  the  above  statements,  it  is  evident  that  the 
shock  isolation  system  designer  must  possess  at  least  a  qualitative 
understanding  of  ground  shock  phenomena  in  order  to  be  on  gu^xd  for 
those  characteristics  to  which  his  system  is  particularly  sensitive  and 
to  appreciate  the  assumptions  implicit  in  the  information  supplied  him 
by  the  soils  engineer.  The  Design  Guide  therefore  begins  wxtn  a 
description  of  these  phenomena  and  a  discussion  of  the  propagation  of 
pressure  waves  within  the  ground,  their  reflections  and  refractions  at 
interfaces  separating  strata  of  different  properties,  and  the  phasing  o 
their  arrival  times  at  points  variously  oriented  with  the  explosion. 


The  waveform  of  the  ground  shock  at  the  point  of  interest  is  simply 
the  resultant  of  the  waveforms  of  the  constituent  waves  and  their  phasing. 
The  physical  phenomena  governing  their  summation  may  be  nonlinear.  Never¬ 
theless,  if  the  time  histories  of  the  initial  disturbances,  their 
distortions  due  to  transmission  and  reflection,  their  arrival  times, 
local  soil  properties  were  defined  in  reasonable  detail,  the  amplification 
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factor  and  other  shock  parameters  of  importance  to  the  isolation  system 
designer  could  be  calculated  directly.  Unfortunately,  neither,  experi¬ 
mental  data  nor  theory  are  available  to  define  the  waveform  in  such 
detail. 

In  an  effort  to  establish  a  better  basis  for  evaluating  the 
amplification  factor  of  the  shock  spectrum  at  a  particular  site  and 
to  provide  the  designer  of  nonlinear  systems  with  some  indication  of 
the  gross  features  of  the  input  waveform,  the  Design  Guide  approaches 
the  problem  of  ground  shock  prediction  by  an  empirical  procedure  based 
on  these  steps: 

.  Establish  general  characteristics  of  isolation  systems 
for  the  application  in  order  to  define  those  input 
parameters  significant  to  system  response. 

.  Examine  all  available  test  data  for  recurrent  waveform 
patterns. 

.  Review  prediction  methods  in  an  attempt  to  find  a 
correlation  between  waveform  shape,  weapon  parameters, 
and  site  conditions. 

With  regard  to  the  generalization  of  isolation  system  characteristics 
the  only  feature  which  might  be  considered  to  be  common  without  seriously 
restricting  the  usefulness  of  the  Design  Guide  is  that  of  natural 
frequency.  In  almost  all  shock  isolation  systems,  for  use  in  underground 
protective  structures,  the  natural  frequency  will  vary  between  about  0. 5 
cps  and  5  cps.  Thus,  the  high-frequency  components  of  the  input  shock 
are  of  little  interest  and  can  be  deleted  from  the  input  waveform  with 
no  appreciable  loss  of  accuracy  in  the  computed  system  response. 

With  the  stipulation  that  only  low-frequency  components  are  of 
interest,  all  available  free-field  ground  motion  records  have  been  examm 
for  the  purpose  of  identifying  recurrent  waveform  patterns.  Particular 
attention  was  given  to  the  possibility  of  the  occurrence  of  oscillatory 
phenomena.  The  data  were  from  tests  of  low-yield  weapons  at  sites  where 
the  soil  formations  were  not  typical  of  any  known  facility  location.  The 
only  data  existing  in  sufficient  quantity  were  for  vertical  motions  near 
the  surface  of  the  ground.  The  possible  danger  of  extrapolating  these 
waveforms  to  weapon  yields  larger  by  orders  of  magnitude  and  soils  vastly 
different  in  composition  and  stratification  is  recognized.  It  was  hoped, 
nonetheless,  that  characteristics  would  be  revealed  which  could  be 
related  to  known  fundamental  parameters  describing  the  motion  of  the 
ground,  and  that  the  parameters  could  then  be  extended  to  other  environ¬ 
ments.  This  approach  implies,  of  course,  that  no  important  phenomena 
occur  at  higher  levels  or  at  other  sites  which  could  not  be  observed 
in  existing  data. 
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Tvo  distinctly  different  types  of  low-frequency  waveforms  were 
Identified  and  are  presented  in  the  Design  Guide.  Type  I,  shown  in 
Figure  2.3.1  ,  page  2-26  ,  is  an  impulse  with  a  very  short  velocity 
rise  time  followed  by  a  relatively  »y.  This  waveform  is  of 

the  same  general  shape  as  that  predicted  l'rom  simple  theory  for  the 
response  of  the  ground  to  the  air-blast  pressure. 

Type  II,  shown  in  Figure  2.3.3  ,  page  2-27,  is  an  oscillatory 
wave.  While  the  magnitudes  of  all  Type  II  waves  found  in  the  records 
are  much  lower  than  those  of  the  Type  I  wave,  their  frequencies  range 
from  3  cps  to  5  cps.  The  number  of  cycles  for  this  type  is  sufficiently 
large  to  be  of  genuine  concern  to  the  isolation  system  designer.  The 
Type  II  waveform  has  the  general  appearance  of  the  response  of  a  lightly 
damped  linear  system  in  resonance  with  a  damped  sinusoidal  disturbance. 


The  mechanism  by  which  the  Type  II  wave  is  produced  cannot  be  traced 
with  the  data  available.  It  is  probable  that  it  is  associated  with 
reflection  phenomena  in  some  manner  and,  as  such,  appears  to  be  of  concern 
only  at  those  sites  where  the  soil  is  markedly  stratified.  Until  a  better 
definition  is  available,  however,  the  strong  influence  of  the  Type  II  wave¬ 
form  on  the  dynamic  response  of  low-frequency  systems  clearly  indicates 
the  importance  of  providing  for  the  possibility  of  its  occurrence  in  ail 
designs. 

The  Design  Guide  describes  the  investigation  which  lead  to  the 
identification  of  the  two  types  of  waveforms  and  presents  nondlmens localized 
response  spectra  of  waveforms  composed  of  various  ratios  of  Type  I  to 
Type  n. 

Methods  for  predicting  the  significant  parameters  of  the  Type  I 
waveform  for  a  given  weapon  and  site  condition  are  fairly  well  established 
and  are  summarized  in  Section  2.0.  Velocity  rise  time,  positive  velocity 
phase  duration,  and  peak  velocity  generally  serve  to  define  the  Type  I 
waveform  in  sufficient  detail  to  provide  the  isolation  system  designer  with 
the  information  he  needs. 


Until  the  origin  of  the  Type  II  waveform  has  been  clearly  established, 
however,  the  possibility  of  quantitatively  fixing  such  parameters  as  peak 
velocity,  damping,  and  frequency  appears  to  be  remote.  Tf  it  is  postulated 
that  the  Type  II  waveform  can  occur  only  in  a  reflection  field,  the 
phasing  of  the  direct  and  reflected  waves  may  be  approximated  by  computing 
the  times  of  arrival  of  each  wave  at  the  point  of  interest.  By  itself, 
however,  this  information  is  of  little  value  to  the  isolation  system 
designer. 

The  discussion  of  the  Type  II  waveform  in  the  Design  Guide  is  hignly 
qualitative  in  view  of  the  preceding  paragraphs.  The  existence  of  the 
Type  II  waveform  as  a  phenomenon  which  may  occur  at  other  than  the  tests 
sites  is  accepted.  It  is  assumed  that  somehow  it  is  the  result  of 
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reflected  waves,  possibly  through  their  interaction  with  the  directly 
transmitted  waves.  It  is  further  assumed,  without  validation,  that 
the  strength  of  the  Type  II  component  will  be  greatest  in  the  regions 
where  the  reflected  waves  ore  strong- -J- .  On  this  basis,  the  reflection 
and  refraction  of  elastic  wives  in  -  red  media  ore  examined,  and 
zones  of  influence  established  for  various  site  conditions.  It  is  shown 
that  in  a  region  lying  above  a  layer  of  higher  seismic  velocity,  the 
contribution  of  the  reflected  and  refracted  waves  to  the  total  ground 
motion,  increases  with  distance  from  the  source.  Thus,  although  the 
strength  of  the  total  shock  is  attenuated  with  distance,  the  response 
of  a  linear  system  in  or  near  resonance  with  the  Type  II  waveform  may 
reach  a  peak  at  some  intermediate  location. 

The  designer  cannot  be  given  specific  instructions  for  locating 
the  point  of  maximum  linear  response  or  for  determining  the  magnitude 
of  the  peak  response.  He  is  urged,  however,  to  examine  carefully  the 
soil  formations  and  facility  orientation  at  each  site  of  interest  and 
is  given  broad  guide  lines  to  assist  him  in  estimating  the  importance 
of  the  Type  II  waveform  to  his  particular  problem. 

The  ground  motions  discussed  previously  Eire  those  in  the  free-field, 
away  from  local  disturbances.  However,  the  shock  isolation  system  is 
located  within  a  cavity  in  the  soil  or  within  a  pEirtially  or  fully 
buried  structure.  The  cavity  or  structure  defracts  the  incident  free- 
field  waves,  distorts  the  local  flow,  and  produces  motions  different 
from  those  in  the  undisturbed  regions.  In  addition  the  normal  modes 
of  oscillation  of  the  structure  itself  are  excited  by  the  shock, 
further  modifying  the  waveform  of  the  motion  at  the  points  of  attachment 
of  the  shock  isolation  system. 

The  principal  concern  of  the  isolation  system  designer,  when  con¬ 
sidering  the  effect  of  soil- structure  interaction,  is  the  possibility 
that  the  low-frequency  components  of  the  free-field  ground  motion  will 
be  altered  appreciably.  Here  again,  few  experimental  data  or  theoretical 
studies  can  be  applied  directly  to  the  designer's  problem  and  he  must 
rely  heavily  on  broad  interpretations  of  available  works  combined  with 
knowledgeable  conservatism.  Section  2.0  of  the  Design  Guide  concludes 
by  presenting  a  few  of  the  results  of  interaction  studies  find  notes  those 
configurations  where  special  precautions  appear  to  be  required. 


Section  3.0  is  devoted  principally  to  the  format  processes  of  developing 
the  equations  of  motion  for  shock  isolation  systems  euid  of  solving  the 
equations  in  general  form  for  several  of  the  most  frequently  employed 
suspension  configurations.  In  the  development  of  the  equations  -for  linear 
systems  it  is  assumed  that  the  shock  is  defined  by  its  response  t^ectrum. 

For  nonlinear  systems  equations,  the  ground  motion  must  be  known  in  time. 
Much  of  the  material  presented  here  is  available  in  standard  works  on 
dynamics  or  in  publications  relating  to  the  special  problems  of  response 
to  ground  shock.  These  daua  have  been  assembled  in  the  Design  Guide  and 
applied  to  specific  problems  to  assist  in  expediting  the  analysis 
procedures  required  of  the  designer. 
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Two  topics  treated  here  in  some  detail  are  of  special  importance 
to  the  isolation  system  designer.  First,  the  equations  of  motion  for 
the  popular  pendulum  suspension  system  are  derived  rigorously  for  the 
two-  and  three-degree-of-freedom  case,,  T*n<  large  effect  of  nonlinear 
coupling  on  horizontal  oscillation  for  configurations  of  certain 
geometries  is  demonstrated  and  a  criterion  presented  for  determining 
system  properties  necessary  to  minimize  this  effect.  Second,  a 
series  of  design  charts  are  presented  for  calculating  the  peak  response 
of  single -degree -of -freedom  bilinear  systems  to  shocks  composed  of 
comb.- rations  of  the  Type  I  and  Type  lx  waveforms.  The  system  parameters 
and  input  waveforms  are  defined  in  nondimensional  form  so  as  to  permit 
the  use  of  the  charts  in  a  wide  variety  of  applications. 

It  is  obvious  that  the  sole  purpose  of  shock  mounting  equipment  in 
an  underground  protective  structure  is  to  prevent  it  from  becoming 
damaged  to  the  extent  that  it  cannot  fulfill  its  intended  function. 

Yet  the  damage -producing  elements  of  snock  are  not  clearly  identified 
nor  is  it  expected  that  they  would  be  the  same  for  all  types  of 
equipment.  If  the  damage  to  a  component  can  be  related  to  stress,  then 
the  peak  absolute  acceleration  to  which  the  component  is  exposed  can  be 
employed  as  its  criterion  of  damage.  However,  the  dynamic  properties 
of  equipment  can  rarely  be  represented  as  one  single-degree-of -freedom 
system.  Instead  they  comprise  a  large  number  of  such  systems  each  with 
its  own  natural  frequency.  To  describe  a  shock  which  the  equipment  will 
survive,  it  is  necessary  to  define  the  acceleration  of  the  shock  at  the 
frequency  of  each  element;  i.e.,  the  response  spectrum  of  the  shock. 

It  should  be  further  noted  that  if  the  equipment  contains  nonlinear 
or  coupled  linear  elements,  even  the  response  spectrum  is  no  longer  a 
valid  criterion  of  damage.  This  follows  from  the  fact  that  the  peak 
acceleration  of  elements  of  tnis  type  is  dependent  on  parameters 
described  only  by  the  waveform  of  the  shock.  It  is  rarely  possible 
during  design  to  determine  the  dynamic  characteristics  of  the  exact 
piece  of  equipment  to  be  installed  in  the  facility.  Indeed,  the  make 
and  model  number  of  the  specific  item  is  usually  not  known  until  the 
facility  design  has  been  completed.  Yet  early  in  design  the  designer 
is  faced  with  the  problems  of  deciding  whether  or  not  shock  isolation  is 
necessary  and,  if  so,  of  determining  tne  degree  of  attenuation  required. 

A  logical  solution  would  be  to  determine  by  test  the  survivability 
of  equipment  to  a  shock  with  a  waveform  identical  to  that  expected  in 
service  from  the  ground  shock  or  from  the  isolation  system.  This 
approach  is  not  possible  however  in  view  of  the  lack  of  information  on 
the  ground  shock  waveform,  the  fact  that  the  design  must  be  completed 
before  the  particular  equipment  item  is  selected,  and  the  inability  of 
most  test  machines  to  reproduce  waveforms  with  sufficient  accuracy.  For 
these  reasons,  the  acceptance  of  the  response  spectrum  as  a  criterion  of 
damage  potential  appears  to  be  ».  more  practical  choice.  It  is  pointed 
out  that  despite  its  theoretical  limitations,  this  criterion  is  not 
without  experimental  foundation.  With  the  acceptance  of  this  criterion 


1-12 


SWC-TDR-o2-o4 


October  1962 


of  damage  potential,  a  direct  quantitative  comparison  can  be  made 
between  the  test  machine  output  and  the  service  environment.  While 
the  problem  of  obtaining  test  data  of  a  specific  item  which  has  yet 
to  be  selected  still  remains,  sue  tolerance  data  for  general  classes 
of  equipment  can  be  correlated  much  more  readily  by  means  of  the  shock 
spectrum  than  by  waveform. 

In  Section  4.0,  shock  tolerance  data  on  equipment  typical  of  that 
instilled  in  underground  facilities  have  been  assembled  and  correlated 
with  the  response  spectrum  of  the  test  shock,  The  tabulations  are  far 
from  complete  and  the  equipment  categories  have  been  selected  more  on 
the  basis  of  availability  of  data  than  of  importance  to  the  designer. 
Nevertheless,  the  compilation  should  serve  as  a  demonstration  of  a 
rational  approach  to  the  problem  and  a  step  toward  providing  the 
designer  with  quantitative  information  prior  to  test.  The  response 
spectra  given  in  Section  4.0  for  test  machines  can  also  be  used  as  a 
basis  for  the  selection  of  a  machine  to  reproduce  a  given  damage 
potential. 

If  the  designer  decides  that  his  equipment  must  be  shock  isolated, 
he  must  ensure  that  the  response  spectrum  of  the  isolated  system  is 
lower,  for  all  frequencies,  than  that  of  a  shock  the  equipment  has 
survived.  In  effect,  this  implies  that  he  know  the  response  of  the 
isolation  system  before  the  system  constants  are  selected.  In  the  Design 
Guide  a  procedure  is  described  whereby  the  waveform  of  the  motion  of  the 
isolated  system  is  approximated  and  readily  converted  to  a  spectrum.  By 
a  short  iterative  routine,  the  required  frequency  and  attenuation  of  the 
isolation  system  are  then  established. 

Many  suspension  systems  in  underground  protected  structures  are 
intended  to  support  personnel.  For  each  case,  the  “mode  of  failure" 
must  be  defined  before  attenuation  requirements  can  be  determined.  For 
example,  if  personnel  are  permitted  to  move  about  freely  and  are  not 
prepared  for  the  shock,  the  mode  of  failure  may  be  loss  of  balance.  Ir 
other  instances,  where  personnel  are  strapped  in  seats,  the  mode  of 
failure  may  be  injury  due  to  the  direct  acceleration  of  the  seat. 

Data  or.  the  shock  and  vibration  tolerances  of  human  beings  for 
different  modes  of  failure  are  presented  in  the  Design  Guide.  In  those 
modes  where  the  man  is  well  supported  and  subjected  to  high  accelerations, 
the  data  are  fairly  plentiful.  Where  simple  loss  of  balance  is  the 
criterion  of  failure  however,  little  information  is  available. 

The  influence  of  practical  operational  considerations  on  the  design  of 
shock  isolation  systems  end  on  the  selection  of  tbeir  components  is 
reviewed  in  Section  5>0.  Factors  modifying  coupling  and  resonance 
characteristics,  the  signficance  of  system  restoring  time,  and  means 
for  reducing  the  possible  effects  of  uncertain  features  of  the  shock 
are  pointed  out  and  discussed.  The  Section  concludes  with  a  demon¬ 
stration  of  a  design  procedure  drawing  on  the  approaches  presented  in 
the  'earlier  Sections. 


1-13 


SWC -TDK -62-64 


October  196? 


It  is  hoped  that  the  Design  Guide  will  serve  to  encourage  the 
shock  isolation  system  designer  to  view  his  system  in  a  broad 
perspective  and  to  instill  in  him  an  appreciation  for  the  many 
uncertainties  obscuring  both  the  nature  of  the  input  and  the  require¬ 
ments  of  the  output.  Since  the  transit.-  ..larueteristies  of  his 
system  cannot  be  explicitly  defined,  he  must  remain  constantly  abreast 

°:*th!JaCCOmpli8hmentfl  in  the  rela'ted  fields  and  must  concentrate  his 
attention  on  systems  whose  broad  stability  che-acteri sties  rende** 
less  sensitive  to  perturbations  of  the  estimated  environment.  In 
any  event,  the  high  reliability  demanded  of  those  systems,  and  the 
impossibility  of  conducting  full-scale  proof  teats  of  the  complete 

system,  emphasize  the  essential  need  for  thoroughness  and  conservatism 
in  design. 
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SECTION  2.0  _  .  SHOCK  PREDICTION  METHODS 
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2. 1  Introduction 


Methods  lor  predicting  characteristics  of  the  shock  waveform 
important  to  the  respor.es  of  8hoi  isolation  systems  are  studied  in 
this  Section.  Phenomena  governing  the  generation  of  waves  in  the 
ground  by  nuclear  blast  are  described,  their  methods  of  transmission, 
reflection  and  refraction  within  real,  layered  soils  are  reviewed, 
experimental  data  are  examined  for  recurrent  waveform  patterns,  and 
existing  methods  for  estimating  certain  waveform  parameters  are 
summarized.  A  wavefront  diagram  is  suggested  as  a  basis  for  determining 
the  early  characteristics  of  the  ground  shock. 

In  general,  the  discussions  of  ground  shock  phenomena  are  of  a 
qualitative  nature  being  directed  primarily  toward  the  immediate  needs 
of  the  shock  isolation  system  designer.  Theoretical  treatment  has 
been  avoided  and  the  results  are  presented  only  where  they  apply 
directly  to  this  specific  problem. 

The  design  procedures,  developed  in  this  Section,  are  based  on  the 
best  information  available  at  this  time.  It  is  evident  that  they 
should  be  frequently  reviewed  in  the  light  of  future  experiment  and 
theory. 
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2.2  Factors  Influencing  the  Character  of  the  Ground  Motion 

2.2.1  Air  blast-  and  Cratcring-Induced  Phenomena 

Ground  motion  from  a  nuclear  surface  burst  may  be 
generated  by  two  distinct  processes:  (a)  the  direct  conversion  of 
hydrodynamic  energy  into  mechanical  energy  due  to  the  impact  of  the 
vapors  of  the  bomb  materials  directly  on  the  ground  and  (b)  the 
pressure  loading  on  the  ground  surface  due  to  the  rapidly  growing 
fit-bill  or  air  shock  wave. 

Although  total  energies  transferred  to  the  air  and  to  the  weapon 
materials  during  the  explosion  of  the  weapon  are  comparable,  the 
pressures  generated  by  the  compression  of  the  air  near  the  weapon 
initially  are  several  orders  of  magnitude  less  than  the  pressures 
created  by  the  vaporization  of  the  weapon  materials.  Assuming  a 
hydrodynamic  model,  Brode  and  Bjork  (Reference  2.1)  calculate  the 
str  sses  and  early  motions  associated  with  the  explosion  of  a  two 
megaton  weapon  on  the  surface  of  a  medium  composed  of  a  "tuff"  rock. 

Their  results  show  that,  for  all  roints  lying  in  the  ground  within  a 
right  circular  cone  of  a  70  degree  half  angle  with  the  apex  at  the 
point  of  detonation,  the  principal  pressure  in  the  ground  shock  wave  is 
the  result  of  the  weapon  vapor  loading. 

The  pressures  developed  in  the  ground  hy  the  impact  of  the  weapon 
vapors  are  sometimes  called  "direct  induced"  or  "direct  transmitted" 
pressures.  Perhaps  a  more  descriptive  term  would  be  "cratering  induced" 
since,  unless  the  burst  occurs  close  enough  to  the  ground  surface  to 
create  a  crater,  this  source  of  direct  impact  energy  will  be  absent. 

For  air  bursts,  in  which  the  fireball  does  not  touch  the  ground,  the 
ground  motions  are  principally  "air-blast  induced".  For  buried  bursts, 
there  is  little  air  overpressure  and  the  ground  motions  are  almost 
entirely  cratering  induced. 

At  any  point  on  the  surface  of  the  ground  outside  the  fireball,  the 
pressure  behind  the  spherically  expanding  air-blast  wave  reaches  a  peak 
at  the  instant  the  wave  reaches  the  point  and  it  then  decays  exponentially 
as  the  wave  passes  on  (Figure  2.2.1,  page  2-5  ).  Also,  the  peak  pressure 
(PQ)  mmediately  behind  the  wave  decreases  as  the  wave  moves  further  from 
the  source,  thus  retarding  the  wave  until  eventually  it  Jr  slowed  to 
acoustic  velocity.  Curves  showing  the  relationship  of  overpressure  versus 
distance  from  source,  impulse,  wave  arrival  time,  et  cetera,  have  been 
prepared  by  Brode  (Reference  2.2).  These  curves  are  for  weapons  of  various 
yields  and  assume  that  the  temperature  of  the  air  into  which  the  wave  is 
advancing  is  uniform  and  the  viscous  effects  at  the  ground  surface  are 
neglected.  Some  of  the  most  frequently  used  curves  are  replotted  here  as 
Figures  2.2.2  to  2.2.5  (pages  2-6  -  2-9). 

The  most  significant  deviation  of  the  actual  from  the  ideal  air 
blast  shock  front  is  the  possible  development  of  a  higher  velocity 
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shock  front,  or  "precursor",  near  the  ground  surface.  While  all  of  the 
details  concerning  the  formation  of  the  precursor  are  not  clear,  it  is 
believed  to  be  the  result  of  the  formation  of  a  high-temperature  layer 
of  air,  or  air-dust  mixture,  near  1  ground  surface  by  energy  radiated 
from  the  weapon  at  the  instant  of  detonation  (Reference  2.3).  Since  the 
air-blast  wave  velocity  is  dependent  on  the  temperature  of  the  medium 
into  which  it  is  advancing,  and  the  medium  near  the  surface  may  be 
warmer,  the  wave  near  the  surface  may  arrive  first  at  a  given  point. 

The  effect  of  the  earlier  arrival  of  the  wave  at  the  surface  may  have  a 
significant  influence  on  the  waveform  of  the  air-blast  induced  ground 
shock  within  the  first  100  feet  below  the  surface.  At  lower  depths, 
however,  it  is  not  expected  to  be  of  importance. 


Over 


Figure  2.2.1  Idealized  Overpressure  Decay 


If  the  temperature  of  the  air  into  which  the  air-blast  shock  wave 
is  advancing  is  uniform,  the  velocity  of  the  wave  is  a  function  only  of 
the  peak  pressure  oehind  it.  Thus,  the  velocity  of  the  air-blast  shock 
wave  In  this  medium  becomes  progressively  less  with  distance  from  ground 
zero. 

The  composition  of  most  soils  is  highly  nonuniform.  Therefore  t’  . 
seismic  velocity  throughout  the  ground  will  vary  both  with  depth  and 
range,  the  verticsil  variation  usually  being  the  greater  due  to  layering 
of  the  soil.  As  a  result,  a  disturbance  generated  in  a  surface  layer 
may  be  quickly  transmitted  to  a  lower  layer  of  higher  seismic  velocity 
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Figure  2.2.4  Positive  Phase  Duration  (to)  vs.  Peak  Overpressure 
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where  it  will,  race  ahead  of  the  wave  in  the  surface  layer.  Further; 
refractions  from  the  higher  velocity  wave  will  be  transmitted  back  into 
the  surface  layer,  reaching  a  given  point  at  the  surface  prior  to  the 
arrival  of  the  wave  transmitted  direct ’y  ■  -rough  the  surface  layer  from 
the  source. 


The  phasing  of  the  arrival  times  of  the  air-blast  shock  waves  and 
the  ground  waves  is  ai/ided  into  three  regimes.  If  the  air-blast  shock 
wave  arrives  at  a  given  distance  from  the  source  prior  to  the  arrival 
of  any  wave  transmitted  through  the  ground,  the  condition  is  said  to  be 
"superseisraic".  This  case  is  shown  in  Figure  2.2.7 -1  (page  2-11),  and 
can  only  occur  if  the  velocity  of  the  air-blast  shock  wave  at  that  point 
exceeds  the  seismic  velocity  of  the  soil  and  if  no  reflections  or 
refractions  from  lower  layers  have  outdistanced  the  shock  wave.  The 
inclination  of  the  air-blast  induced  shock  from  the  ground  surface  for 
the  superseismic  case  is  shown  in  Figure  2.2.o. 


The  angle  9  is  a  function  of  the  air-blast  shock  wave  velocity  U  , 
and  the  seismic  velocity  and  can  be  expressed 

9  =  sin'1  VL 
U 

In  Figures  2.2. 7-2  and  2.2.  7-3  the  initial  motion  of  the  ground  is  the 
result  of  a  ground-transmitted  “!iv»  rather  than  the  direct  effect  of  the 
air-blast  pressure.  In  Figure  2.2. 7-2  the  local  seismic  velocity  exceeds 
the  air-blast  wave  velocity  thus  causing  the  ground  shock  to  "outrun"  the 
air  wave.  In  Figure  2.2. 7-3  t^e  ground  is  set  in  motion  initially  by  a 
refracted  wave  from  a  lower  layer  of  high  seismic  velocity.  Both  of 
these  cases  are  called  the  "subsoismic"  condition.  The  intermediate 
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condition  where  the  air-blast  wave  and  the  ground  shock  arrive  at  a 
po’nt  nearly  simultaneously  is  known  as  the  "transseiomic"  case. 

It  can  be  seen  from  Figures  2.2.7  tbs  -  the  Initial  horizontal 
component  of  the  motion  of  a  pr.-~t.icle  due  .0  nuclear  blast  is  always 
away  from  the  source  while  the  initial  vertical  component  may  be  either 
up  or  aown.  For  the  superseismic  case,  the  initial  motion  will  be 
down.  For  the  subseismic  and  transseiemic  cases,  the  direction  of  the 
initial  motion  will  depend  on  the  position  uf  the  point  in  question  with 
respect  to  the  source,  on  the  degree  of  layering  and  on  the  character 
of  i.nv.  material. 

Since  the  waveform  of  the  motion  of  a  particle  is  the  direct  result 
of  the  waveforms  of  the  constituent  shocks,  the  details  of  phasing 
between  the  peaks  of  the  outrunning  refracted  waves,  the  direct  cratering- 
induced  waves,  and  the  air-blast  induced  waves  all  will  affect  the 
determination  of  the  maximum  pressure  at  the  point  of  interest.  At 
shallow  depths,  the  rise  time  of  the  air-blast  induced  wave  is  very  small. 
Thus,  the  phasing  of  the  waves  in  the  superseismic  case  will  rarely 
affect  the  peak  pressure,  although  later  portions  of  the  pressure-time 
history  will  be  influenced.  As  the  depth  of  the  point  of  interest  is 
increased,  the  wave  arrival  regime  tends  to  become  subseismic  setting  up 
a  condition  conducive  to  the  coincidence  and  the  resulting  p~  .J.if ication 
of  peak  pressures.  For  a  given  overpressure,  the  larger  the  yield  of 
the  weapon,  the  greater  the  probability  of  the  wave  arrival  regime  being 
subseismic. 

In  Figure  2.2 .0  ,  the  velocity  of  propagation  of  the  air-blast  wave 
as  a  function  of  peak  overpressure  is  compared  with  the  seismic  velocities 
of  soil  and  rock. 

2.2.2  Transmission  of  Elastic  Waves 


In  the  absence  of  body  forces,  and  where  the  soil  may  be 
approximated  as  a  homogeneous,  isotropic,  elastic  solid  subject  to  only 
small  strains,  energy  is  transmitted  as  either  longitudinal  or  shear 
elastic  body  waves  (Reference  2. 4).  In  addition  to  such  body  waves  there 
may  be  two  types  of  surface  waves,  the  Rayleigh  and  the  T eve  waves.  Each 
of  these  four  waves  propagate  at  different  velocities,  depending  upon  the 
elastic  constants  of  the  medium.  Virtually  all  elastic  analyses  consider 
points  of  interest  at  a  great  distance  from  the  source  consider  the 
wave  fronts  to  be  plane  waves,  that  is,  having  no  curvature. 

The  motions  of  the  particles  of  the  medium  for  the  longitudinal  wave, 
also  called  dilatational,  compressional,  or  (in  earthquake  studies)  the 
primary  wave,  are  parallel  to  ti'  direction  of  propagation,  like  those  of 
sound  in  air.  The  velocity  of  propagation  of  longitudinal  waves  in  an 
elastic  medium  is 

~E  h  ..u.  ~  1/2 

L  (1  +  M  )(1  -  2M)_^ 
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where 

E  =  Young's  modulus 

P  ■=  Density 

A  =  Poisson's  ratio 


The  motions  of  particles  of  the  medium  for  the  shear  wave,  also 
called  the  transverse,  or  in  earthquake  terminology  the  secondary  wave, 
are  perpendicular  to  the  direction  of  propagation,  like  waves  of  a 
vib. v.ting  string.  The  velocity  of  propagation  of  shear  waves  is 


VS 


1 

2(1*  A  ) 


1/2 


Comparison  of  the  equations  for  the  velocity  of  propagation  of  the  twc 
body  waves  shows  that  the  velocity  of  longitudinal  waves  (Vl)  is  always 
greater  that  that  of  shear  wav is  (Vg)  according  to  the  ratio 

1/2 

-Tfc-.f 1  •  ^  \ 

Vg  ±'2  -  M  ) 


At  the  free  surface  of  a  semi-infinite  elastic  solid  a  group  of 
surface  waves,  one  of  which  is  called  the  P.aylei  gh  wave,  can  be  developed. 
The  particle  motion  of  she  Rayleigh  wave  is  a  combination  of  longitudinal 
and  transverse  vibration  giving  rise  to  an  elliptical  motion  of  the 
particles.  The  major  axis  of  this  ellipse  is  perpendicular  to  the  surface 
and  to  the  direction  of  propagation.  For  the  special  case  when  Poisson's 
ratio  is  O.25,  typical  value  for  rock,  the  velocity  of  propagation  of  the 
Rayleigh  wave  is  approximately  O.92  Vg  (References  2.5  and  2.6). 


Love  waves  are  shear  waves  which  travel  at  the  lower  boundary  of  thin 
surface  layers.  The  velocity  of  their  propagation  depends  upon  the  wave 
length,  and  varies  between  that  of  shear  waves  in  the  surface  layer  and 
shear  waves  in  the  'underlying  layer. 

For  the  case  where  Poisson's  ratio  equals  0.25,  th*>  velocities  of  the 
longitudinal,  shear,  and  Rayleigh  waves  (VR)  have  the  following  ratio: 

VL:VS:VR  =  1:0.577:0.531 

As  a  result,  at  least  thre-  separate  wave  fronts  would  pass  a  given 
point  somewhat  removed  from  the  source.  According  to  elastic  theory 
(Reference  2.6)Rayleigh  waves  are  capable  of  producing  very  high  stresses 
in  a  surface  zone  below  which  the  stresses  attenuate  rapidly  with  depth. 
The  surface  zone  may  be  defined  as  having  a  depth  be?ow  the  surface  of 
approximately  one  quarter  of  the  range  from  the  source.  If  the  velocity 
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of  the  air-blast  induced  wave  in  near  or  equal  to  the  velocity  of  the 
Rayleigh  wave,  elastic  theory  also  indicates  that  the  resulting  ground 
motions  will  be  very  large.  Hnv»v»-  two  practical  considerations 
appear  to  diminish  the  importance  o .  Rayleigh  waves  in  ground  shock 
problems.  First,  at  the  high  stresses  predicted  by  elastic  theory,  the 
theory  becomes  invalid  due  to  plastic  deformation  of  the  real  soil. 
Second,  since  the  velocity  of  the  air-blast  induced  wave  changes  rapidly 
with  range,  the  velocities  of  the  two  waves  will  be  the  same  only  for  a 
very  short  period  of  time.  While  the  effect  of  the  Rayleigh  wave  may  be 
of  significance  at  point  of  coincidence  of  velocities,  the  short  duration 
of  the  quasi-resonance  condition  will  result  in  much  lower  motions  than 
those  predicted  by  theory  (Ref.  2.35) 

No  solutions  or  test  records  are  available  indicating  that  the  Love 
wave  is  of  major  significance.  Howell  (Reference  2.4)  reports  that,  in 
the  records  of  underground  explosions.  Love  waves  (and  body  shear  waves 
also)  are  conspicuously  weak.  He  notes  that  this  is  not  surpi  sing  if 
it  is  considered  that  the  energy  is  initiated  by  a  radial  pressure  around 
the  charge,  which  sends  out  a  compressional  pulse  through  the  ground  but 
produces  relatively  little  shear.  However,  it  must  be  assumed  that  a 
surface  burst  would  produce  shear  forces  in  the  area  of  the  crater,  and 
that  shear  waves  will  be  generated  from  the  air-blast  shock  front  as  it 
travels  over  the  ground  surface.  As  will  be  discussed  later,  shear  waves 
car  also  be  produced  when  longitudinal  waves  are  reflected  or  refracted 
from  a  layer  with  different  elastic  properties. 

It  lias  been  found  from  seismological  studies  (Reference  2.4) that  the 
amplitude  of  ground  motion  decreases  with  distance  from  the  source,  due 
to: 

.  radial  spreading  of  the  energy 

.  absorption,  within  each  medium,  of  energy  from  the 
pulse  because  of  the  nonlinear  properties  of  the  medium 

.  the  length  of  the  seismic  pulse  (especially  in  surface 
waves) 

.  the  division  of  the  original  pulse.  due  to  part  of  the 
energy  being  reflected  at  each  boundary  encountered 
and  part  being  transmitted  to  the  new  medium. 

In  the  case  01'  body  waves  generated  near  the  earth's  surface,  the 
energy  is  distributed  over  a  hemisphere  whose  area  is  proportional  to 
the  square  of  the  distance  from  the  source.  In  general,  absorption  by 
the  ground  is  an  exponential  function  of  distance  so  that  for  any  body 
wave 


where  E"  is  the  energy  per  unit  area  in  the  waves  at  a  distance  R 
E1  is  the  total 'energy  at  unit  distance 
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R  is  the  range  in  feet 
a  is  the  coefficient  of  absorption 

Typical  values  determined  from  sm*l!  explosions  for  the  coefficient 
of  absorption  for  longitudinal  waves  in  .ae  weathered  layer  (0  to  50  feet 
typically)  is  0.0o2  per  meter,  and  0.0U033  when  refracted  through  a 
near-surface  rock  layer.  The  results  of  measurements  from  earthquakes 
also  indicate  values  of  a  equal  to  0.062  per  meter. 

Generally,  high-frequency  vibrations  travel  at  a  different  velocity 
f rvi,;  *ow-frequency  vibrations.  The  coefficient  of  absorption  also  ' 
generally  increases  with  freqency.  In  some  cases  with  surface  waves,  a 
has  been  noted  to  increase  with  the  square  of  the  frequency.  The  result 
j-s  a  raprd  loss  of  high-frequency  energy  in  seismic  waves  as  distance 
from  the  source  increases.  At  large  distances,  the  principal  wavelengths 
of  the  observed  motions  are  generally  greater  than  near  the  source. 

When  a  wave  front  strikes  the  interface  separating  two  layers  of 
different  elastic  properties,  the  energy  of  the  incident  wave  is  divided 
between  four  new  waves.  Part  of  this  energy  is  reflected  as  a  shear 
wave  and  longitudinal  wave,  and  part  transmitted  into  the  new  layer  as 
a  refracted  shear  and  longitudinal  wave. 


The  basic  principles  controlling  the  propagation,  reflection,  and 
refraction  of  elastic  waves  are  similar  to  those  controlling  light  waves. 
According  to  Snell's  Law,  the  angles  made  by  the  rays  or  paths  along 
which  elastic  waves  are  propagated  (Figure  2.2.  9,  page  2-17),  are  governed 
by  the  following  equation: 


3in  a:  sin  b:  sin  c:  sin  d 


'Ll 


'si  *  V82 


For  a  ray  xn  a  lower  velocity  layer  V,.,  striking  tne  boundary  of  a  higher 
layef  VL2-’  there  iB  a  certain  critical  angle  of  incidence  a’  for 
which  the  angle  of  refraction  b  is  90  degrees  and  the  refracted  wave  is 
parallel  to  the  boundary.  According  to  Snell's  law  this  critical  angle  of 
incidence  a'  is  equal  to 


sin  a 


vu 


For  any  angle  of  incidence  greater  than  a',  there  can  no  refracted  ray 
m  the  secona  layer  and,  therefore,  no  transmission  into  that  layer.  Ihus 
for  incident  angles  greater  than  the  critical  angle  there  is  total 
reflection.  Similar  relationships  may  also  be  derived  from  Snell's  Law 
ior  critical  angles  when  shear  waves  are  the  incident  waves  (Reference  2, 4) . 

The  equations  representing  the  division  of  energy  between  the 

various  reflected  and  refracted  waves  derived  by  Knott  have  been 

Td  M? res  (Referenc*  2-7)  for  vari0US  -«gles  Of  incidence, 
a.  d  Veloc-ty  and  density  ratios.  These  results  show  ;hat  the  energy 

earr  ed  by  the  reflections  are  relatively  unimportant  (11-150  of  the 
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total  of  the  incident  wave)  at  angles  of  incidence  less  than  the 
critical  angle  (that  is,  more  normal  to  the  boundary),  whereas  only 
the  reflected  longitudinal  energy  is  important  at  angles  greater  than 
the  critical  angle  of  incidence. 


Figure  2.2. 9 

Relation  Between  Reflected  and  Refracted  Wave  Rays 
at  the  Boundary  of  two  Elastic  Media 


In  both  cases  the  energy  carried  by  the  generated  shear  waves  is  small 
(0. 12$).  When  the  angle  of  incidence  is  less  than  the  critical  value, 
the  ratio  of  the  energy  carried  by  the  refracted  longitudinal  wave  to 
the  energy  in  the  incident  wave  increases  from  between  0.8  to  0.9  for 

ratios  of  VtoAli  less  than  0ne'  to  unity  vben  VL2  e<iuals  VL1»  t^n  . , 
decreases  by  10  to  25  per  cent  as  V™  approaehesHiwice  VLr  As  the  raUo 
of  the  densities  f,/  increases  from  one  to  1.3>  the  energy  carried  by 
the  refracted  longitudinal  wave  decreases,  but  only  nominally. 
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For  practical  purposes  it  can  be  assumed  that,  for  an  angle  of 
incidence  less  than  the  critical  angle,  all  the  energy  carriec.  by  an 
incident  longitudinal  wave  will  be  trfmfi*,<v",«’d  to  the  refracted 
longitudinal  rave,  while  for  incident  sng_.  greater  than  the  critical 
angle,  all  the  energy  will  be  transferred  to  the  reflected  longitudinal 
wave.  This  appears  to  be  reasonable  regardless  of  density  or  velocity 
ratio,  within  the  practical  limits  of  predictability  of  the  soil 
properties. 

By  the  application  of  Huygens  principle  it  is  possible  to  construct 
a  wave  front  diagram  such  as  that  shown  on  Figure  2.2.10.  Huygens' 
principle  states  that  each  point  on  an  advancing  wave  front  in  an 
isotropic,  homogeneous  medium  ray  be  considered  the  source  of  a  new 
spherical  wave.  The  wave  front  at  any  time  is  tangent  to  the  envelop  of 
these  new  spherical  waves.  The  diagram  of  Figure  2.2.10  shows  the 
position  of  the  first  arrival  of  wave  emanating  from  a  single  point 
source.  The  upper  plot  on  Figure  2.2.10  3hovs  a  time-travel  graph  of 
the  waves  as  the  first  arrivals  would  be  picked  up  by  geophones  at  the 
surface;  as  for  example,  during  a  refraction  seismic  survey. 

Also  shown  in  Figure  2.2.10  is  an  air-blast  arrival  time  curve  for 
a  20-megaton  weapon  with  grouni  zero  at  the  shot  point  (Reference  2.2). 
Most  details  of  the  construction  of  the  wave  front  diagram  are  given 
in  the  Figure.  Lines  labeled  abc  and  ade  on  the  wave  front  diagram 
represent  the  points  where  the  times  of  arrival  from  the  underlying 
layer  and  from  the  surrounding  layer  are  the  same.  The  slopes  of  lines 
ab  and  fd  represent  the  critical  angles  of  Incidence  between  layer  1 
and  2  and  between  layer  2  and  i,  respectively.  Additional  details  on 
the  construction  of  wave  front  diagrams  may  be  found  in  papers  by  Leet 
(Reference  2.6)  and  Thornburgh  (Reference  2.9). 

Several  characteristics  of  particular  interest  can  be  illustrated 
by  means  of  the  wave  front  diagram.  The  upward  component  nf  the 
velocity  of  the  waves  refracted  from  lower  layers  is  clearly  evident.  The 
range  at  which  the  transition  from  the  superseismic  to  the  subseismic 
cases  occurs  can  be  found  from  the  wave  front  arrival-time  diagram  by 
sliding  the  origin,  of  the  refracted  wave  arrival-time  "”rv<?  along  the 
air-blast  wave  arrival-time  curve  until  the  two  intersect  at  a  minimum 
ground  range.  It  may  be  noted  that  the  tangent  to  the  air-blast  wave 
arrival  curve  at  point  a1  (Figure  2.2.10)  is  parallel  tu  uic  refracted 
wave  arrival  curve.  For  cht  site  and  weapon  conditions  considered 
in  the  Figure  it  may  be  seen  that  an  air-blast  induced  wave  generated 
at  a  range  of  6,000  feet  will  reach  the  8,000-foot  range  at  about  the 
same  time  as  the  air-blast  wave  itself.  This  marks  the  transeismio 
region.  Nearer  the  source  the  a±r-blast  wave  will  be  superseismic 
while  further  from  the  source  it  will  be  subseismic. 
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The  wavefront  diagram  can  also  he  used  to  confirm  that  outrunning 
will  occur  at  shorter  ranges  in  the  deeper,  higher  velocity  layers.  By 
constructing  an  arrival-time  curve  for  the  depth  of  interest,  the  wave- 
arid  val  relationships  discussed  abo’-e  conditions  at  the  surface 
can  he  established  for  the  new  depth. 

Although,  with  the  proper  choice  of  wave  velocities,  firat  arrival 
times  can  he  found  directly  by  using  the  wavefront  diagram,  the 
distribution  of  energy  from  the  traveling  alrblast  shock  front  cannot. 
If  the  incident  angle  between  two  layers  is  less  than  the  critical 
incident  angle,  it  can  be  assumed  that  all  the  energy  is  transmitted  by 
refraction  to  the  adjacent  new  layer.  At  larger  incident  angles  the 
energy  is  reflected  back  into  the  upper  layer.  According  to  Fermat's 
principle,  the  path  along  which  energy  will  radiate  from  a  point  source 
is  the  minimum  time  path.  This  concept  will  be  applied  more  fully  in 
subsequent  paragraphs. 

2.2.3  Influence  of  Nonlinear,  Nonelastic  Properties 

Virtually  all  of  the  present  theoretical  studies  of  waves  in 
layered  media  assume  that  each  layer  is  isotropic,  homogeneous  and 
elastic,  and  that  the  contact  boundaries  between  layers  are  sharp  and 
non-dlspersive .  In  fact  no  discussion  has  been  found  dealing  with  the 
reflection  ana  refraction  phenomena  in  nonlinear,  inelastic  media.  The 
assumption  of  an  isotropic  medium  would  appear  valid  for  igneous  rock 
since  the  rock  is  mostly  crystalline,  and  commonly,  the  crystals  are 
oriented  randomly.  For  sedimentary  rocks  and  stratified  soil  this 
would  seldom  be  a  valid  assumption.  Because  of  the  mode  of  their 
geological  formation,  it  is  expected  that  they  exhibit  a  greater 
rigidity  parallel  to  the  bedding  than  transverse  to  the  bedding. 

This  is  often  demonstrated  by  compe.risons  of  the  higher,  nearly 
horizontal  velocities  computed  from  refraction  seismic  surveys 
with  the  vertical  velocities  obtained  in  uphole  surveys  at  the  same 
sites.  Ratios  of  horizontal  to  vertical  velocities  of  two  are  not 
uncommon.  The  full  significance  of  the  non- isotropic  characteristics 
of  an  aeolotropic  material  on  wave  phenomena  is  not  clear.  Ewing, 
Jardetzky  anu  Press  (Reference  2,10)  state  that  there  is  no  sharp 
distinction  between  the  longitudinal  anu  shear  waves  if  a  disturbance 
is  propagated  in  an  aeolotropic  medium,  further,  an  explosion  in  such 
a  medium  will  prouuce  both  longitudinal  and  shear  waves.  The  ground 
wave  pattern  in  an  aeolotropic  material  would  also  differ  from  that  of 
an  isotropic  medium.  Although  it  has  not  been  verified,  it  may  be 
possible  to  transform  the  scales,  when  constructing  the  wavefront 
aiagram,  to  correct  for  the  aeolotropic  effect  in  a  way  similar  to 
the  use  of  transformed  flow  nets  in  ground  water  seepage  problems  when 
the  coefficients  of  permeability  differ  in  two  directions. 

When  there  is  a  continuous  increase  of  seismic  velocity  with  depth, 
as  there  often  is  with  real  sites,  refraction  will  still  occur,  but 
reflection  will  not.  Reflection  requires  a  discontinuity.  Even 
where  there  are  virtually  step  increases  in  velocity  on  a  macro 
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scale,  the  details  of  gradational  change  and  weathering  at  the  contact 
boundaries  have  a  great  influence  on  the  ability  to  reflect  energy. 

The  question  of  whether  or  not  elastic  theory  can  predict  all  of  the 
phenomena  of  significance  is  ox  re.i  .one era.  Although  many  observed 
phenomena  can  be  explained  by  elastic  and  near-elastic  assumptions  (Sauer, 
Reference  2, 11) the  level  of  the  stress  in  many  practical  problems 
makes  it  difficult  to  accept  these  elastic  assumptions  for  soils 
and  near  surface  rock.  However,  saturation  of  the  soil  and  the  confinement 
of  overlying  material,  as  well  as  precompaction  by  prior  attack,  may  make 
the  assumption  valid  within  reasonable  depths  below  the  surface  for 
special  cases. 

Figure  2.2.11,  page2-22  illustrates  a  typical  stress-strain  curve  for 
a  granular  soil,  such  as  a  sand,  subjected  to  a  unidirectional  confined 
compression  test.  The  total  deformation  developed  by  dynamic  loading 
is  made  up  of  both  elastic  and  plastic  strains.  The  elastic  motion  is 
due  to  simple  compression  of  the  mineral  grains  and  the  fluid  in  the 
voids.  The  plastic  portion  is  that  due  to  slippage  of  grains  and 
would  require  a  loss  of  fluid  for  a  saturated  soil. 

At  very  low  stresses,  the  deflections  produced  in  the  material 
are  almost  entirely  elastic.  When  the  level  of  the  stress  becomes  high 
enough  to  cause  slippage  of  grains  relative  to  one  another,  the  strains 
are  nonrecoverable  or  plastic.  The  stress  Increase  required  to 
develop  plastic  motions  is  probably  a  moderate  per  cent  of  the 
effective  confining  pressure  existing  on  the  element  under  consideration. 

In  a  fragmental  material,  such  as  soil,  as  the  grains  are  moved  into  a 
denser  position  by  the  applied  ccsipiessive  forces,  the  elastic  modulus 
Increases  in  magnitude.  The  limiting  value  of  the  modulus,  at  very 
high  stress  levels,  probably  is  that  of  the  mineral  composing  the 
grains.  Qmce  the  stress  level  has  risen  to  the  point  where  significant 
grain  slippage  occurs,  the  tangent  modulus  of  deformation  decreases 
and  remains  low  until  the  voids  are  essentially  filled.  The  tangent 
modulus  then  increases  again  to  a  value  equal  to  or  greater  than  the 
initial  elastic  modulus.  Upon  unloading  it  is  probable  that  the 
recovered  strain  follows  the  highest  clastic  modulus. 

The  original  relative  density  of  the  sand  and  the  initial 
confining  pressure  have  a  great  effect  on  the  location  of  the 
inflection  points  of  the  stress-strain  curve.  It  «*ss  observed  at  the 
Nevada  Test  Site  thftt  measureable  plastic  deformation  did  not  occur 
at  less  than  40  psi  overpressure  (Perret,  Reference  2.12).  Bw  degree 
of  saturation  should  also  have  an  important  effect,  since,  for  a 
saturated  soil  when  there  is  insufficient  time  for  any  significant 
drainage  to  occur,  the  w«4er  will  carry  practically  all  of  the  applied 
load.  This  effect  might  smooth  out  the  stress-strain  curve  for  an 
increase  in  initial  density,  initial  confining  pressure,  and 
saturation.  A  similar  pLcnomenon  also  apparently  exists  for  clays, 
based  on  the  information  reported  by  Wilson  (Reference  2. 13).  Howaver, 
for  clays,  the  modulus  and  shape  of  the  curve  are  more  strongly 
influenced  by  past  compressions  than  for  sands.  Repeated  loading 
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"TYPICAL  CONFINED  COMPRESSION  STRESS-STRAIN  CURVE" 


figure  2.2.11 
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and  unloading  compacts  the  material  causing  it  eventually  to  behave 
more  nearly  linearly.  This  may  have  real  significance  in  a  study 
of  particle  velocity  waveforms  a+  sites  exposed  to  multiple  attack. 
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2.3  Synthesized  Waveforms 


None  of  tlje  available  methods  for  sv-  dieting  the  strength  of 
ground  shocks  in  real,  layered  soils,  duo  to  nuclear  blast,  yield 
waveform  shapes.  In  addition,  the  results  of  existing  theoretical 
treatments  do  not  enable  the  calculation  of  the  waveforms.  Consider¬ 
able  work  has  been  done  on  the  nature  of  the  pulses  generated  by  the 
air  blast  and  the  bomb  vapors  and  on  their  distortion  by  passage 
through  homogeneous  media.  These  studies  have  revealed  the  gross 
characteristics  of  basic  waveforms  which  can  be  correlated  with 
experimental  data  obtained  under  nearly  ideal  conditions.  However, 
records  of  actual  blasts  have  frequently  shown  an  oscillatory  com¬ 
ponent  superimposed  on  the  simple  shape  predicted  by  theory.  In  a 
few  cases  the  simple  pulse  was  completely  masked  by  the  oscillation. 
Since  the  response  of  an  isolation  system  to  an  oscillation  is  par¬ 
ticularly  severe  if  the  frequencies  are  near  resonance,  the  presence 
of  the  oscillation  is  of  considerable  concern  to  the  isolation  system 
designer.  For  example,  Newmark  and  Hansen  (Reference  2.  it )  define 
the  simple  pulse  and  oscillatory  waves  as  "systematic"  and  "random" 
pulses  and  note  that  the  peak  relative  velocity  amplification  could 
be  as  high  as  5  for  undamped  systems  in  layered  media. 

These  considerations  prompted  the  review  of  all  available  data 
of  the  ground  motions  resulting  from  nuclear  blasts  with  the  view 
toward  identifying  recurrent  waveform  patterns.  If  characteristic 
waveforms  could  be  found  and  correlated  with  weapon  and  site  condi¬ 
tions,  iu  was  hoped  that  existing  methods  could  be  employed  to  predict 
the  significant  wave  dimensions.  The  available  records  of  actual 
tests  are  not  extensive  and  the  sites  and  weapons  were  not  typical 
of  those  ejected  at  any  kno  m underground  facility.  However,  all 
sites  were  layered,  so  that  conditions  were  favorable  for  the  pro¬ 
duction  of  complex  wave  patterns. 

Isolators,  by  their  very  nature,  have  a  low  natural  frequency 
compared  to  the  frequencies  ir.  the  input,  and  consequently  the 
characteristics  of  the  low  frequencies  in  the  input  waveform  are  by 
far  the  more  pertinent,  i.e.,  if  the  isolator  isolate*,  the  low  fre¬ 
quency  content  In  uhe  input  it  will  certainly  isolate  the  higher 
frequencies.  Only  vertical  motions  have  been  considered. 

An  examination  of  the  ground  acceleration  records  showed  erratic 
behavior  with  no  common  features  except  perhaps  the  sharp  spike  of 
acceleration  caused  by  the  leading  edge  of  the  air  shock  wave.  How¬ 
ever,  if  these  records  are  integrated  to  give  the  ground  velocity, 
some  common  characteristics  become  apparent.  In  fact,  two  separate 
mechanisms  may  be  seen  to  be  operating.  First,  there  is  the  ground 
motion  arising  when  the  air  blast  is  superseismic  and, second, there 
is  ohe  motion  when  the  air  blast  is  subseismic. 
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When  the  air  blast  is  superseismic  the  vertical  ground,  motion  is 
comparatively  simple  and  is  well  known.  The  ground  velocity  undergoes 
a  rapid  jump  which  decays  to  aero  and  oscillates  once  or  twice  about 
tero  with  a  small  amplitude,  A  '  -e  shape,  designated  Type  I,  has 
been  developed  to  represent  the  essential  features  of  the  superseismic 
case.  When  the  ground  motion  outruns  the  air  blast,  the  motion  is  far 
more  complicated,  involving  the  various  refractions  and  reflections 
through  the  complex  terrain  between  the  point  of  detonation  and  that 
of  observation.  However,  the  records  show  a  strong  tendency  for  the 
ground  velocity  in  this  case  to  exhibit  an  oscillation  of  two  to  three 
cycles.  This  has  been  represented  by  a  Type  II  waveform.  If  the  air 
blast  is  superseismic,  then  ;  first  type  of  ground  motion  appears 
alone,  but  otherwise  both  fbnm.  appear  superimposed  in  various  ways. 

The  data  used  to  develop  t;:o  Type  I  waveform  are  based  primarily 
on  the  measurements  made  during  Operation  Tumbler  (Reference  ?.  15 ) 
and  in  the  high  pressure  region  on  Shot  Priscilla  (Reference  2.16,  2.17). 
Ground  motions,  where  the  air  blast  was  nonideal,,  (l.e.,  there  were 
precursor  waveforms)  were  not  used  in  the  analysis.  Figure  2.3*1, 
page  2-26,  shows  the  final  form  of  the  Type  I  waveform  together  with 
its  displacement  curve.  The  first  part  of  the  velocity  curve  between 
normalised  times  0  and  1.0  is  a  smoothed  average  of  the  composite  data 
shown  in  Figure  2.3.2  ,  page  2-26.  The  individual  data  points  show 
many  departures  from  the  Type  I  waveform  but  these  are  essentially 
reflections  of  part  of  the  Type  II  waveform.  The  tail  of  the  Type  I 
waveform  (after  normalised  time  1)  is  very  ill-defined  in  the  records. 
The  duration  of  the  tail  was  based  on  work  by  the  Sandia  Corporation 
on  Priscilla  which  indicated  that  the  tail  had  approximately  twice 
the  duration  of  the  first  part  of  the  wave.  The  amplitude  of  the  tail 
was  arranged  somewhat  arbitrarily  to  give  a  residual  displacement  of 
approximately  half  the  maximum  displacement. 

The  Ifype  II  waveform  is  shown  in  Figure  2.  3*3 >  P®€«  2-27  • 

This  was  developed  by  comparing  the  outrunning  Tumbler  data,  from 
which  the  Type  I  ground  motion  had  been  subtracted,  with  the  data  for 
Koa  12  (reference  2.13  ).  For  Koa  the  Type  I  motion  had  been  filtered 
out  by  the  ground.  The  relative  amplitudes  of  the  various  peaks  were 
averaged  over  these  data  as  were  the  relative  time  durations  of  the 
cycles.  More  weight  was  given  to  the  Kba  data,  since  the  yield  for 
this  shot  was  in  the  megaton  range.  After  the  firet  tentative  curve 
had  been  constructed  it  was  integrated  to  give  the  displacement  and 
adjustments  were  made  in  the  latter  portions  of  the  velocity  curve 
so  that  the  residual  displacement  would  be  sero;  this  was  done  for 
no  better  reason  than  that  there  is  no  suitable  information  available 
for  this  case. 

The  normalised  plot  was  checked  by  redrawing  the  assumed  motion 
on  the  original  velocity-time  plots.  Some  of  these  plots  ioi  shots 
Koa  and  Cactus  are  shown  in  Figures  2.3.4  through  2.3,  7, 

(Reference  i.  18  )  .  In  some  cases,  the  normalised  curve  fits  the 
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Figure  2.3.3:  Type  II  Vertical  Velocity  Waveform  and  its  Displacement 


Figure  2.3.^:  Comparison  of  the  Type  II  Vertical  Velocity  Waveform  with 
Data  from  Shot  Cactus,  Gage  2V30  (Ground  Range  -  650  ft; 
Depth  =  30  ft.) 
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data  very  well;  in  others,  the  fit  is  not  so  good,  but  the  normalized 
curve  still  has  the  general  shape  of  the  measured  motions.  Detailed 
examination  of  these  plots  show.  t;>  -  the  waveform  is  indeed  changing 
as  the  ground  range  increases •  It  appears  that  the  first  cycle  becomes 
a  lower  frequency  relative  to  the  remaining  cycles  as  ground  range 
increases.  The  time  and  amplitude  parameters  which  define  the  particle 
velocity  waveform  have  been  normalized  based  on  the  data  observed  in  the 
test  records.  Different  ratios  would  be  expected  at  other  Bites,  over¬ 
pressures,  and  weapon  yields,  although  the  generic  forms  may  remain  the 
same  as  Types  I  and  II. 

In  one  dimensional  theory  the  ground  wave  is  propagated  at  a 
velocity  corresponding  to  the  tangent  modulus  at  the  stress  ^ Sauer j 
Reference  2.U  ).  As  a  result,  the  initial  stresses  outrun  the  larger 
stresses  and  the  wavefront  spreads  out  in  time.  This  effect  is  very 
significant  in  summing  the  -tresses  to  determine  the  maximum  stress 
occurring  at  a  point.  At  practical  depths,  sumnlng  the  stresses  may 
result  in  a  different  ratio  of  velocity  rise-time  to  total  duration 
than  is  shown  by  the  Type  I  waveform.  The  observations  from  the 
Nevada  Test  Site  playa  dry  silts  indicated  that  the  peak  stresses 
traveled  at  a  velocity  of  between  one-half  to  two-thirds  of  the  seismic 
velocity  (Sauer,  Reference  2.11;  and  Wilson,  Reference  2. 13  ) .  Of 
course,  this  ratio  would  vary  with  the  type  of  material  and  the  other 
factors  discussed  previously.  A  plot  of  the  observed  difference  in 
first  motion  velocity  (seismic  velocity)  and  the  velocity  computed 
from  the  arrival  time  of  the  peak  stress  at  Frenchman  Flat  is  presented 
in  Figure  2.3.8  ,  page  2-30  .  A  general  type  I  waveform 

may  be  described  by  three  times  and  two  amplitudes,  as  follows: 

.  time  to  peak  positive  particle  velocity 
.  time  to  end  of  positive  phase  particle  velocity 
.  time  to  end  of  negative  phase  particle  velocity 
.  amplitude  of  peak  positive  velocity 
.  amplitude  of  peak  negative  velocity 

The  Type  II  waveform  is  more  difficult  to  define  in  a  simple 
manner.  Parameters  of  significance  to  the  response  of  isolation 
systems  are: 

.  number  of  cycles 
.  period  of  each  cycle 
.  peak  velocity  of  each  cycls 

The  mechanism  by  which  the  Type  II  wave  is  produced  is  not  clearly 
understood,  however,  it  is  evident  that  the  assignment  of  principal 
proportions  on  the  basin  of  the  observed  waves  is  necessary.  Curreu 
prediction  methods  cannot  he  expected  to  yield  much  more  than  the  peak 
•velocity  of  the  first  loop.  Us  rise  time,  and  the  phasing  .vf  the  Type  1. 
and  Type  II  arrival  times.  Since  the  two  test  sites  v‘  he  field 
records  were  taken  are  rather  unique  geologically,  descriptions  of  the 
site  conditions  are  given  below. 
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I'igure  2.3.8:  Longitudinal  Wave  Velocity  vs.  Depth 
Frenchman  Flat,  Computed  from 

(a)  Seismic  refraction  survey 

(b)  Vertical  seismic  survey 

(c)  Static  modulms  of  deformation  at  100  psi 

(d)  Arrival  time  of  wave  of  high  stress 

(From  Reference  2-ll) 
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The  first  200  feet  of  the  Frenchman  Flat  area  of  the  Nevada  Test 
Site  is  composed  of  nonsaturated,  inorganic  clayey  silt  deposit,  formed 
as  a  playa  under  desert  type  proc-sv-  ■  of  erosion  and  deposition. 

Belov  200  feet  lies  the  original!  In*.',  bed  and  at  this  depth  the  soil 
becomes  a  sand-gravel  aggregate.  At  a  depth  of  650  feet,  a  basement 
rock  is  encountered.  Seismic  surveys  of  Frenchman  Flat  confirm  the 
relative  homogeneous  nature  of  the  site  and  indicate  that  the  seismic 
velocities  vary  from  1000  to  3500  feet  per  second  above  650  feet,  in¬ 
creasing  to  10,000  feet  per  second  below  650  feet  (Wilson 
reference  2  .13  )•  A  detail  plot  of  the  seismic  velocity  profile  is 
presented  on  Figure  2.3*8. 


The  Enivetok  Proving  Grounds  (site  of  shot  Koa)  are  coral  atolls 
composed  of  a  heterogeneous  mixture  of  gravel,  sand  and  silt-size  broken 
coral  and  shell  fragments,  interbedded  by  cemented  zones.  At  a  depth 
of  about  two  miles  this  is  underlain  by  an  igneous  basement.  The 
seismic  velocity  in  the  dry,  loose  layer  above  the  water  table  varies 
from  800  feet  per  second  at  the  surface  to  4 000  feet  per  second  near 
the  water  level.  A  cemented  zone  Beveral  feet  thick  is  usually  en¬ 
countered  at  the  water  level.  Belov  the  water  table,  and  extending 
to  a  depth  of  about  2500  feet  is  a  heterogeneous  layer  with  an  average 
velocity  about  800  feet  per  second.  The  Beismic  velocity  then  increases 
for  the  next  5000  to  10,000  feet  to  11,000  feet  per  second.  The  under¬ 
lying  formation,  presumed  to  be  the  igneous  basement,  has  a  velocity 
of  17,000  feet  per  second  (Sauer,  reference  2.11  ). 


Other  test  records  are  alBO  available  in  the  published  literature. 
A  separate  tabulation  of  all  unclassified  Weapon  Test  Reports  relating 
to  full-scale  free  field  ground  shock  measurements  and  structural 
motions  in  regions  of  surface  overpressure  greater  than  20  psi  is 
given  at  the  end  of  this  section. 


2.4  Theoretical  Analyses 

The  theoretical  studies  discussed  here  are  limited  to 
those  which  are  believed  to  be  the  most  useful  in  predicting  the  Type  I 
and  Type  II  waveform  parameters  listed  in  the  preceding  paragraph?. 
Because  of  the  complexity  of  the  wave  patterns  at  real  sites,  most  of 
the  mathematical  models  employed  in  the  studies  of  interest  are  for  the 
one -dimensional  case.  As  a  result,  the  representation  of  the  air  blast- 
induced  wave  is  ’"lid  only  as  the  wave  approaches  the  overhead  position. 
Another  limitation  of  the  existing  theoretical  works  is  their  neglect 
of  variations  in  the  compression  modulus  with  depth.  The  change  in 
compression  modulus,  almost  always  an  increase,  can  be  due  to  layering 
of  materials  with  different  compressive  properties  and  to  confining 
pressure  on  otherwise  homogeneous  materials.  Layering  would  be  the 
major  cause  at  sites  where  the  profile  is  composed  primarily  of  com¬ 
petent  rock,  since  very  large  confining  pressure  changes  are  required 
to  significantly  change  the  compressive  modulus  of  rock  (Grine  and 
Fowles,  reference  &.19  )•  The  increase  in  confining  pressure  would 
correspond  to  uhe  increase  in  depth  below  the  surface. 
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For  soils,  layering  would  also  be  important.  Included  here  is 
the  effect  of  the  presence  of  a  water  table,  since  the  degree  of 
saturation  has  a  large  influence  on  ire  iy  .mic  compressibility  of 
soils.  Granular  soils  show  a  significant  increase  in  compression 
modulus  with  increasing  confining  pressure,  even  though  the  volume 
change  may  be  small.  The  compression  modulus  for  very  fine  grained 
soils  such  as  clay,  are  dependent  to  a  large  extent  upon  the  past 
history  of  compressions.  Hie  compression  modulus  of  all  soils  depends 
upon  the  pressure  increment  change  in  relation  to  the  existing  con¬ 
fining  pressure.  That  i3,  a  change  of  stress  of  100  psi  would  be  very 
significant  for  a  surface  soil  where  the  confining  pressure  approaches 
zero.  At  a  depth  of  .100  feet  or  so,  where  the  confining  pressure  is 
high,  that  pressure  change  would  cause  only  a  slight  rearrangement  of 
the  soil  structure.  As  a  result,  even  though  layering  were  not 
present  at  a  site,  it  is  probable  that  the  compressive  modulus 
corresponding  to  the  first  dynamic  stresses  will  increase  with  depth. 

As  will  be  seen,  the  theoretical  analyses  presently  available  consider 
that  one  stress-strain  curve  applies  to  all  depths. 

2. 4. 1  Analyses  of  a  Half-Space  Geometry 

Although  most  analyses  consider  wave  propagation  only 
in  one  dimension,  three  of  those  reviewed  treated  the  more  general 
problem  of  a  half-space.  An  analysis  by  Brode  and  Bjork  (reference 
2.1  )  considers  the  stresses  and  early  motions  associated  with  the 
cratering  of  rock  from  a  2  megaton  surface  burst  based  on  a  hydro- 
dynamic  model  of  a  "tuff".  Although  this  analysis  does  not  consider 
plasticity  and  viscosity  beyond  the  limits  of  classical  hydrodynamic 
theory,  the  profile  of  peak  pressures  and  the  shape  of  the  pressure¬ 
time  curve  are  useful  in  predicting  conditions  close  to  the  crater  in 
crater-induced  ground  shock  problems.  Some  of  the  results  of  this 
method  will  be  given  later  and  compared  with  those  of  a  prediction 
method  developed  by  Newmark.  The  other  half -space  analysis,  published 
by  Sackman  (reference  2.20),  considers  the  plane  strain  solution  for 
the  stress  distribution  produced  by  the  passage  of  a  constant  velocity 
pressure  wave  across  the  surface  of  a  viscoelastic  medium.  This  analysis 
considers  only  the  superseismic  case.  The  results  have  been  evaluated 
by  Baron  and  Fames  ^reference  2.21)  at  a  point  $00  feet  deep  and  where 
the  surface  alr-presvure  equals  2000  psi.  The  medium  i«  rock  with  a 
compressional  wave  velocity  of  10,000  feet  per  second.  The  authors 
point  out  that  much  work  remains  to  be  done  on  the  experimental  deter¬ 
mination  of  the  appropriate  viscoelastic  constants  which  are  needed  in 
the  analysis,  since  such  information  is  not  available  at  the  present 
time. 


Based  on  Sackman' s  analysis,  the  stresses  computed  for  the  medium 
with  assumed  viscoelastic  properties  are  compared  to  the  stresses  com¬ 
puted  for  similar  pointB  in  a  linear-elastic  material.  The  results 
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show  that  the  first  arrival  stresses  are  less  for  the  viscoelastic 
model,  hut  rise  to  values  slightly  greater,  then  attenuate  slower  than 
those  for  the  linear-elastic  model.  flewmurk  (Reference  2.22)  used  a 
graphical  quasi-static,  half-spac*;  -  .i.ution  to  determine  the  attenuation 
with  depth,  of  the  vertical  stress  due  to  the  moving  air  pressure  loading. 
Based  upon  Boussinesq's  elastic  theory,  the  stress  distribution  includes 
the  influence  of  a  moving  air  blast  load  of  variable  intensity  and 
duration.  The  pressure-depth  curves  were  computed  for  a  site  with  a 
uniform  seismic  velocity  in  which  layering  was  not  considered.  An 
r.xpre salon  for  attenuation  was  obtained  by  allowing  the  seismic  velocity 
to  approach  infinity.  This  was  applied  to  the  attenuation  of  vertical 
particle  velocities  with  depth.  The  expression  and  its  use  will  be  given 
in  the  paragraphs  on  "Prediction  Methods". 

2. 4. 2  Qpe°gimensional  Analyses 

The  applicable  closed  form  expressions  for  the  peak  vertical 
particle  velocity  and  peak  vertical  stress  which  have  been  derived  by 
one-dimensional  theory,  using  various  linear  stress-strain  curves,  are 
presented  in  Figures  2.4.1  through  2.4.5  >  P*€!e8  2-34,  2-37,  and 

2-30  -  Plots  of  vertical  stress  and  particle  velocity  versus  depth 
for  various  assumed  conditions  are  presented  on  Figures  2.4.6  and 
2.4.  7  ,  pages  2-40, 4fli,  respectively. 

2.4.2.1  Elastic  Media 

Figure  2.4,1  presents  the  relationships  for  a  linear- 
elastic  material.  With  this  assumption  there  iB  no  attenuation  of 
particle  velocity  or  stress  with  depth.  For  a  homogeneous  medium,  the 
shape  of  the  wave  form  due  to  the  air-blast  loading  is  Identical  with 
the  decay  curve  of  the  air  pressure.  The  wave  front  moves  at  the  seismic 
velocity  of  the  medium  at  all  pressures.  These  assumptions  clearly 
represent  the  conservative  case  with  respect  to  the  amplitude  of  the 
particle  velocity  at  depth,  since  there  is  no  attenuating  mechanism. 
However,  a  comparison  of  the  particle  velocities  computed  by  this  assump¬ 
tion  and  certain  nonelastic  assumptions,  discussed  subsequently  using 
different  stress-strain  curves,  indicate  that  the  near  surface  particle 
velocities  are  higher  using  nonelastic  assumptions. 

Plots  of  the  peak  vertical  stress  and  particle  velocity  versus  depth  are 
shown  on  Figures  2.4.6  and  2.4.7  ,  respectively.  The  values  used  in 


the  computation  were: 
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300  psi  at  t  ■ 

s 

4.04  slugs/ft ^ 

Vl  - 

5,960  fps 
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1  x  106  psi 
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20  megatons 
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H.  4. 2. 2  T.i  near  Non-Recovering  Media 

Figure  2.4.2  oreBtats  -  relationships  for  a  linear, 
non-recovering  medium.  It  may  be  noted  that  the  compaction  front 
moves  with  a  constant  velocity  equal  to  the  seismic  velocity  of  the 
material.  The  peak  vertical  stress  is  equal  to  the  average  pressure 
of  the  impulse  to  the  time  of  interest.  When  the  majority  of  the 
impulse  has  passed,  the  attenuation  of  the  vertical  stress  and  particle 
velocny  at  the  wave  front  are  inversely  proportional  to  depth.  At  any 
time,  the  velocity  gradient  behind  the  shock  front  with  respect  to  depth 
is  zero,  that  is,  the  material  behind  the  shock  front  moves  as  a  rigid 
body. 

The  fact  that  the  stress  and  particle  velocity  are  attenuated  with 
depth  and  approach  zero  in  this  one-dimensional  analysis  makes  the 
general  behavior  of  this  medium  considerably  different  from  that  of  the 
elastic  material.  As  the  rate  of  surface  pressure  decay  decreases,  such 
as  at  low  overpressures  and  large  yields,  the  differences  in  peak  particle 
velocities  in  the  two  materials  at  depths  less  than  several  hundreds  of 
feet,  will  not  be  appreciable;  although  the  shape  of  the  particle 
velocity  wave  form  will  differ  as  will  the  amount  of  total  deflection. 
Plots  of  vertical  stress  and  particle  velocity  versus  depth  are  shown  on 
Figures  2.4.6  and  2.4.7  Respectively.  The  values  used  in  the 
computation  were: 


p0  =  300  psi 

0  =  k.o4  slugs/ft^ 

VL  =  5,960  fps 

E  =  lx  10^  psi 

W  =  20  megatons 


2. 4. 2. 3  Partially  Locking  Media 

The  condition  of  no  return  upon  unloading  is  a  special 
case  of  the  more  general  problem  of  partially  lockins  0'r  partially 
reversible  media.  Salvador i,  Skalak  and  Weidlinger  (Reference  2.23  } 
have  presented  a  solution  for  the  general  case.  Although  the  expressions 
of  interest  cannot  be  stated  in  closed  form,  requiring  the  solution  of 
several  simultaneous  equations,  the  sane  conclusions  can  be  drawn  as  for 
the  special  case  of  no  retu~n  motion.  A  numerical  solution  for  an  over¬ 
pressure  of  100  psi  with  the  return  seismic  velocity  twice  that  of  the 
loading  velocity  indicates  a  slightly  smaller  degree  of  attenuation  of 
the  stress  and  particle  velocity  with  time  and  depth  compared  to  the 
material  with  no  recovery. 
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2. 4. 2. 4  Ideal  Locking  Media 

Figure  2.4.3  presents  the  relationships  for  ideal 
locking  media,  that  is,  materials  whj.cn  sr  no  resistance  until  a 
critical  strain  is  reached  and  then  compact  to  a  rigid  state.  The 
dependence  of  the  peak  vertical  stress  and  peak  particle  velocity  on 
the  impulse  can  be  noted.  The  long-time  attenuation  of  the  peak 
vertical  stress  varies  inversely  with  the  square  of  the  depth,  and 
increases  with  the  square  of  the  impulse.  According  to  Miles(Reference 
2.  )  for  a  step  impul.se  the  stress  varies  inversely  as  the  three- 

halves  power  of  the  time.  From  the  shape  of  the  stress-strain  curve, 
it  would  appear  that  this  analysis  is  applicable  to  dry,  loose  sand  but 
not  to  saturated  soils  or  rocks. 

Plots  of  vertical  stress  and  particle  velocity  ar~  shown  in  Figures 
2.4.6  and  2.4.7  >  respectively.  The  values  used  for  the  computation 

were: 

PQ  ■  300  psi 

-  .02 

S  =  4.04  slugs/ft ^ 

W  m  20  megatons 

A  comparison  of  the  attenuation  of  stress  with  depth  for  ideal  locking 
media  with  tc  equal  to  0.12  and  0.10  is  given  by  Reference  2.24.  This 
comparison  shows  that  at  the  high  initial  pressure  levels  near  ground 
zero  the  influence  of  varying  £  c  is  small  at  depths  below  200  to  500 
feet.  As  would  be  expected,  the  material  with  the  larger  £c  had  the 
greater  attenuation  with  depth. 

2. 4. 2. 5  Linear -Locking  Media 

Figure  2.4.4  presents  the  expressions  for  vertical  stresses 
and  particle  velocities  of  a  material  with  linear-locking  strecs-3train 
characteristics.  The  irrecoverable  strain  equals  £c  -  £0  for  stresses 
equal  to  or  greater  than  C£. 

When  the  applied  pressure  iE  greater  than  Pc,  the  velocity  of  the 
compaction  front  (z)  is  greater  than  VL.  While  the  compaction  front  is 
superseismic  the  vertical  stress  varies  as  the  square  of  z  ,  and  the 
particle  velocity  as  the  first  power  of  z.  At  a  time  t0,  the  vertical 
stress  becomes  equal  to  Fc  and  the  compaction  front  has  the  velocity  Vl> 

The  time  ts  may  be  evaluated  from  the  expression  equating  the  integral 
of  the  surface  pressure-time  curve  to  the  integral  of  the  surface 
impulse -time  curve  between  the  limits  of  zero  and  ts.  The  time  ts  may 
also  be  evaluated  from  a  plot  of  zB  veisus  time  at,  the  point  where  z 
is  equal  to 
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atreaa-Straln  Dla«ran  for  Linear 
LocklAc  Medium 
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Figure  2.4.4:  Vertical  Stress  and  Particle  Velocities  in  Linear- 
LocKing  Media 
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The  nnmw.Pt.ion  front  moves  at  less  than  the  seismic  velocity  when 
t  >  ts  and  the  motion  relative  to  the  motion  of  the  medium  ahead  ceases 
at  time  tc.  When  t  is  equal  to  ts  an  elastic  wave  is  generated  which 
travels  at  a  velocity  with  a  constan  tress  cr0.  At  all  depths 

greater  than  that  of  the  compaction  front  at  time  tB,  the  linear-locking 
wave  outruns  the  compaction  front.  The  elastic  precursor  stress  is  not 
attenuated  with  depth,  but  follows  the  behavior  of  the  cne -dimensional 
linear-elastic  case.  At  times  greater  than  te,  the  entire  locked  mans 
moves  at  the  particle  velocity  of  the  precursor  at  the  limiting  depth 
of  the  compaction  front  at  time  te. 

The  solution  for  a  pulse,  which  starts  as  a  subsonic  front  at  t  »  0, 
is  obtained  from  the  expressions  shown  by  setting  ts  =  ze  =  0.  In  the 
event  ifc  -  £0,  a  compaction  front  moving  superseisminally  exists  when 
Po  ^  CT0j  kut  if  Pq  <  (To,  only  elastic  waves  will  be  propagated. 

Plots  of  vertical  stress  and  particle  velocity  are  shown  on  Figures 
2.  4.  6  and  2.4.7  ,  respectively.  The  values  used  for  the  computations 
were : 


P0  =  300  psi 

£c  =  .02 

?  =  4.04  slugs/ft^ 

E  =  1  x  IQ6  psi 

W  =  20  megatons 

2. 4. 2. 6  Bilinear  (Deadband)  Mjdia 

A  one-dimensional  analysis  of  a  wave  propagating  in  a 
material  with  a  bilinear  stress-strain  characteristic  (Figure  2.4.  c,  ) 
was  made  by  Skalak  (Reference  2.23  ). 


Figure  2.4.5 

Stress-Strain  Diagram  for  Plastic -Elastic  Media 
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The  results  are  not  included  here  because  the  equations  require 
numerical  solution^but  the  velocity  of  the  wave  front  was  found  to  be 
a  function  of  the  angle  oc  Where  'a'  designates  the  stress  at  the  point 
of  interest.  With  a  decaying  air  pi  -  aure  on  the  surface  of  the  medium, 
the  stress,  and  therefore*  the  wave  velocity,  was  continuously  changing. 


2.11.2.7  Comparison  of  Predicted  Attenuations 


A  comparison  of  the  curves  of  vertical  stress  for  ideal 
xocking  media  and  plastic-elastic  media  shows  a  waller 
percentage  attenuation  for  the  plastic-elastic  case  to  depths  of  about 
1000  feet  but  greater  attenuations  at  greater  depths* 


Despite  the  differences  in  attenuation  predicted  by  the  various 
mathematical  treatments,  a  comparison  of  the  vertical  stress  and  particle 
velocities  (Figures  2.4.6  and  2.4.7  )  estimated  Dy  all  of  the  cue- 
dimensional  analyses  show  there  iB  no  major  differences  between  the 
results  obtained  for  the  first  100  feet  of  depth.  Another  interesting 
comparison  can  be  made  between  the  vertical  stresses  obtained  by  one- 
Aiacnsional  analyses  and  those  suggested  by  Nevmark  for  the  propagation 
of  waves  generated  in  an  elastic  half  space  by  a  moving  air  blast 
loading  (Reference  2.2 Q.  Newmark's  equation  is 


where  crB  and  u8  are  the  surface  values  and  for  overpressures  less  than 
500  psi  L  is  given  by 


Considering  the  same  case  as  used  previously,  i.e.,  W  *  20  Mt  and 
PQ  “  300  psi,  the  spatial  attenuation  calculated  by  above  equations  Ls  also 
shown  in  these  Figures.  TX  would  appear,  even  from  this  very  rough  com¬ 
parison,  that  a  significant  error  might  be  introduced  by  ignoring  the 
attenuation  from  spatial  dispersion  at  the  high  overpressures.  When 
spatial  attenuation  is  added  to  that  from  other  causes,  it  is  probable 
that  the  totaL  attenuation  of  peak  stress  and  particle  velocity  would 
he  much  higher  than  predicted  by  any  of  the  theory.  This,  in  fact, 
appears  to  be  in  general  agreement  with  the  results  of  field  tests 
(Reference  2.12  ). 


Comparison  of  Predicted  Attenuations  of  Peak  Vertical  St: 
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Figure  2.4.7:  Comparison  of  Predicted  Attent nation  of  Peak  Vertical  Particle  Velocity  -with  Depth 
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2. 5  Prediction  Methods 


It  was  seen  in  the  preceding  paragraphs  that  most  theories  of 
ground  motion  are  directed  more  toward  •:  -ining  an  indication  of  the 
peak  values  of  displacement,  velocity,  and  acceleration  than  toward 
defining  the  details  of  the  wave  form.  Indeed,  it  is  evident  that 
while  the  assumption  of  a  highly  idealized  material  characteristic  may 
permit  the  approximation  of  the  gross  behavior  of  the  material  under 
shock,  the  lesser  characteristics  of  the  time-history  of  the  motion 
at  °.n  actual  site  will  be  considerably  different. 

Most  prediction  methods  have  been  formulated  by  modifying  simple 
theory  to  match  experimental  data.  This,  coupled  with  the  complexity 
of  recorded,  wave  forms,  has  in  general  limited  the  use  of  the  methods 
to  the  estimation  of  peak  values.  Yet  the  sensitivity  of  the  response 
of  dynamic  systems  to  wave  form  characteristics  is  well  known  and,  in 
at  least  one  prediction  method,  correction  factors  ore  applied  to  the 
response  spectrum  to  account  for  complex  wave  forms  occurring  under 
certain  local  site  conditions  (Reference  2.14). 

By  combining  the  Type  I  and  Type  II  wave  forms  in  proportions 
dependent  upon  particular  weapon  and  site  conditions,  however,  not  only 
will  the  response  spectrum  of  the  composite  wave  form  be  more  repre¬ 
sentative  of  the  final  conditions,  but  a  time-history  is  obtained  for 
use  in  the  solution  of  those  isolation  system  response  problems  where 
the  spectrum  information  is  insufficient.  It  remains,  however,  to 
determine  whether  existing  prediction  methods  can  be  used  to  estimate 
the  magnitudes  of  the  significant  parameters  describing  the  two 
synthesized  wave  forms.  For  this  reason,  the  three  principal  prediction 
methods  are  reviewed  and  their  results  compared  with  theory. 
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2.5.1  Newmark  Pre diction  Methods 

2 . 5 . 1. 1  Cratering  Induced  Wave  s 

Newmark  (Reference  2.14)  has  formulated  relationships 
for  the  peak  particle  velocity,  displacement,  and  acceleration  for 
cratering  induced  ground  shock.  These  relationships  are  restricted 
to  surface  bursts  in  granite  and  to  ranges  where  the  air-blast  over¬ 
pressure  is  between  100  and  600  psi.  The  method  is  based  on  one- 
dimensional  elastic  theory,  with  scaling  criteria  obtained  from  measure¬ 
ments  from  buried  bursts  of  high  explosives  and  ssaall  nuclear  weapons 
(References  2.26). 

The  assumed  velocity  wave  shape  is  shown  ir»  Figure  2.?.1  and  i  .e 
equations  in  Figure  2.5.2  .  Peak  displacement  was  found  by  assumit  ; 

the  wave  shape  to  be  parabolic  and  integrating,  giving 

,  2  R 

“max  = - umax 

3  VL 

To  obtain  peak  acceleration,  it  was  assumed  that  the  initial  acceleration 
was  twice  the  average  acceleration  during  the  velocity  rise  time  tr. 

Then 

”  12  VL  %ax 

umax  = 

R 

In  a  layered  system,  Newmark  suggests  using  an  average  seismic  velocity 
to  the  point  of  interest,  when_estimating  velocities  and  accelerations, 
but  not  displacements.  The  term  Vj,  =  range /earliest  arrival  time  from  a 
refracted  wave.  For  slant  ranges,  Newmark  recommends  that  the  computed 
values  be  considered  as  horizontal  components.  The  vertical  components  of 
displacement  and  strain  should  be  taken  at  one-half  these  values.  The 
vertical  components  of  velocity  and  acceleration  should  be  taken  at  full 
value. 

In  view  of  the  limitations  placed  on  the  use  of  the  expressions  by 
Newmark,  it  is  interesting  to  compare  his  results  with  the  values 
developed  by  Brode's  hydrodynamic  analyses.  At  a  depth  of  800  feet 
directly  below  ground  zero,  Brode's  analysis  (Reference  2.1)  gives  a 
vertical  peak  pressure  of  approximately  9 00  x  ic6r  psf  for  a  2  megaton 
burst.  (In  comparing  this  value  for  a  two-megaton  burst  with  the 
corresponding  depth  from,  presumably,  a  one-megaton  burst  reported  in 
Brode,  Reference  2.2  ),  the  pressures  are  identical.  If  the  particle 
velocity  from  Newmark' s  equation  is  computed  for  the  same  point,  using  a 
seismic  velocity  of  6000  feet  per  second  for  the  tuff  rock,  it  is  tome- 
to  have  a  value  of  17  fps.  Converting  this  particle  velocity  to  a 
corresponding  peak  stress,  by  the  use  of  one -dimensional  elastic  theory 
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and  assuming  E  where  ?  *  5  slugs/ft^,  it  is  found  that  the 

stress  has  a  value  of  45  x  10^  ?a*,  'hich  is  low*r  by  a  factor  of  20. 

It  should  be  noted  that  the  hydrodynamic  analysis  does  not 
consider  viscosity  or  other  dissipative  losses  beyond  valid  hydro- 
dynamic  assumptions,  while  Newmark's  values  are  based  upon  field 
measurements  for  low  yield  weapons.  It  would  appear,  from  a  plot  of 
the  pressures  versus  range  developed  by  the  hydrodynamic  analysis,  that 
the  pressure  attenuates  as  the  inverse  cube  of  the  range  in  the  very 
high  pressure  region,  and  as  the  inverse  three-halves  power  of  the  range 
below  a  pressure  of  about  40  kilobars  (14,7  x  1000  x  40  psi).  Thus,  at 
large  ranges  the  hydrodynamic  analysis  will  predict  stresses  much  larger 
than  those  predicted  by  Newmark's  analyses,  since  the  particle  velocity 
in  Eewmrk's  expression  attenuates  as  the  inverse  2.5  power  of  the  range 
However,  the  values  measured  during  the  Rainier  buried  shots  appear  to 
agree  reasonably  well  with  predictions  made  by  Newmark's  equations. 

The  Rainier  shots  were  in  a  volcanic  tuff  similar  to  the  material  used 
in  the  hydrodynamic  analysis. 

Tht  shape  of  the  pressure-time  curves  developed  by  the  hydrodynamic 
analysis  and  the  velocity-time  curves  described,  by  Newmark  are  similar. 
Both  peak  near  the  middle  third  of  the  total,  duration.  This,  of  course, 
differs  from  what  would  be  expected  near  the  surface  for  a  superseismic 
air-blast  induced  wave. 

2. 5. 1.2  Air-Blast  Induced  Waves 

Figure  2.5.2  also  presents  the  expressions  suggested  by 
Newmark  for  air-blast  induced  ground  motion.  These  expressions  were 
derived  using  one-dimensional  elastic  theory  and  selecting  coefficients 
which  would  match  the  Nevada  Test  Site  data.  In  computing  displacement, 
Newmark  approximates  the  air-blast  pressure  loading  by  a  triangular 
shaped  pulse  with  the  same  Impulse  as  the  actual  air  pressure-time  curve 
The  duration  (t^)  of  the  assumed  pulse  then  is 

r  V5  1/3 

[.] 

where 

t^  »  pulse  duration,  sec 

.  P0  *  air-blast  peak  overpressure,  psi 
W  ■  weapon  yield,  megatons 

For  a  site  of  unifc..m  seismic  velocity,  the  elastic  displacement 
corresponds  to  the  total  deflection  of  a  column  of  materiel..,  of  length 
tjVL,  subjected  to  an  average  pressure  F0  /S.  The  maximum  transient 
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elastic  vertical  displacement,  in  layered  or  nonhomogeneous  media,  is 
computed  for  several  positions  of  shock.  The  computations  consider 
the  values  of  Vl  for  each  layer  and  sum  of  the  instantaneous  values  of 
strain  so  determined.  The  maximum  :  :ement  is  the  value  recorded 
for  the  elastic  displacement  at  the  surface.  In  both  cases,  the 
elastic  modulus  for  soils  with  a  density  of  about  115  lb.  per  cu.  ft. 
suiu  /b  -  0.25  is  approximately 


where 

E  =  Young's  modulus,  psi 

3  =  Mass  density,  slugs/ft^ 

VL  =  Seismic  velocity,  ft/sec 

JU.  =  PoisLon's  ratio 

At  a  point  below  the  ground  surface,  the  maximum  elastic  displace¬ 
ment  is  equal  to  the  total  displacements  of  ail  the  material  below  the 
point  considered.  In  calculating  elastic  displacement,  Newmark  recommends 
no  change  with  depth  be  made  in  peak  stress,  rise  time,  or  duration. 

Newmark  considers  the  permanent,  or  plastic,  vertical  displacement 
to  be  negligible  below  depths  of  about  100  feet.  He  suggests  that  it 
be  assumed  to  vary  linearly  between  the  surface  and  this  depth.  The 
seismic  velocity  in  this  region  can  be  taken  as  the  average  value.  It 
should  be  noted  again  that  the  data  on  which  these  methods  are  based 
were  obtained  from  the  Nevada  Test  Site.  It  is  usually  found  that  at 
.layered  sites  the  seismic  velocity  of  the  material  at  great  depth 
controls  the  maximum  displacement.  Since  the  triangular  pressure  pulse 
is  steep  fronted,  the  maximum  pressures  arrive  early  in  the  deep  layers. 

At  the  interfpee  of  the  two  layers,  Newmark  suggests  the  use  of 
transmission  and  reflection  factors  derived  for  the  one-dimensional  case. 
If  the  interface  is  fairly  sharp,  an  estimate  can  be  made  from  the 
following  relationship 

1  -'•V 

fT  sr  ■ 

-r  1  +  hi  i 


where  r>  =  incident  stress,  cs  =  reflected  stre. s,  c+  =  transmitted 
stress,  and 
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E1  Vl2 

=  ratio  of  impedances  of  two  media  =  y 

Nevmark  defines  the  U-uneeismie  and  subseismic  conditions  as  the 
outrunning  of  the  air-blast  wave  only  by  air-blast  induced  ground 
waves  or  their  reflections  or  refractions.  That  is,  in  his  prediction 
method,  all  transei saiic  and  subseismic  phenomena  are  treated  as  special 
cases  of  the  air-blast  induced  waves.  Thus,  the  values  for  particle 
velocity  and  acceleration  given  in  Figure  2.5.2  for  air-blast  induced 
ground  motion  should  be  increased  by  the  following  factors  to  account 


for  outrunning: 

Condition  Multiplier 

VL  <£  U  1.0 

U  <  lfL  C  1.5  1)  Vl/'U 

1.5  0  <  VL  <  2  U  1.5 

2  U  <  Vl  1  +  U/VL 


Nevmark  recommends  that  the  d4 splacement  not  be  modifieu.  It  is  noted 
that  this  multiplies  the  uncorrected  velocity  and  acceleration  value 
by  a  factor  having  a  maximum  value  of  1. 5,  at  a  seismic  velocity  such 
that  the  air-blast  front  velocity  is  nearly  equal  to  the  Rayleigh  wave 
velocity  (Section  2.2.2).  Vg  should  be  taken  as  the  seismic  velocity 
in  the  layer  of  interest.  However,  Nevmark  suggests  that  if  the 
seismic  velocity  of  a  deeper  layer  gives  a  higher  value  of  acceleration 
or  velocity,  its  seismic  velocity  should  be  used  for  the  upper  layers 
when  obtaining  the  multiplying  factor  for  the  upper  layer.  The  basis 
for  this  can  be  seen  from  the  refracted  wave  front  diagram,  Figure  2.2.10. 
The  arrival  of  the  refracted  wave  from  the  deeper  layers  appears  to 
an  observer  in  the  upper  layer  to  have  the  velocity  of  the  deeper  layer. 

As  mentioned  before,  the  expression  for  the  attenuation  of  peak 
stress  with  depth,  which  is  also  used  for  the  attenuation  of  vertical 
particle  velocity  with  depth,  was  derived  by  Newmarlc  using  Boussinesq’s 
theory  of  s "trcs 3  v li  ctribution  for  an  elastic  half- space  with  a  partially 
loaded  surface.  Westergaard's  theory  of  stress  distribution  for  the 
same  problem  except  with  the  assumption  that  the  elastic  medium 
is  reinforced  with  a  series  of  membranes  infinitely  rigid  in  a 
lateral  direction  but  infinitely  flexible  vertically,  would  give  stresses 
approximately  two-thirds  c4'  those  from  the  Boussinesa  theory.  The 
physical  significance  of  the  membranes  is  that  during  loading  lateral 
deformation  of  the  soil  is  prevented.  In  soil  mechanics,  VestergasrcT  3 
theory  is  generally  used  as  being  more  applicable  to  a  stratified 
subsurface  profile.  It  may  also  be  more  applicable  to  this  problem  as 
well.  Of  course,  this  would  indicate  an  even  larger  attenuation  with 
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depth  of  peak  stress  and  particle  velocity,  due  to  spatial  dispersion, 
than  is  indicated  by  Newmark 1  s  expression. 

2.5.2  Sauer  Prediction  Method 

The  prediction  procedure  developed  by  Sauer  (Reference  2.11) 
is  semi-empirical  in  nature  and  is  based  upon  a  correlation  of  field 
measurements  at  the  Nevada  Test  Site  and  the  Pacific  Proving  Grounds 
using  near  elastic  scaling.  These  equations  predict  peak  values  at 
t^e  surface  which  may  then  be  attenuated  for  depth  by  the  use  of  curves 
suitably  scaled  for  weapon  yield.  With  these  expressions  it  is  possible 
to  predict  ground  notions  in  both  the  superseismic  and  the  Bubseismic 
regions.  The  applicable  expressions  appear  on  Figure  2.5.2.  The  limits 
associated  with  each  expression  indicate  the  spread  of  measured  data. 
Sauer  suggests  using  a  refraction  wave  front  diagram  to  determine  if 
the  point  of  interest  is  in  the  superseismic  or  subseismic  region. 


For  alluvial  soils  and  incompetent  rocks  Vj,  should  be  taken  as 
the  velocity  of  propagation  of  waves  of  high  stress.  For  soils  where 
this  is  not  known,  Sauer  suggests  using  a  value  of  three-quarters  of 
the  seismic  velocity  which  is  based  on  data  from  the  Nevada  Test  Site. 
For  competent  rock,  Vj,  should  be  taken  equal  to  the  seismic  velocity. 

In  computing  the  reflection  characteristics  of  local  disturbances, 
only  those  reflecting  layers  which  exhibit  marked  changes  of  physical 
properties  as  well  as  changes  in  seismic  velocity  should  be  included. 

Sauer  restricts  the  correlations  to  ground  motions  in  the  over¬ 
burden,  i.e. ,  the  first  layer,  or  to  ground  motion  in  substrata  If  the 
scaled  depth  of  the  overburden  is  a  small  fraction  of  the  pressure 
pulse  length.  In  the  latter  case,  it  is  necessary  to  neglect  the 
presence  of  the  overburden.  For  intermediate  depths  of  overburden, 

Sauer  suggests  that  a  conservative  estimate  of  vertical  ground  motion 
may  be  made  as  follows:  compute  the  motion  assuming  tliat  the  second 
layer  extends  to  the  surface;  compute  the  motion  at  the  interface  based 
on  the  properties  of  the  overburden  and  apply  the  appropriate  elastic 
reflection  factors  for  the  motion  in  the  second  layer;  choose  the  larger 
of  the  two  values  for  the  motion  at  the  interface  and  let  it  attenuate 
nt  the  rate  corresponding  to  the  properties  of  the  second  layer. 

Unfortunately  this  method  breaks  down  and  greatly  overestimates 
the  vertical  velocity  and  stress  as  the  scaled  depth  becomes  smaller 
and  the  ratio  of  seismic  velocities  becomes  larger.  For  these  cases 
it  is  necessary  to  compute  the  reflection  history  in  detail.  There  is 
no  formal  way  to  determine  the  shape  of  the  velocity-time  wave  form 
given,  .jauer  does  suggest  that  the  pulse  duration  would  equal  the 
overpressure  duration,  or  approximately  the  time  for  a  reflection  to 
return  to  the  surface,  whichever  is  smaller. 
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2.5.3  Wilson  Prediction  Method 


A  procedure  for  predicting  the  peak  displacement  in  the 
superseismic  region  was  develop  ■.•i  Wilson  (Reference  2-13).  Basically 
this  is  a  graphic  procedure  similar  to  the  one  described  for  Newmark's 
air-blast  induced  layered  case  with  some  important  modifications.  In 
brief;  «il3on's  modifications  to  the  Newmark  procedure  are: 

.  The  initial  wave  front,  or  pulse  pressure,  travels  downward 
at  a  velocity  equal  to  the  vertical  seismic  velocity  while 
the  peak  pressure  travels  downward  at  a  velocity  equal  to 
between  one-half  and  three-quarters  of  the  vertical  seismic 
velocity.  This  is  dependent  on  the  type  of  material  and  the 
evaluator's  judgment  regarding  the  slope  of  the  stress-strain 
curve  at  the  particular  stress. 

.  The  peak  stress  is  attenuated  approximately  in  accordance 
with  Newmark's  expression  for  the  attenuation  of  particle 
velocity  with  depth. 

.  The  vertical  compression  of  a  soil  layer  which  is  made  up  of 
both  elastic  and  inelastic  components  at  any  depth,  is 
attained  simultaneously  with  the  application  of  lo»4.  As  the 
vertical  stress  decays,  the  elastic  portion  of  the  compression 
recovers  in  proportion  to  the  decay  of  the  pressure  curyfi- 

.  The  percent  of  the  total  strain  of  a  layer  that  is  elastic 
and  the  percent  which  is  inelastic  is  estimated  for  the 
particular  material  from  laboratory  tests.  Wilson  &  Sibley, 
Reference  2.1^  give  a  description  and  cliscusBion  of  these 
soil  tests. 

.  The  procedure  is  carried  to  a  depth  where  a  material  with  a 
seismic  velocity  of  10,000  fps  or  greater  is  encountered. 

The  displacement  below  this  depth  is  computed  by  Sauer's 
expression  for  displacement  using  the  value  of  the  attenuated 
stress  A  P0.  The  displacement-time  curve  for  the  point  of 
interest  is  then  determined  by  summing  the  compressions  of 
the  various  layers  below  versus  time.  By  considering  the 
inclination  of  the  superseismic  wave  front  (Figure  2.2.6  )  at 
the  point  of  Interest  and  assuming  that  the  only  compression 
is  that  normal  to  the  wave  front,  the  horizontal  component  of 
the  motion  is  obtained.  This  assumes  that  the  horizontal 
motion  is  in-phase  with  the  vertical  movement  with  respect  to 
time  and  depth.  This  method  usually  results  in  horizontal 
displacements  whicu  may  vary  from  l/lO  to  1/2  of  the  vertical 
displacements. 

After  a  comprehensive  investigation  of  the  soil  at  the  Nevada  Test 
Site,  this  procedure  was  checked  with  results  from  Shot  Priscilla  and 
good  agreement  was  obtained  (Reference  2-27  ). 
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2.5.4  Discussion  of  Prediction  Method?- 

The  prediction  methods  jurt  iwed  axe  all  based  on 
experimental  data  obtained  at  uwo  general  areas,  the  Nevada  Test  Site 
and  the  Eniwetok  Proving  Grounds.  Newmark's  method  is  one -dimensional 
theory  corrected  to  match  the  data;  Sauer's  method  consists  of  empirical 
equations  based  directly  on  the  data,  and  Wilson's  method  is  a  refine¬ 
ment  of  Ncvmark ' 0  displacement  equations.  Each  method  presents  equations 
for  '.  '’■timating  the  ground  motion  for  different  "cases"  oi  grout’d  wave 
configuration.  For  example,  Newmark  divides  the  ground  motion  into  two 
basic  classifications,  air-blast  induced  and  cratering  induced.  The  air- 
blast  induced  ground  motions  are  then  divided  into  the  supersexsmic  case 
and  the  transeismic-subseismic  case,  both  of  which  may  be  corrected  for 
layering.  The  peak  cratering-induced  ground  motions  may  also  be  computed 
for  homogeneous  and  layered  media.  Newmark  then  notes  that  the  wave 
form  of  all  motions  may  be  "random"  or  "systematic"  and  suggests 
amplification  factors  for  the  "random"  pulses. 

On  the  other  hand,  Sauer's  equations  consider  all  motions  as  falling 
into  the  superseismie  or  the  subseismic  categories  while  Wilson's  method 
attempts  only  to  predict  superseismie  air-blast  induced  ground  displace¬ 
ment. 


may 


in  Section  2.2.1,  various  means  by  which  energy  from  a 
be  transmitted  to  a  point  in  the  ground  were  described. 


nuclssti1 

Summarizing, 


they  are: 


.  Direct  effect  of  air-blast  induced  ground  wave 
.  Outrunning  of  air-blast  induced  ground  wave 
.  Reflected  or  refracted  air-blast  induced  ground  wave 
.  Direct  effect  of  cratering -induced  ground  wave 
.  Reflected  or  rpfrao+.eri  cr»icr ir.g- ' aduced  ground  wave. 

My  or  all  of  these  waves  may  impinge  on  a  soil  particle  as  9  result  of  a 
single  surface  burst,  the  wave  form,  phasing,  and  direction  of  each  wave 
being  dependent  on  the  weapon  and  site  conditions. 

Further,  the  "waves"  mentioned  above  refer  to  the  compressive  waves, 
yet  as  noted  in  Section  2.2.2  there  is  a  second  body  wave,  i.e.,  the 
shear  wave,  and  such  surface  phenomena  as  Love  and  Rayleigh  waves  which 
may  also  be  present.  Certainly  then,  if  all  these  waves  may  be  generated 
by" a  burst  at  a  site  of  interest,  and  if  the  time  history  of  the  composite 
wave  action  at  a  point  is  of  importance,  it  would  be  most  desirable  if 
the  existing  ground  motion  prediction  methods  could  oe  employed  to  account 
for  each  component  wave  form. 
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It  is  of  interest  then  to  review  the  various  categories  of  ground 
motions  used  in  the  prediction  methods  with  a  view  toward  isolating 
the  independent  effect  of  each  source  of  ground  motion  listed  above. 

The  wave  form  of  the  ground  motion  generated  only  by  the  direct 
effect  of  the  pressure  of  the  air-blast  wave  on  the  surface,  with  no 
precursor  or  outrunning,  is  generally  agreed  to  be  similar  to  the  Type  I 
wave  form.  Both  Nevmark's  and  Sauer's  methods  can  be  used  to  predict 
most  of  the  significant  parameters  defining  in  reasonable  detail  the 
ground  motion  from  this  source  both  at  the  ground  surface  and  at  some 
depth. 

The  general  shape  of  the  wave  form  of  the  ground  motion  generated 
only  by  the  direct  effect  of  the  cratering-induced  ground  motion  has 
been  reported  by  Newtnark  to  be  as  shovm  in  Figuie  2.  5.1.  This  form 
was  observed  in  tests  of  confined  bursts  so  that  no  air-blast  wave  was 
present.  This  case  has  been  treated  by  Sauer. 

In  layered  media,  Me ’.mark  uses  separate  methods  to  account  for  the 
effects  on  air-blast  and  on  cratering-induced  motions.  In  the  air-blast 
induced  case  he  further  distinguishes  between  the  superseismic  and  the 
trans/'subseismic  regions.  This  latter  distinction  appears  to  be 
unnecessary  in  vj  w  of  the  fact  that  the  difference  between  the  air-blast 
induced  superseismic  wave  in  a  layered  medium  and  the  air-blast  induced 
trans/subseismic  wave  is  simply  a  matter  of  the  phasing  of  the  direct 
and  reflected  components. 

For  cratering-induced  waves  in  layered  media,  Newmark  suggests  the 
use  of  an  "equivalent  seismic  velocity"  to  correct  the  equations  for 
homogeneous  media. 

Kewmark  then  notes  that  "ordinarily  the  input  for  ground  motion  con¬ 
sists  of  two  parts,  a  systematic  portion  on  top  of  which  is  superimposed 
a  series  of  random  oscillations"  and  suggests  the  following  adjustments 
be  made  to  the  values  computed  as  indicated  above. 

Recommended  Amplification 
Factor 


Displacement 

Velocity 

Acceleration 

Air-Blast  Induced: 

Superseismic,  homogeneous  media 

1.0 

1.5 

1.0 

Transei3mic,  homogeneous  media 

1.0 

1.5 

2.0 

All  conditions,  layered  media 

1.0 

1-5 

2.0 

Cratering-Induced: 

All  cases 

1.0 

1.5 

2.0 
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If  all  of  the  ground  waves  generated  by  a  nuclear  blast  are 
classified  as  suggested  previously  in  the  Design  Guide,  it  is  believed 
that  not  only  is  a  clearer  picture  of  the  phenomena  revealed  but  also 
the  effect  of  these  phenomena  on  a  oiio.:-  iolation  system  can  be  better 
related  to  a  given  site.  Moreover,  the  wave  form  of  the  shock  is 
described  permitting  a  direct  solution  of  the  equations  of  motion  of 
nonlinear  shock  isolation  systems. 

Specifically,  it  is  suggested  that  it  be  assumed  that  all  cratering- 
•an:’  air-blast -induced  waves  (including  precursors)  have  regular,  smooth 
•ave  forms  (similar  to  Type  I),  disregarding  high  frequency  oscillations 
outside  the  range  of  interest  to  the  isolation  system  designer.  It  is 
farther  suggested  that  all  reflection  and  refraction  waves  be  assumed  to 
be  oscillatory  (.similar  to  Type  II),  with  a  frequency  in  the  order  of 
magnitude  of  that  of  the  isolation  -system.  It  is  then  suggested  that 
by  combining  the  two  wave  forms  in  a  manner  consistent  with  the  Nevada 
site  and  weapon  conditions,  the  resulting  amplification  factors  as 
ind’eated  by  the  response  spectrum  of  the  composite  wave  form  will  match 
closely  the  amplification  factors  given  by  Newmark. 

In  comparing  the  two  approaches,  it  is  essential  to  distinguish 
clearly  between  free-field  ground  motion  and  the  displacements,  velocities 
and  accelerations  indicated  by  the  response  spectrum  of  the  motion. 

Only  ground  motion  parameters  can  be  applied  to  Type  I  and  Type  II 
synthesized  wave  forms. 

In  discussing  the  superseismic  air-blast  induced  wave,  Newmark 
suggests  it  be  considered  as  "highly  .'lampca"  with  a  "systematic"  pulse 
and  producing  peak  spectral  responses  of  1.0,  1. 5,  and  2.0  for  relative 
displacement,  velocity,  and  absolute  acceleration  respectively.  It 
should  be  noted,  hewever,  that  the  equation  for  surface  acceleration 
shown  in  Figure  2.5.2  already  contains  the  factor  2.0  and  should  not  be 
increased  further.  These  values  correspond  closely  to  the  spectral 
resionses  'which  would  be  expected  from  a  simple  pulse  similar  to  Type  1 
(cee  Figure  3*7>5(b)  Case  1  for  the  velocity  response  spectrum  of  ifype  I 
■ave  form). 

For  the  direct  cratering- induced  motion,  Newmark  again  suggests 
amplification  factors  of  1.0,  1.5,  and  2.0  and  here  again  the  pulse  is 
regular  (Figure  2. 5.1)  so  that  with  proportions  selected  to  match  the 
..capon  and  site  conditions,  the  Type  I  wave  form  might  again  be  used. 

Note  that  in  this  case  NewirurK’s  equations  for  acceleration  (Figure  2.5.2) 
do  not  contain  an  araplif ication  factor. 

However,  Newmark  recommence  the  use  of  the  same  factors  for  cratering- 
'nduceu  motion  in  layered  media.  This  would  seem  to  imply  either  that 
reflections  ana  refractions  arising  from  cratering-induced  waves  introduce 
no  significant  distortions  in  the  wave  form  or  that  no  appreciable 
reflections  or  refractions  from  this  source  were  measured  at  the  test 
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It  is  suggested  then  that  the  "systematic"  pulses  discussed  by 
Newmark  are  generated  by  unreflected  air-blast  and/or  cratering-induced 
waves  and  that  the  "random"  comA  ."v  „  of  the  pulses  is  the  result  of 
reflections  and/or  refractions,  Tne  physical  mechanisms  by  which 
reflections  or  refractions  might  produce  oscillatory  waves" have  not  been 
investigated  here.  Oscillations  have  been  observed  in  the  data  reviewed 
in  this  study,  however,  both  for  the  superseisraic  and  subseismic  cases. 

In  all  cases  where  the  oscillation  was  detected,  reflections  and 
refractions  from  lower  layers  of  higher  seismic  velocity  were  possible 

The  simple  observance  of  these  phenomena  in  the  limited  data  available 
does  not  constitute  proof  of  the  explanation  offered.  In  the  absence  of 
systematic  experimental  evaluations,  more  realistic  theoretical  analyses 
are  needed. 

However  the  approach  offer  a  method  by  which  both  the  Bhock  wave 
form  and  the  response  spectrum  can  be  related  more  directly  to  the  con¬ 
ditions  at  a  particular  site.  While  the  estimation  of  the  magnitudes  of 
each  of  the  wave  form  parameters  remains  largely  dependent  on  existing 
prediction  methods,  this  information  combined  with  basic  wave  form  shapes 
would  not  only  provide  a  more  detailed  description  of  the  shock  but  would 
also  be  in  a  form  of  greater  usefulness  to  the  isolation  system  designer. 
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2. 6  Wave  Form  Parameter  Prediction  Procedures 


2.6.1  Significance  of  Wave _For^  nh'.  - cterlstics 

To  Illustrate  the  significance  of  various  factors  contributing 
to  the  shape  of  a  typical  ground  shock  wave  form,  three  examples  will  be 
discussed.  In  the  first  two  examples,  wave  forms  are  hypothesized,  and 
their  principal  features  are  related  to  possible  site  and  weapon 
characteristics.  The  third  example  consists  of  a  simplified  step-by-step 
procedure  which  might  be  employed  to  establish  a  rough  outline  of  a  wave 
form  for  given  weapon  and  site  conditions. 

Consider  first  the  vertical  velocity  wave  form  shown  in  Figure  2.6.1. 

It  is  evident  that  an  actual  record  of  a  ground  shock  will  contain  a  large 
number  of  high  frequency  components  not  shown  in  the  Figure.  But  since 
the  isolation  system  designer  is  concerned  primarily  with  the  low-frequency 
characteristics,  and  to  reveal  more  clearly  the  basic  characteristics  of 
the  shock,  the  wave  form  may  be  considered  as  having  been  "smoothed  out". 

The  initial  oscillation  oetween  points  a  and  b  is  due  to  the 
outrunning  of  the  ground  wave  by  the  air-blast  wave  (i.e.,  the  air-blast 
wave  is  subseismic),  due  to  refractions,  pulses  generated  directly  by  the 
cratering  stresses,  or  pulses  arriving  from  remote  air-blast  pressures. 

The  local  air-blast  induced  motion  is  indicated  by  the  abrupt  "velocity 
jump"  at  cd.  The  blip  between  d  and  e  could  represent  a  double  peak 
in  the  air-blast  wave  or  a  relatively  weak  reflection  returning  from  a 
deeper  high  velocity  layer.  Between  e  and  h  the  pressure  peak  has 
passed  and  the  slope  of  the  curve  is  influenced  by  the  decay  rate  of  the 
air-blast  wave,  the  elastic  rebound  of  the  soil,  the  continued  motion  in 
the  deeper  zones  as  the  pressure  pulse  continues  into  the  ground,  and 
any  reflections  or  refractions  impinging  on  the  point  during  this  period 
of  time. 

The.  time  phasing  (tp)  between  the  arrival  of  the  outrunning  ground 
ion  and  the  velocity  jump  at  point  c  can  be  estimated  from  a  refraction 
-  front  diagram  such  as  that  shown  in  Figure  2.2.10.  The  duration  of 
the  main  pulse  (t0)  is  closely  related  to  the  positive  phase  duration  of 
the  air-blast  pressure  wave  unless  strong  additional  reflections  from 
deeper  layers  arrive  before  the  positive  phase  terminates. 

The  area  under  curve  a-f  is  equal  to  the  maximum  absolute  transient 
displacement  and  the  area  of  curve  a-h  is  equal  to  the  permanent  or 
plastic  displacement  of  the  point  considered.  In  an  actual  trace,  however, 
the  positive  velocity  portion  of  the  curve  is  usually  difficult  to  define 
accurately  due  to  the  relative!1.,  small  velocities  in  +m c  and  the 

presence  of  many  nigher  frequency  components.  Further,  no  known  prediction 
methods  make  it  possible  to  calculate  the  positive  velocity  region  f-h. 

In  constructing  a  curve,  then,  the  expected  plastic  deformation  is 
estimated  and  the  f-h  section  of  the  curve  adjusted  accordingly. 


SWC-TDR-62-64 


October  1962 


The  velocity- jump  rise  time,  tr  ,  is  dependent  on  the  depth  of  the 
point  in  question,  the  abruptness  of  the  air-blast  wave  shock  front  and 
the  elastic  and  dissipative  properties  of  +He  soil.  In  any  case  it 
would  not  be  greater  than  that  computed  o„  ;onsidering  only  spatial 
dispersion  of  stress  and  the  stress-velocity  relationships  of  one¬ 
dimensional  theory. 

The  amplitudes  and  durations  of  the  positive  and  negative  velocity 
peaks  and  the  number  of  oscillations  between  a  and  c  present  the  most 
difficult  estimate  to  make.  If  the  result  of  reflections  or  refractions, 
the  oscillations  may  be  of  the  general  form  of  the  Type  II  wave  and  may 
extend  well  beyond  point  c,  being  of  a  period  near  that  of  the  incident 
wave  which  produced  them.  Only  a  gross  estimate  of  the  peak  values  of 
the  oscillatory  wave  parameters  can  be  determined. 

Several  general  observations  on  the  location  of  the  site  with  repeci 
to  ground  zero  and  on  the  soil  properties  can  be  deduced  from  the  shape 
of  the  wave  form.  It  is  probable,  for  example,  that  the  site  wjib  near 
the  surface  since  the  permanent  displacement  of  the  soil  was  large.  The 
increasing  modulus  of  the  soil  with  depth  due  to  added  initial  confinement 
will  tend  to  reduce  the  plastic  deformation.  Further,  it  is  unlikely  that 
the  soil  was  saturated  since  large  permanent  displacements  would  not  be 
expected  below  a  permanent  water  table. 

The  classic  form  of  the  velocity  jump,  together  with  knowledge  of  a 
shallow  depth  confirm  the  opinion  that  the  air-blast  wave  was  not  preceded 
by  a  precursor.  An  inclination  of  the  precursor  would  have  otherwise-^ 
appeared  between  points  c  and  d. 

Had  the  point  of  interest  been  closer  to  the  crater,,  at  least  in  the 
superseismic  region,  and  at  a  depth  such  that  it  lay  below  a  line  extending 
down  from  the  crater  at  an  angle  of  about  20  degrees  from  the  horizontal, 
the  velocity  wave  form  would  have  been  entirely  dissimilar,  appearing  more 
like  that  shown  in  Figure  2.5.1.  At  deep,  close-in  sites,  the  cratering- 
induced  wave  form  would  undoubtedly  be  the  only  important  one.  As  the 
point  of  interest  moves  away  from  the  source  and  to  shallower  depths,  the 
air-blast  induced  wave  (Type  i)  increases  in  strength,  first  lagging  the 
cratering-induced  wave,  then  leading  it. 

Consider  as  a  second  example,  the  site  represented  by  the  wave 
front  diagram  shown  in  Figure  2.2.10.  At  ranges  smaller  than  about 
3000  feet  from  a  20-megaton  burst  (2-3000  psi  region),  the  wave  form 
of  the  shock  would  be  expected  to  be  similar  to  that  shown  in 
Figure  2.5.1  and  its  parameters  could  he  estimated  roughly  by  the 
use  of  Newmark's  equations  for  cratering-induced  motions.  The  earth 
for  a  considerable  distance  axay  from  the  crater  (at  least  several 
crater  radii  from  the  burst  point)  would  oe  stressed  so  highly  that 
the  rules  of  reflection  and  r  .fraction  in  an  elastic  material  would  not 
De  valid. 
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At  very  great  ranges,  probably  beyond  10,000  feet  or  more  (100  psi 
region),  depending  primarily  upon  the  ability  of  the  earth  material* to 
transmit  the  motions,  the  Typ~  j...  /e  form  may  have  larger  amplitudes 
than  the  Type  I  wave  form.  At  these  ranges  the  air-blast  pressure 
would  be  low,  and  the  energy  transmitted  through  the  deeper,  high- 
velocity  layers  and  returned  to  the  point  of  interest  may  be  of  primary 
significance. 

In  the  intermediate  range  there  would  be  a  shift  in  the  relative 
importance  of  the  two  types  of  waves  from  the  predominance  clAse  to  the 
burst  of  the  single  pulse  Type  I  wave  form,  typical  of  the  air-blast 
Induced  wave  form  and  the  somewhat  modified  cratering-induced  wave  form, 
to  the  Type  II  vave  form  at  the  larger  ranges. 

2.6.2  Wave  Form  Prediction  Procedure 

The  prediction  methods  available  for  estimating  the  magnitude 
of  those  parameters  defining  the  wave  form  of  the  vertical  motion  of  a 
particle  are  shown  in  Figure  2.6.2.  The  environments  in  which  the 
experimental  data  forming  the  bases  of  these  methods  have  been  obtained 
are  described  in  detail  by  the  original  investigators  and  have  been 
summarized  earlier  in  this  Section.  In  general,  these  environments  are 
much  less  severe  than  those  of  existing  or  proposed  military  facilities; 
nonetheless,  in  lieu  of  strong  theoretical  support,  they  form  the  only 
basis  available  for  engineering  design.  In  extrapolating  these  procedures 
to  new  environments,  the  designer  is  cautioned  to  exercise  good  engineering 
Judgement  biased  heavily  toward  conservatism. 

For  the  most  part,  the  prediction  equations  recommended  here  are 
those  proposed  by  Mewmark.  In  many  cases,  methods  suggested  by  others 
yield  essentially  the  same  results  for  conditions  at  the  Teat  Site.  In 
general,  however,  Hewmark's  equations,  based  on  one -dimensional  theorv, 
are  more  comprehensive  and  are  simpler  to  use. 

The  single  exception  is  in  the  case  of  predicting  the  peak  downward 
displacement  of  the  Type  II  wave  form  for  which  the  method  derived  by 
Sauer  from  field  test  data  appears  to  be  more  applicable. 

Some  parameters  needed  to  define  the  Type  II  wave  form  are  not  treated 
by  any  known  prediction  method.  Of  particular  importance  are  the  frequency 
and  the  ratios  of  tne  peak  velocities  for  each  oscillation.  Thus,  in 
defining  this  wave  form  it  has  been  necessary  to  fix  certain  proportions  on 
the  basis  of  the  range  throughout  which  they  varied  in  the  experimental 
records.  These  proportions  are  shown  in  Figure  2.3.3  where  the  only 
additional  parameters  neeoxd  to  define  the  vave  are  peak  velocity  of  t>«* 
largest  loop  and  total  duration. 

The  equations  presented  in  Figure  2.6.2(a)  and  (b)  for  calculating 
the  parameters  of  the  air-blast  induced  and  cracering-induced  velocity 
wave  forms  (Type  i)  have  been  taken  from  Nevmark.  The  procedure  ie 
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straightforward  and  the  exact  shape  of  the  ws.ve  at  intermediate  points 
is  of  no  great  significance  to  the  isolation  system  designer. 

In  defining  the  Type  II  wave  form  (Figure  2.6.2(c))  Sauer's  . 
expressions  for  peak  particle  velocities  have  been  used  to  obtain  u^> 
while  the  cumber  of  cycles,  their  general  chape,  and  their  peak 
velocities  relative  to  u^  have  been  fixed.  The  duration  of  ’.he  Type  II 
wave  form  has  been  assumed  to  be  equal  to  the  total  period  of  time  the 
air-blast  induced  or  cratering-induced  waves  impinge  on  the  point  of 
interest. 

A  typical  clot  of  Sauer’s  equations  showing  peak  velocity  versus 
range  is  presented  in  Figure  2.6.3.  Near  ground  zero  the  air-blast  wave 
is  superseismic  so  the  superseismic  equations  apply  (curve  (a)).  At 
greater  ranges,  i  .e  air-blast  wave  slows  and  wave  pattern  becomes  *ub- 
seismic  (curve  (b)).  In  tne  transeismic  region,  Sauer  suggests  that  the 
two  curves  be  connected  by  a  straight  horizontal  line  although  he  notes 
that  the  observed  records  show  a  slight  reflex  curve  in  this  region. 

It  nay  be  noted  that  the  peak  velocities  observed  by  Sauer  were 
always  greater  at  a  given  range  for  the  subseismic  case  than  for  the 
superseismic  case.  This,  and  the  site  conditions,  suggest  that  the  sub- 
scismic  wave  form  consisted  of  a  combination  of  Type  I  and  Type  II  curves, 
superimposed  at  an  undetermined  phase  relationship.  If  the  velocities 
of  the  superseismic  and  subseismic  curves  are  substracted  and  plotted, 
the  result  is  curve  (c)  to  the  left  of  point  (u).  Curve  (c)  does  not 
necessarily  represent  the  peak  velocities  of  the  Type  II  wave  form  since 
the  chasing  of  the  two  waves  in  the  subseismic  case  is  net  known. 

Although  there  is  considerable  scatter  in  the  data  from  the  Nevada 
Test  Site,  there  are  indications  that  the  subseismic  curve  would  peak  and 
then  dpnnv  »«  the  range  approached  grouna  zero.  This  trend  has  been 
indicated  in  Figure  by  adding  the  section  of  curve  (c)  to  the  left 

of  point  (a)  and  adjusting  it  to  match  the  transeismic  reflex  curve 
connecting  (a)  and  (b). 

The  gene.-al  shape  of  curve  (c)  as  a  representation  of  the  velocity- 
range  relationship  of  a  Type  II  wave  form  appears  to  be  consistent  with 
other  known  factors.  For  example,  at  short  ranges,  the  angle  of  incidence 
of  the  air-blast  and  cratering-induced  waves  reflecting  from  a  lower 
layer  of  higher  seismic  velocity  is  large  and  little  reflection  would  be 
expected.  As  the  range  is  increased,  the  reflections  become  stronger  but 
the  greater  length  of  the  path  of  the  wave  and  reflections  increases  the 
dissipation.  At  some  critical  range,  the  strength  of  the  reflections 
would  reach  a  maximum  and  then,  as  the  range  is  increased  further,  wor¬ 
ds  cay. 


As  mentioned  above,  the  phasing  of  the  Type  I  and  Type  II  waves  :..n 
the  subseismic  region  is  not  known.  In  fact,  a  unique  phase  relationship 
cannot  exist  since  the  velocity  of  the  air-blast  which  produces  the 
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(b)  Sauer's  Tranreismic 
Approximation 


Subseismic  (Type  I  plus 
Type  II  -  Phasing  not 
Known) 


Ground  Range 


Figure  2.6.3 

Typical  Velocity-Ground  Range  Curve 
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Tyne  I  wave  is  decreasing  significantly  with  range  while  the  velocity 
of  the  Type  II  wave  will,  if  anything,  increase  slightly  with  .range. 

One  would  expect  the  changing  phase  relationship  to  produce  oscillations 
in  the  subseisiric  velocity  ranbe  s-  f  they  existed  at  the  Test  Site 
they  .ere  so  sir,  til  they  were  mashed  by  the  scatter  of  data  or  the 
re corning  stations  were  not  spaced  closely  enough  to  identify  them.  The 
possibility  still  remains  that  the  assumption  of  the  subseismic  curve  (b) 
as  a  combination  of  the  two  types  of  wave  forms  may  not  be  a  valid  one. 

In  lieu  of  a  better  indication  of  the  phenomena,  it  is  suggested  here 
that  Sauer's  subseismic  equations  be  considered  to  predict  the  peak 
velocity  that  can  be  generated  by  any  combination  of  the  Type  I  and 
Type  II  wave  forms.  Thus  at  a  given  range,  by  subtracting  algebraically 
the  peak  velocity  of  the  superseismic  case  from  that  of  the  subseism  .c 
case,  the  peak  velocity  of  the  Type  II  wave  form  (u^  of  Figure  2.6.2) 
can  be  found  directly. 

For  use  in  some  applications  this  approximation  might  be  overly 
optimistic.  In  the  design  of  shock  isolation  systems,  however,  this 
optimism  in  the  strength  of  the  input  will  probably  be  more  than  offset 
by  the  usual  practice  of  neglecting  the  internal  friction  of  materials, 
the  drag  force  exerted  by  the  atmosphere,  et  cetera.  It  should  be 
noted  that  small  damping  forces  can  reduce  appreciably  the  response  of  a 
system  to  a  siiocx  of  oscillatory  wave  form  such  as  that  of  the  Type  II. 

It  must  be  constantly  borne  in  mind  that  all  prediction  methods  are 
based  ultimately  on  tests  conducted  at  two  specific  sites  whose 
geological  formations  are  not  typical  of  those  at  any  known  underground 
installation.  Farther,  insufficient  data  were  obtained  to  permit  an 
explanation  of  many  of  the  observed  phenomena  even  at  the  test  site 
conditions.  In  each  of  the  many  reports  presenting  the  test  data  and 
attempting  to  formulate  some  general  rules-of -thumb,  the  authors 
repeatedly  point  out  the  limited  conditions  under  which  the  data  were 
obtained  and  urge  the  utmost  caution  in  applying  the  results  elsewhere. 
Nonetheless,  these  empirical  methods  are  the  only  bases  on  which  the 
isolation  system  designer  can  estimate  the  strength  of  the  shock  input. 

As  a  design  procedure,  therefore,  it  is  recommended  that  the  magni¬ 
tude  of  eacn  parameter  of  the  Type  I  and  Type  II  wave  forms  be 
established  as  a  range  of  possible  values  rather  than  as  a  single  number. 
The  breadth  of  the  range  will  depend  on  the  extent  and  accuracy  of  the 
geological  information  available  on  the  site,  the  complexity  of  the 
soil  formations,  and  the  proportions  of  the  Type  I  to  the  Type  II  wave 
form  expected  at  the  point  of  interest. 

Thus  a  family  of  composite  wave  forms  is  constructed  to  represent 
the  ground  motion  rather  than  a  single  wave.  The  envelope  of  their 
response  spectra  can  ther  be  employed  in  the  design  of  linear  isolation 
systems.  It  must  be  remembered,  however,  that  all  high-frequency 
components  have  been  dele-ted  from  the  synthesized  wave  forms  so  that  the 
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response  spectra  are  valid  only  in  the  low-frequency  range. 

This  procedure  is  discussed  in  greater  detail  in  Section  5.0, 
Isolation  System  Design. 
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2.7  Soil-Structure  Interaction 

The  designer  of  shock  isolator  Lems  requires  knowledge  of  the 
shock  input  to  equipment  items  of  interest  at  various  .Locations  within 
the  hardened  facility.  This  input  results  from  the  primary  structural 
response  of  the  facility  to  the  blast-induced  ground  (and/or  air)  shock 
loading,  and  will  be  referred  to  as  the  structure -shock  environment. 
Specification  of  this  environment,  in  turn,  requires  knowledge  of  the 
•fvee-field  shock  environment  (i.e.,  the  motion  of  the  ground  in  the 
absence  of  the  structure)  and  pertinent  dynamical  properties  of  the 
structure.  Determination  of  the  response  of  a  structure  embedded  in  a 
medium  such  as  soil  or  rock  to  the  free-field  environment  is  complicated 
due  to  the  dependence  of  the  ground-transmitted  forces  on  the  relative 
motion  of  the  medium  and  structure.  For  this  reason,  the  response  problem 
is  refeiicd  to  as  one  of  structure -medium  interaction.  Other  complicating 
factors  include  the  little  understood  dynamical  properties  of  real  media, 
and  the  physics  of  load  interaction  through  detonation  of  high  yield 
nuclear  weapons. 

During  the  last  few  years,  a  number  of  analytic  .1,  and  some 
experimental,  studies  of  the  structure -medium  interaction  problem  have 
been  undertaken.  Among  these,  the  work  of  Robinson  (References  2.28, 

2.29),  Baron,  Bleich  and  Wiedlinger  (Reference  2.30),  Pao  (Reference 
2.31),  Soldate  and  Hook  (Reference  2.32),  and  Morrison  (Reference  2.33) 
should  be  noted.  No  attempt  is  made  here  to  generally  review  the  studies 
as  these  reports  are  all  readily  available.  S’.ufice  it  to  say  that  the 
analytical  difficulties  are  enormous  and,  as  a  result,  none  of  the 
studies  cited  has  so  far  produced  an  adequate  description  of  the  structure - 
shock  environment.  It  should  be  noted,  also,  that  most  studies  to  date 
have  been  directed  toward  the  structural  design  problem,  the  structural 
shock  environment  being  of  secondary  concern. 


It  is  intuitively  clear  that  the  structure  shock  environment  will 
differ  from  the  free-field  environment  inasmuch  as  the  dynamical 
properties  of  the  structure  can  be  expected  to  differ  substantially  from 
those  of  the  medium  it  replaces.  The  nature  of  this  difference  is  not 
so  easy  to  anticipate.  One  of  the  first  analytical  solutions  to  a 
related  problem  was  that  of  the  response  of  a  rigid  silo-like  inclusion 
in  an  elastic  medium  acted  on  by  a  harmonic  disturbance.  This  solution 
showed  that  the  inclusion  tended  to  follow  the  motion  of  the  medium  for 


excitations  of  long  wave  length  compared  to  the  diameter  of  the  silo,  and 
was  not  responsive  to  excitations  of  short  wave  length.  In  terms  of 
frequency,  the  structure  thus  was  shown  to  attenuate  the  high-frequency 


components  of  the  free-field  shock  environment. 


This  result  is  plausible  and,  for  lack  of  better  information,  has  be  u. 
extended  to  actual  design  situations  by  assuming  that  the  structure 
shock  environment  can  be  characterized  by  a  shock  spectrum  which  is  some 
fractional  multiple  of  the  free-field  spectrum  c/er  the  entire  frequency 
range  of  interest.  This  constant  multiplier,  in  terms  of  which  is 
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embodied  the  entire  structure -medium  problem,  in  the  past  has  been 
included  among  the  system  design  criteria.  That  is  to  say,  no 
computational  scheme  for  its  determinate.  i<  known.  Obviously,  there 
is  question  as  to  the  legitimacy  of  such  an  approach. 


The  complex  stress  pattern  produced  by  the  impingement  of  a  wave 
of  irregular  form  on  a  cavity  or  structure  within  a  real  soil  has 
necessitated  many  simplifications  in  treating  the  problem  analytically. 
The  mathematical  model  frequently  studied  consists  of  a  two-dimensional 
cylindrical  cavity,  lined  or  unlined,  in  an  elastic  medium  and  engulfed 
by  a  plane  shock  wave  with  a  step  pressure  distribution  in  time.  x.. 
view  of  the  previous  discussions  in  this  Section  on  the  nature  of  the 
Kround  wave,  the  inhomogeneities  of  the  media  at  most  sites,  and  the 
inelastic  behavior  of  many  soils,  the  gross  differences  iu  .he  mathe¬ 
matical  methods  and  the  actual  conditions  are  readily  apparent. 


Some  studies  have  indicated  a  significant  amplification  of  the 
free -field  motion  at  certain  locations  on  the  surface  of  a  cavity  or 
lining  throughout  specific  frequency  ranges.  For  example,  Baron 
(Reference  2.30^  in  presenting  amplifications  of  responses  due  to  zero 
rise-time  shock' waves,  suggests  his  factors  be  used  in  design  particu¬ 
larly  for  installations  in  which  the  shock  mounted  equipment  has  high 
frequency  components".  On  the  other  hand,  Reference  2.34  notes  that 
on  the  basis  of  a  limited  study  of  responses  to  waves  of  finite  rise 
time,  the  trend  indicates  "an  attenuation  of  the  high  frequency  end  of 
the  free -field  spectrum  while  in  many  instances  the  low  irequency  end 
is  amplified". 


Very  few  studies  consider  the  soil  as  an  elastic-plastic  medium 
and  thus  neglect  a  significant  damping  factor.  While  rock  may  be 
considered  to  respond  elastically  at  moderate  pressures,  most  actual 
installations  in  rock  are  surrounded  by  a  layer  of  frangible  material 
to  minimize  damage  due  to  spalling.  In  these  cases  an  attenuation  of 
high  frequencies  could  also  be  expected. 


Despite  the  work  done  to  date  in  this  difficult  field,  the  designer 
is  afforded  little  guidance  in  evaluating  the  effect  of  »oii/structure 
Interaction.  Until  such  time  as  more  applicable  information  becomes 
available,  therefore,  it  is  recommended  that  he  assume  that  the  free- 
field  motion  applies  to  the  shell  lining.  For  unlined  cavities  in  rock, 
Baron's  results  (Reference  2.30)  should  be  reviewed  before  a  final 
decision  is  made.  It  must  be  remembered,  however,  that  the  wave  front 
used  in  Baron's  analysis  had  a  zero  rise  time.  For  the  case  of  a 
pressure  wave  with  a  finite  rise  time,  the  intensity  of  the  high 
frequency  portions  of  the  spec trim  would  be  substantially  decreased. 


In  those  cases  where  the  isolation  system  is  attached  not  to  the 
shell  lining  but  to  a  secondary  structure,  the  designer  is  cautioned  to 
determine  the  response  of  the  secondary  structure  at  the  point  of 
attachment. 
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Section  2  -  Notations 
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UNCLASSIFIED  WEAPON  TEST  REPORTS  RELATED  TO 
FREE-FIELD  GROUND  SHOCK 


TEST  OPERATION 

W.T.  NO. 

DAT £ 

TITLE 

ORGt 

JANGLE  1.1 

388 

10/52 

Ground  Acceleration  Measurements 

NOL 

JANGLE  1.2a-2 

385 

3/52 

Transient  Ground  Mechanical 

Effects  From  HE  and  Nuclear 
Explosions 

BRL 

JANGLE  1.2b 

364 

7/52 

Close-in  Ground  Measurements 

AFSWP/ 

Sandia 

JANGLE  1.5a 

382 

7/52 

Transient  Ground  Displacement 
Measurement 

NOL 

JANGLE  1.5b 

326 

7/52 

Detection  of  Time  of  Arrival  of 
First  Earth  Motion 

DT 

JANGLE  1.6 

353 

7/52 

Earth  Displacements  (Shear  Shafts) 

OCE 

JANGLE  1.7 

357 

8/52 

Ground  Acceleration  (Shock  Pins) 

MIT 

JANGLE  l(6)a-l 

327 

10/52 

Seismic  Refraction  Studies  for 

Nye  County,  Nev. 

UGC 

JANGLE  1.9 

358 

7/52 

Theoretical  Studies  of  Under¬ 
ground  Shock  Wave 

UCRL 

JANGLE  l(9)a 

380 

8/52 

Ground  Acceleration,  Ground  & 

Air  Pressures  for  Underground 

Tests 

SRI 

JANGLE  1.9-1 

328 

7/52 

Application  of  the  Kirkwood- 
Brinkley  Method  to  the  Theory  of 
Underground  Explosions 

RAND 

JANGLE  1.9-2 

378 

7/52 

Notes  on  Surface  and  Underground 
Bursts 

RAND 

JANGLE  1.9-3 

350 

7/52 

Predictions  for  Underground  Test 

SRI 

JANGLE  1(9)-1 

377 

7/52 

Scaled  HE  Tests 

SRI 

JANGLE  3.29 

336 

7/52 

Engineer  Soil  Mechanics  Test 

NCE 

BUSTER- 
JANGLE  10.10a 

302 

7/52 

Attanuation  of  Earth  Pressures 
Induced  by  Air  Blast 

Sandia 

2-70 


UAsJKU 

BAES 

TITLE 

ORG. 

JANGLE  V 

365 

9/52 

HE  Tests 

AFSWP 

JANGLE  V 

366 

10/52 

Blast  &  Shock  Measurement  I 

AFSWP 

JANGLE  V 

367 

9/52 

l-ijfc.-r  ...  Shock  Measurement  II 

AFSWP 

JANGLE  V 

368 

9/52 

Blast  &  Shock  Measurement  III 

AFSWP 

JANGLE  V 

369 

8/52 

UQ  Explosion  Theory 

AFSWP 

TUMBLLh  1.7 

517 

4/53 

Earth  Acealaratlon  ts.  Time 
and  Distance 

SRI 

TUMBLER  19.1 

503 

10/52 

Earth  Stresses  and  Earth  Strains 

Sandla 

UPSHOT-K  1.4 

716 

4/55 

Free-Held  Measurements  of 

Earth  Stress,  Strain,  end 

Ground  Motion 

Sandis 

TEAPOT  1.7 

1106 

3/58 

Underground  Explosion  Effects 

SRI/ONR 

PLUMBBOB  1.4 

1404 
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3.1  Introduction 

General  methods  of  analyzing  the  he^-vior  of  dynamic  systems 
have  been  treated  thoroughly  ■'n  the  litt  -  sure  and  while  in  some 
cases  detailed  procedures  may  be  complicated,  the  basic  theory  is  easily 
developed  from  first  principles.  In  the  design  of  systems  for  under¬ 
ground  protected  structures,  one  of  the  major  problems  arises  frc<u  ohe 
lack  of  time  in  which  to  select  the  most  appropriate  procedure,  tu  set 
up  the  problem  in  proper  form,  and  to  perform  the  required  algebra. 

ThiB  Section  is  included  in  the  Design  Guide  to  review  the  more 
useful  methods  of  analyzing  the  dynamic  response  of  isolation  systems, 
to  discuss  briefly  the  underlying  theory  and  to  work  out  solutions  for 
the  general  cases  most  frequently  used.  It  is  hoped  in  this  way  the 
job  of  the  isolation  system  designer  will  be  expedited. 

Shock  isolation  systems  fall  under  the  general  category  of  "systems 
with  constraints",  i.e. ,  mass  particles  of  Isolation  systems  are  not 
free,  but  must  adhere  to  paths  and  boundaries  prescribed  by  the  nature  of 
the  imposed  constraints.  In  general,  they  can  be  further  partitioned 
into  two  broad  classifications,  namely: 

.  Multidirectional,  single-macs  systems  (Figure  3*1*1) 

.  Multimass,  unidirectional  systems  (Figure  3*1*2) 

The  general  case  is  a  combination  of  these  classifications  (Figure  3*1*3)* 
In  all  three  cases,  the  masses  may  be  rigid  or  flexible. 


Figure  3*1*3 

Multimass,  Multidirectional 
General  System 
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Another  method  of  classifying  the  entire  range  of  shock  isolation 
systems  is  based  on  the  nature  of  the  mathematical  representation  of  the 
system,  as  follows: 

.  Linear  Systems  -  systems  whose  physical  behavior  can 
be  represented,  within  engineering  approximations, 
by  linear  ordinary  differential  equations  with 
constant  coefficients. 

.  Rheolinear  Systems  -  systems  whose  behavior  can  be 
approximated  by  linear  ordinary  differential 
equations  with  coefficients. 

.  Nonlinear  Systems  -  systems  that  require  the  use  of 
nonlinear  ordinary  differential  equations  for  an 
accurate  representation  of  their  behavior. 

The  properties  of  an  isolation  system  which  cnaracterize  it  as  linear, 
rneoiinear,  or  nonlinear  are  determined  by  the  isolator  elements  them¬ 
selves;  the  general  configuration  of  the  entire  system;  and  the  approxi¬ 
mations  acceptable  in  establishing  the  mathematical  model  for  the 
physical  system.  The  various  classifications  discussed  above  are  listed 
in  Figure  3.1.4. 


Multidegree -of -Fre  edom 
Isolation  Systems 


Single  Mass (Multidirectional) 


Multim&ss 


Rigid  Mass"!  Flexible  Mass  I  |  Unidirectional!  Multidirectional! 


Rigid  Massl  |  Flexible** Msas] 


Linear 


Rheolinear 


Nonlinear 


Figure  3-1*1* 
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The  response  of  any  dynamic  system  to  a  defined  shock  can  be 
theoretically  determined  once  the  equations  of  motion,  explicitly 
expressing  all  significant  forces  and  accelerations,  have  been  written. 

The  principal  problem,  of  course,  lies  ■ i  adequately  defining  the  shock 
input  and  in  ensuring  that  the  mathematical  equations  are  sufficiently 
complete  to  describe  the  physical  system,  within  the  desired  accuracy. 

Section  3.0  of  the  Design  Guide  is  primarily  concerned  with  the  mechanics 
of  setting  up  the  equations  of  motion  for  several  systems  typical  of 
those  frequently  employed  in  underground  protective  structures.  The 
metnods  advocated  require  that  the  input  oe  given  as  a  shock  spectrum 
in  the  analysis  of  linear  and  rheolinear  systems,  or  as  a  time  history  for 
nonlinear  systems.  In  all  cases  considered,  the  flexibility  of  the  suspended 
mass  has  been  neglected  and  the  body  is  assumed  to  be  rigid.  The  properties 
of  dynamic  systems  have  been  defined  and  are  presented  in  matrix  form.  The 
general  equations  of  motion  for  linear  and  nonlinear  systems  are  then 
presented. 

Six  examples  of  multidegree -of -freedom,  rigid  mass  undamped,  linear 
shock  isolation  systems  have  been  defined  and  solved.  Equations  of  motion 
for  the  same  six  examples  have  been  set  up,  including  pendulum  motion  in 
one  plane,  for  the  rheolinear  classification.  The  cases  studied  include 
isolator  elements  with  and  without  shear  stiffness  components,  and  with 
symmetrical  and  unsymmetrical  supporting  systems.  The  designer  may  use 
the  results  of  these  examples  directly  by  substituting  his  coefficients 
in  the  final  matrix  equations  and  completing  the  solution.  It  is  evident 
that  the  solution  of  the  completely  coupled,  six-degree -of -freedom  case 
becomes  very  tedious.  It  is  anticipated  that  the  designer  will  use  a 
digital  computer  in  these  instances,  and  for  this  reason  several  equations 
can  be  applied  to  any  simple  case  by  ignoring  the  unwanted  terms. 

Three  particular  aspects  of  the  design  of  nonlinear  systems  have 
also  been  considered  in  this  section.  Many  nonlinear  isolation  systems 
can  be  uncoupled  and  reduced  to  several  independent  single -degree-of- 
freedom  systems,  Further,  force -displacement  characteristics  of  many 
nonlinear  isolators  can  be  approximated  by  two  straight  lines.  Yet  the 
solution  of  even  the  bilinear  system  problem  becomes  time  consuming  if 
the  response  to  several  inputs  of  complex  wave  form  ere  to  be  determined. 

In  this  section,  the  peak  response  of  a  wide  variety  of  nonlinear  elements 
to  a  broad  family  of  synthesized  wave  forms  has  been  computed  by  electric 
analog  and  plotted  so  that  the  resonse  can  be  found  uiiectly.  Further 
the  optimum  system  dimensions  can  be  determined  for  given  input  and  output 
requirements.  In  using  these  curves  it  must  be  remembered  that  the 
maximum  responses  were  obtained  for  a  specific  group  of  wave -form  com¬ 
binations.  However,  the  range  of  parameters  was  sufficiently  broad  to 
encompass  most  practical  cast-;  and  the  curves  should  be  of  value  in 
selecting  an  isolator  of  nearly  optimum  proportions.  The  dimensions  so 
obtained  can  then  be  used  in  a  formal  analysis  to  obtain  the  response  to 
the  actual  shock. 
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The  effects  of  nonlinear  coupling  in  the  popular  pendulum  type 
suspension  system  are  also  emphasized  in  this  section.  The  results 
of  a  computer  solution  of  the  two-degree-o-f- freedom  case  indicate 
that  amplifications  of  angular  displaces. J  by  factors  greater  than 
three  above  that  predicted  by  the  linearized  solutions  are  possible. 

The  importance  of  including  the  nonlinear  coupling  terms  in  the 
analysis  of  all  pendulum  type  suspension  systems  is  clearly  evident. 

In  a  subsequent  subsection,  rheolinear  equations  of  motion  are 
set  up  for  the  six-degree -of -freedom  pendulum  system.  The  simplification 
has  been  made  that  the  pendulum  motion  ia  planar  so  that  care  must  be 
exercised  in  selecting  the  coordinate  system  in  order  that  the  horizontal 
shock  occurs  in  the  pendulum  plane.  If  the  restoring  force  due  to  the 
isolator  in  the  pendulum  arm  is  not  linear,  the  nonlinear  characteristic 
can  he  introduced  into  the  equations. 
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3.2  Multidirectional  Rigid-Mass  Systems 

3.2.1  Dynamic  Behavior  of  a  Rig™  Body 

A  rigid  body  is  a  system  of  mass  particles  in  which  the 
distances  between  the  various  mass  points  of  the  body  always  remain 
constant.  In  general,  six  independent  coordinates  sure  required  to 
define  uniquely  the  position  and  orientation  of  a  rigid  body  in  space. 
Three  translational  coordinates  specify  the  position  of  any  point  in 
tne  body  and  three  additional  angular  coordinates  fix  the  angular 
orientation  of  the  body  with  respect  to  the  point.  A  rigid  body  is  thus 
said  to  possess  six  degrees  of  freedom. 


The  equations  describing  the  motion  of  a  rigid  body  in  spue  are 
developed  from  Newton's  second  and  third  laws  for  translation  of  a  single 
mass  point  (References  3<1>  3.2). 


Translational  motion  of  a  rigid  body  is  governed  by  the  equation 

F  -  mS  (1) 

where  F  ■  resultant  of  all  external  forces  acting  on  the  body 
m  ■  total  mass  of  the  body 

S  -  acceleration  of  the  center  of  mass  in  a  fixed  coordinate  system. 


Rotational  motion  of  a  rigid  body  is  governed  by  the  equations 


Mq  ■  Ho 

and  — •>  (2) 

Mc  »  ^ 


where  r 

Mq  »  moment  of  the  resultant  of  all  external  forces  acting 
on  the  body  about  any  fixed  point,  0. 

Hq  ■  time  rate  of  change  of  the  moment  of  momentum  of  the  mass 
center  about  the  fixed  point,  C. 

Mq  ■  moment  of  the  resultant  of  all  external  forces  acting  on 
the  body,  about  the  mass  center. 

Hc  a  time  rate  of  change  of  the  moment  of  momentum  of  the  mass 
about  the  mass  center. 


For  a  rigid  body  moving  with  respect  to  a  fixed  coordinate  system 
x  y  1,  having  a  Becond  moving  coordinate  system  located  with  it* 

origin  at  the  mass  center  and  axes  fixed  in  the  body  coincident  with  its 
principal  inertia  axes,  the  equation 

*c  ■  C 

reduces  to  Euler's  equations.  (Figure  3.2.1.) 
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Figure  3.2.1 

Rigid  Body  in  3 -Dimensional  Space 


MXl  =  (^xx)i  *  j(l7.7.)i  “  (lw)l”|  01T.. 

±  [_  JL  *  *  -tj  •  *r  ■  ** ^ 

•  r  h  1  , 

*Vi  =  ^yy^i  ^yi  4  pxx^i  “  ^zzJiJ  0xj_  0zj_  (3) 

Mzx  =  (Jzz)l  fz1  4  [Uyy)l  -  (Xxx^  ^xx 

If  the  angular  velocities  are  small  in  comparison  with  the  angular 
accelerations,  Euler's  equation.,  may  be  approximated: 
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M 


%  • 

0Xl 

\  • 

t* 

3 

— 

ry 

M,  = 
“1 

0*i 

where  all  quantities  are  expressed  in  terms  of  the  moving  coordinate 
system  (x^,  y^,  z^).  If  the  displacements  of  the  body  also  are  small, 
the  fixed  coordinate  system  can  be  taken  coincident  with  the  moving 
coordinate  system,  so  that  the  equations  for  translation  and  rotation 
can  be  expressed  in  the  same  coordinates. 

In  matrix  form,  the  equations  of  motion  for  a  rigid  body  undergoing 
small  relative  displacements  are: 
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3«  2. 2  The  StiffncBB  Matrix  of  an  Isolator 

The  stiffness  matrix  of  an  isolator  may  be  defined  by  its 
typical  element  Cf j  which  represents  the  restoring  force  in  the  isolator 
in  direction  i  due  to  a  unit  deformation  of  the  isolator  in  direction  j. 
Consider  any  general  isolator  located  in  a  Cartesian  system  of  reference 
(x,y, z);  then,  provided  the  isolator  is  a  linear  isolator  governed  by 
Hooke's  law,  i.e«,  displacements  in  any  direction  are  proportional  to 
the  0  -ing  forces,  the  components  of  the  restoring  forces  acting  on  the 
is- ..  .tor,  in  directions  x,  y,  and  z  due  to  deformations  S  ,  g  and 
S  z  are  given  by  equation  (6) .  x  y 


of  the 


Fx  l'  cxx  8  x  *  cxy  8  y  +  cxz  8  z 

Fy  "  cyx  s  x  *  V  *  V  *. 

fz  “  czx  *  x  +  czy  8y  +  czz  ®z 

In  matrix  form,  |f}  -  [cl  {s| ,  where  [cl  is  the  stiffness  matrix 

te  isolator  and  is  given  by  1  J 


respectively, 


cxx 

cxy 

cxz 

cs 

cyx 

cyy 

cyz 

1 

_czx 

czy 

czz 

and  7.  by  using  the  numeric 

C11 

c12 

C13 

* 

C21 

c22 

c23 

4 

_'3I 

c32 

c33 

In  general,  an  isolator  has  three  principal  directions:  the  axial 
direction,  and  the  two  orthogonal  latei-al  directions  perpendicular  to 
the  axial  direction.  The  stiffnesses  corresponding  do  these  principal 
directions  are  respectively  referred  to  as  the  "axial  stiffness"  and  the 


3-10 


SWC-TDR-62-64 


October  1962 


lateral  stiffness".  These  so-called  "principal  stiffnesses"  of  the 
isolator  completely  define  its  elastic  properties.  However,  to  obtain 
the  stiffness  matrix  of  an  isolator.  -‘•he  additional  parameters,  i.e., 
the  inclinations  of  the  principal  ax.  of  the  isolator  to  the  related 
Cartesian  reference  system,  are  required.  If  the  principal  axial 
directions  of  the  isolator  are  parallel  to  the  Cartesian  reference 
system,  the  elements  c±.  (l  \  j )  of  the  stiffness  matrix  fcl  all 
vanish  and  the  stiffness  matrix  reduces  to:  *- 


0  0  czz 


where  c^,  Cyy,  and  czz  are  t hr  three  principal  stiffnesses  of  the 
isolator.  Tnls  implies  the  shear  stresses  are  zero  on  the  principal 
stress  planes  of  a  structural  element. 

It  often  happens  in  practice  that  an  isolator  does  not  have  all  of 
its  three  orthogonal  principal  directions  coincident  with  the  Cartesian 
system  of  reference.  It  then  becomes  necessary  to  evaluate  a  new  stiffness 
matrix  cf  the  isolator,  with  all  its  shear  components,  in  terms  of  the 
three  principal  stiffnesses  with  the  angles  of  inclination  defining  the 
location  of  the  isolator  principal  axes  with  respect  to  the  reference 
-system. 

For  the  sake  of  illustration,  consider  an  isolator  with  principal 
stiffnesses  c  ,  c  ,  and  c„z  located  such  that  the  axial  direction 
defining  c^  is  inclined  at  an  angle  0  to  the  x  axis  of  the  reference 
system,  and  lying  in  the  xy  plane.  The  'z'  axis  of  the  reference  system 
is  parallel  to  the  principal  direction  of  the  isolator  defining  stiffness 
czz.  The  above  system  can  be  reduced  to  an  equivalent  system  consisting 
of  three  isolators,  possessing  axial  stiffnesses  only,  and  located  such 
that  each  isolator  coincides  with  the  corresponding  principal  direction 
of  the  original  isolator  (Figure  3.2.2,  page  3-1^. 


Since  linearity  of  the  isolator  has  been  assumed,  a  superposition  of 
the  three  unidirectional  isolators  is  valid.  Then,  considering  an  isolator 
with  axial  stiffness  only,  inclined  at  an  angle  of  0  to  the  x-axis 
(positive  direction  as  shown)  and  lying  in  the  xy  plane,  a  linear  trans¬ 
formation  is  obtained  as  follows: 


and 


F  *  8  x  c°s  9  Cxx 

Fx  =  F  cos  9  *  5  x 

/.  sx cos  0  Cxx  cos  e  -  ci;L  S  x 

p 

*  •  cos*“  0 


(8) 
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Figurt  3*2.2 

Isolator  in  xy  Plane  -  Principal  Directions 
Not  Coincident  with  Reference  Axes 


Figure  3*2.3 

Uni-Axial  Isolator  in  xy  Plane 
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F  ■  F  sin  9  ■  ~c21  ^  x 

y 

6  cos  9  cvv  sin  9  m  .  8 

X  XX  i.  x 

•  ^21  M  "  7  cxx  2  9  (9) 

F  -  -  8  sin  9  c 

y  xx 

Fy  “  F  sin  9  -  -  c22  5  y 

-  S  sin  9  c^  sin  9  *  -  8 

y 

Cg2  *  c ^  sin2  9  (40) 

F  -  F  cos  9  «  c,_  8 

x  12  y 

-  Sy  ain  0  cxx  C0B  0  "  C12  6y 

Cj2  *  -  \  cxx  8-^n  2  9  (ll) 


Hence  the  stiffness  matrix  for  an  isolator  with  an  axial  stiffness  c^ 
and  inclined  at  9  to  the  x  axis,  as  previously  explained,  is  given  by: 


cxx  COfl2  0  "  i  cxx  8in  20  0 

1  2 
-  2  Cxx  8in  20  cxx  sin  0  0 

0  0  0 


(12a) 


The  isolator  with  axial  stiffness  Cyy  has  an  angle  of  inclination  equal 
to  90  ♦  9.  Hence,  making  the  necessary  substitutions 


Cyy  sin2  9  i  Cyy  sin  2  6  0 

|  c^  sin  2  9  Cyy  cos2  9  0 


0 


0 


(12b) 


The  complete  stiffness  matrix  for  the  isolator  with  principal 
stiffnesses  c^,  c.^,  and  czz  for  an  angle  of  'nclination  9  is  then 
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a  summation  of  equations  (12a)  and  (12b)  and  including  czz  as 
Cxxcos20  +  CyjrSin2©  1  --in  '-3  (Cyy  -  0 

[°3q  c  \  ein  2y.  (ew  -  cvv)  c  sin^e  +  c  cos2  9  0 

yy 


XX 


vy  xx 
0  0 


'ZZ 


(1:0 


If  and  c^y  are  thought  of  as  principal  stresses,  c,,  and  cPP 
as  normal  stresses  on  a  plane  whose  normal  is  inclined  at  an  angle  9  to 
the  principal  plane  of  c^,  and  and  cp,  as  the  complementary  shear 
stresses,  then  it  is  apparent  that  the  above  linear  transformation  is 
exactly  equivalent  to  the  Mohr’;  circle  transformations  in  examples  of 
plane  stress. 


The  problem  may  also  be  approached  by  linear  transformations 
associated  with  rotating  the  reference  system  about  one  of  its  axes. 

Thus,  if  x,  y,  z  are  the  coordinates  of  a  point  in  any  Cartesian  system  of 
leference,  the  coordinates  of  thin  same  point  x*,  y*,  z*  in  a  new  reference 
system  obtained  by  a  rotation  9  of  the  reference  system  about  the  original 
z  axis  are  given  by  the  relationship  8 


cos  9  sin  9  0 

-sin  9  cos  0  0 

0  0  1 


x 

y 


or 


M  ■  [»].{!} 


(14a) 


A.  similar  transformation  for  a  T'o+=tion  of  nhnn*  — 1  -  -  - 

...  a,  f,  auuui  me  j  uaib  yieias: 


or 


cos  0  0  -sin  0 

0  1  c 

sin  0  0  cos  0 


(4  ’  My  {*} 


(14b) 


S?  S/  “1‘  15  the 

ft*  ■  My  H.  {X}  ■  W  {X}  (14c) 
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where 


D>]  -  a  DO. 


coo  0  cos  9  cob  0  sin  0  -sin  <f  | 

-3in  0  cos  0  0 

sin  p  >■  -  0  sin  0  sin  G  cos  0 


(15) 


It  may  be  noted  that  in  orthogonal,  i.e.,  a  -  a . 

Then  in  general,  the  transformations  for  forces  and  displacement  may 
be  obtained  thus: 


and 


W  '  W 
M  "  (6) 


„  -  DO  W 

■  H  {«} 


However,  from  equation  (6),  ^  J  i 


•••[»]{'} 

HH 

{p*} 
•••  M 


[»]  DOW 

[oh  a1  w{*} 

(»]  [«]  [»]_1M 
DO  t«]  t]-1 


(16) 


because  W  ■  MW  from  equation  6. 

The  above  transformation  gives  the  stiffness  matrix  of  any  isolator 
in  a  three-dimensional  space.  Thus,  if  £cQ  is  the  principal  stiffness 
matrix,  then  Qcl  is  equal  to: 


jjCjujCOS^U  + 

fip'yy  - 

["(cjmcosfy  ■» 


C22Bin2t))co(l2^  +  czz 

c^)  008  y! 
cyy8ln2y)  -  czzal!>2(J 


i 

] 


[  ~ -  (=yy  -  Cxx^OO^j  ^(o^cos2)*  *  CyyOln2)}  -  czz)  £i£S2, 

£  c^sin2©  ♦  CyyCos2©  J  jliSSSfCyy  -  cB|  ein  |«J 

^  «ln2©(cyji  -  ^c^cos2©  *  cyyBln2fl)  *ln^  +  czzcosc^j 


(17) 


It  may  be  noted  here,  that  for  linear  isolators,  the  stiffness 
matrix  is  always  symmetrical. 
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3*2.3  First  Moment  of  the  Stiffness  Matrix 


The  first  moment  of  the  stiffness  matrix  of  an  isolator  is 
a  matrix  which  can  be  define*  by  its  t>.  cal  element  b^j  which  represents 
the  resultant  restoring  force  in  the  isolator,  in  direction  i,  due  to  a 
unit  rotation  of  the  isolated  mass  about  an  axis  through  the  mass  centroid 
in  direction  j.  Further,  since  c^j  =  c^,  also  represents  the 

resultant  moment  of  the  restoring  forces  in  the  isolator  about  an  axis 
through  the  mass  centroid  in  direction  j,  due  to  a  unit  displacement  of 
the  mass  centroid  in  direction  i.  Then  using  the  Cartesian  coordinate 
system  as  shown  in  Figure  3*2. 4  for  an  isolator  whose  point  of  attachment 
is  distant  (r^,  rg,  r^)  from  the  centroid  of  the  suspended  mass,  the  [bj 
matrix  is  given  by  the  vectorial  relationship 


b  =  c  x  r,  that  is: 

bll  *  r2c13*r3c12  b12  *  r3cll*rlc13 

b13  =  rlc12*r2cil 

b21  =  r2c23‘rjc22 

ba  ’  r,'m-ric:3 

b23  “  rlc22*r2c21 

(18) 

°31  "  r2c33'r3C32 

l32  ■  r3c31-rlc33 

b33  "  rlC32'*2c31 

Figure  2? .  2 .  4 

Coordinates  of  Isolator  Attachment  Point 


For  a  linear  isolator,  the  components  of  the  restoring  forces  acting 
on  the  isolator  in  directions  ',  y,  and  z  due  to  angular  rotations  Sy* 
and  S-,  at  the  mass  centroid  are  as  follows: 
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F  * 
rx 

bll 

+ 

b12  + 

b13  S 

F  « 

y 

b21 

s* 

4 

bv  *_  ♦ 

b23 

- 

b31 

SoC 

+ 

b32  S$  + 

b33  S~ 

(19) 


In  matrix  form  {f}  =  [b]  {0}  where  [b]  is  the  first  moment  of  the 
stiffness  matrix  of  the  isolator  and  is  given  by: 


M 


bll  b12  b13 
b2I  b22  b23 


(20) 


[_b3l  b32  b33  J 

The  components  of  the  r^c+oring  moments  of  the  isolator  in  directions 
o(  (3  and  due  to  displacement  8  x,  8  ,  and  6  of  the  centroid  of 
the  mass  Eire  as  follows: 


Mx  = 

b  8 
11 

X 

4 

b21 

8 

y 

4 

b31 

8 

z 

My  - 

b12  8 

X 

4 

b22 

s 

4 

b32 

8 

z 

(21) 

b  6 

13 

X 

4 

b23 

s 

4 

b33 

8 

z 

In  matrix  form,  ■  [V]  {s}  where  Qb3b  is  the  transpose  of  the 

first  moment  of  the  stiffness  matrix  [b]  .  Since  the  first  moment  of  the 
stiffness  matrix  is  not  necessarily  symmetrical,  DO  is  not  necessarily 
equal  to  .  It  is  clearly  seen  that  the  jjbj  matrix  for  a  given 
isolator  is  completely  defined: by  its  related  stiffness  matrix  DO  ;  and 
the  location  of  the  point  of  attachment  of  the  isolator  with  respect  to 
the  centroid  of  the  suspended  mass,  as  defined  by  r]_,  r2,  and  r3* 


3.2.4  Second  Moment  of  the  Stiffness  Matrix 


A 


> 


The  second  moment  of  the  stiffness  matrix  of  an  isolator  is  a 
matrix  which  can  be  defined  by  its  typical  element  ■  which  represents  the 
resultant  moment  of  the  restoring  forces  in  the  isolate*  about  an  axis 
through  the  mass  centroid  in  direction  i,  due  to  a  unit  rotation  of  the 
isolated  mass  about  on  axis  through  the  mass  centroid  in  direction  j.  Then 
using  the  same  Cartesian  coordinate  system  as  before,  for  an  isolator  whose 
point  of  attachment  is  distant  (r1,  r2,  r$)  from  the  centroid  of  the  sus¬ 
pended  mass,  it  can  be  shown  that 


ell  =  r2b31  -  r3b21 

ei2  =  r2b32 

-  r3b22 

el3  =  r2b33 

-  r3b23 

<521  =  r3bll  -  rlb31 

e22  *  r3b12 

"  rlb32 

e23  =  r3b13 

‘  rlb33 

e31  rib21  ■  r2bll 

e32  rlb22 

-  r2b12 

e33  =  rib23 

“  r2b13 
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For  a  linear  isolator,  the  components  of  the  moments  of  the  restoring 
forces  of  the  isolator  in  directions  oC  ,  (3  ,  and  V  produced  by 
angular  rotations  8^  ,  ,  and  8^  er®  r follows: 


Mx  !=  ell%t  +  e12S&  +  el3^ 

My  "  e21S*  *  e22S  4  e23ST 

M  _ 


(23) 


31  T*  '  *32  ’9  '  ”33  '‘T 

In  the  matrix  form  {Ml  =  Cel whei-e  Pe]  is  the  second  moment  of  the 

_  .0  •  nr _ _ _ 1 _ _  n  iif.  < _ -1.  »  **  *  1  ■  . 


stiffness  matrix  of  the  isolator  and  is  given  by 

"e 
e 


H 


'll 

e12 

e13 

21 

e22 

O  „ 

'O 

31 

6  32 

e33 

(24) 


The  [e]  matrix  is  completely  defined  by  its  related  stiffness  matrix  pc} 
and  the  coordinates  (1^,  rg,  r,)  of  its  point  of  attachment.  It  may  be 
noted  here  that,  for  a  group  of  isolators  acting  on  the  same  mass, 


M  ■  2  E  s  PQ  -  2  M  [0  -EH 


3.2.5  Restoring  Force  System  Due  to  Isolators 


From  the  definitions  of  a  stiffness  matrix,  the  first  moment 
of  a  stiffness  matrix,  and  the  second  moment  of  a  stiffness  matrix  of  an 
isolator,  the  total  restoring  force  system  due  to  a  group  of  isolators 
acting  on  a  rigid  body  whose  centroid  is  displaced  by  the  coordinates 
y,  and  z  and  rotated  by  angles  1 X  ,  9  ,  and  ,  is  given  by  a  resultant 
restoring  force  and  a  resultant  restoring  moment  due  to  all  the  isolators, 
as  follows : 


or 


XX 

Id 

_ 

"id 

x 

b, 

"11 

"12 

1 

-n 

OC 

B 

C21 

°2  2 

C23 

y 

+ 

b21 

b22 

b23 

_C3! 

°32 

C33_ 

z 

b 

_  31 

b32 

b33 

<v 

—  — 
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where  [cf]  >  [b]  411(1  DO  BXe  evaluated  as  previously  discussed.  These 
equations  are  general  and  apply  to  any  isolating  system  irrespective 
of  its  orientation  provided  the  o.  l,  values  of  the  components  of 
the  stiffness  matrix  are  considered. 


A  few  special  cases,  commonly  encountered,  are  illustrated  below, 
assuming  the  isolators  to  have  axial  stiffnesses  only. 


Springs  in  x  direction: 


DG 


X 


DO 


x 


M 


X 


c13_  0  0 

0  0  0 

_°  0  0  J. 

0  b12  U13 


0 

0 

0 

0 

0 

0 

-0 

0 

0 

0 

0 

S22 

e23 

0 

e32 

e33 

(bi2)  ■=  r3cn;  (^13 )x  *  'r2cll 

^e22^x  =  r3b12;  ^e23^x  =  r3b13 
(e32)x  B"r2bi2'  <e33>x  ='r2b13 


Springs  in  y  direction: 


a 


000 

o  cg2  0 

000 


0 

c 

0 

H,  • 

b21 

0 

b23 

_0 

0 

0_ 

ell 

0 

e13 

H, 

0 

0 

0 

_e3l 

0 

e31 

(b2l)y  =*r3co.?»  (b23)y  B  rlc22 


(eu)y  -  -r3b21;  (e13)y  «  -r^ 
(e3l)y  -  rib21'  ^e33 V  =  rl 'i  5 
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Springs  in  z  direction: 


[cl 


H: 


H, 


r— 

0 

0 

0 

1 

C 

0 

■0 

1 

0 

0 

c33_ 

Z 

r~ 

0 

0 

0  ~ 

0 

b3i 

0 

b32 

0 

0 

Z 

^b31}z  = 

**2^33* 

(b32)z  = 

’rlC33 

eii 

e12 

0  ~! 
i 

e21 

e22 

0 

<ell>z  - 

rsV 

(e12^z  = 

r2b32 

0 

0 

0 

z 

^e21^z  = 

-riV 

^e22^z  = 

:  -rlb32 

As  a  consequence  there  results: 


fd-  Eld- 


‘'ll 

0 

0 


22 

0  c 


0 

0 

33 


‘'ll 


:33 


E  ^ll^x  =  Kx 

S  ^e22^y  "  *y 

^  (c33^  "  Kz 


E-  EH- 


B12  ®13 


21 

LB31 


B 


32 


23 

0 


E  ^b12^x  3  B13  =  E  (b13/ 

E  ^21  \r  1  B23  B  ^  ^b23^ 

'31  *  E  ^31^2  )  B32  “  E  (b32) 


12 


“21 


-E-  -  /jI«j  * 


11  E12 

E» 

1  Eu  ■2(«il)y«2:^u)I 

•  Elg  ■  Z  (eU>)j 

il  E22 

e2j 

E21  -£<•»>, 

*  E?2  *  Z  (e2s)x  *  £(e22 

31  E32 

E33|  e31  ■^'•°31)y 

-  E32  ■  Z 

’  E13  '  *  (e13>y 
.  E^j  -  E  (ej3). 


>E33  '  ^  (e33)x+I(^3) 


33'y 
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Then  the  total  restoring  force  system  due  to  all  isolators  becomes: 

■  K,  “  *  P  E  <blA  ♦  ’1  s  (bi3)x 

Fy  .  Ky  j  4  s  £  (b21)y  4  7  £  (b23)y 

Fz  -  «  *  *£  (»31>Z  *  &  £  <b32>* 

MX-  yS(t21)y+  zSfV/*  (£(eu)y  +  £(elA  >  +  &2(«1a>B  +  '*  2:  (ei3)y 

My  “  x  Z  ^bi2^x  +  Z  Z  (b32^z  t  Z  (e£i)z  +  $  ( Z  (ess^x  +  Z  (e22)z  5  +r^Z  (e23^x 
Mz  =  xS(b13)x+  YE(b23)y  +  ocE(«31)y  +PS(«3g)x  ♦'MZ(«33>x  +S(eJ3)y) 


In  particular,  if  the  isolators  are  arranged  in  a  symmetrical  manner 
about  the  centroid  of  the  mass  system  in  each  of  the  three  coordinate 
directions,  all  points  of  attachment  being  co-planar  with  the  centroid 
in  a  plane  parallel  to  one  of  the  reference  planes,  then: 


Fx  "  KxX 

Fy  "  V 

Fz  "  KZZ 

Mx  -  *  £  <•*), 

My  ?  2  (e22)z 

Mz  -  (e33)x  +E(e33)y| 


3.2.6  The  Equations  of  Motion  of  Multidet 
Systems 


;e~ of -Freedom  Isolation 


The  behavior  of  any  isolated  system  can  be  regarded  in  general 
as  that  of  a  free  body  acted  upon  by  the  restoring  forces  developed  by  the 
isolators.  The  motion  of  such  a  general  system  can  be  conveniently 
defined  by  an  instantaneous  displacement  of  its  centroid  together  with  an 
instantaneous  rotation  of  the  entire  system  about  its  centroid,  as 
compatible  with  the  imposed  constraints.  Such  a  system  possesses  six* 
aegrees-of -freedom,  and  can  be  defined  by  three  generalized  linear 
displacements  and  three  generalized  angular  displacements. 
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Because  of  the  physical  characteristics  of  the  isolators,  it  nay 
be  assumed  that  the  system  performs  small  oscillations  about  a  stable 
position  of  equilibrium.  The  motion  of  the  centroid  of  the  system  may 
be  referred  to  an  inertial  reference  ays::  -•  ,  whereas  the  motion  of 
the  system  about  its  centroid  may  be  referred  to  a  moving  reference 
system  parallel  to  the  former.  The  positive  sense  of  both  these 
reference  systems  is  oriented  counterclockwise  and  directed  downward. 
The  twc  systems  of  reference  may  be  connected  by  various  kinematic 
devices,  such  as  in  the  pendulum,  discussed  later  in  the  text. 

The  support  to  which  the  entire  mechanical  system  1b  connected 
by  the  isolators  is  subjected  to  a  transient  impact  of  short  duration. 
As  a  result,  additional  forces  and  moments  are  developed  in  the 
constraints.  The  isolated  body  may  be  assumed  to  be  ri^id  without  any 
loss  of  generality  and  for  the  purpose  of  setting  up  a  mathematical 
model  to  describe  as  closely  an  possible  the  behavior  of  the  physical 
system  and  its  performance  under  shock.  Then  the  general,  equations  of 
motion  of  such  a  system  are  obtained  by  equating  the  inertia  forces  to 
the  sum  of  the  restoring  forces  that  are  due  to  the  isolators  and  the 
gravity  field  (if  any),  and  the  constraint  forces  developed  by  the 
isolators  due  to  the  transient  shock  applied  to  the  bate. 

The  evaluation  of  these  various  forces  is  made  by  summarizing 
previous  results  as  follows: 


The  Restoring  forces:  Assuming  no  motion  of  the  isolator  supports, 
the  forces  acting  at  the  center  of  mass  and  the  moments  about  the  center 
of  mass  due  to  the  isolated  system  are  given  by  equation  (25)  as  follows: 

£f)  .  jo]  is)  *  :b]  fjf) 

60  ■  ♦  DC  (?) 

The  Forces  of  Constraint  are  developed  by  the  isolators  because  of 
the  shock  transmitted  to  the  system.  The  shock  may  be  described  by  the 
associated  displacement  of  the  base  [SQ]  ,  and  the  rotation  of  the  base 
IPfli  •  Assuming  no  motion  of  the  body,  the  forces  of  constraint  due  to 
motions  of  the  isolated  system  supports  may  then  be  expressed  similar  to 
the  restoring  forces,  as  follows: 

W  •  MW  ♦  ;»]  {>3 
W  ■  [»j*  M  ♦  :■]  {« 


The  Inertia  Forces  System  as  given  by  equation 


Dynamic  Force 
Dynamic  Moment 


[]m  l{i] 
Ll]{?i 


(5), 


is  as  follows: 
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The  Equations  of  Motion  are  then  obtained  by  the  algebraic 
mmmm+Ar, n  nf  the  dynamic  forces.  the  restoring  forces,  and  the  forces 
of  constraint,  and  equating  the  '  "*  zero*  Another  set  of  equations 
is  obts  'd  by  equating  the  sus  of  w.®  moments  due  to  these  same  forces 
to  zero,  as  follows: 


[mj{s]  4  [C]  f  B  -  rj  +  [b]  [  i  -  0o]  -  0 

[i]05  +  [■?(•- 4  H[?  -*S  -  0 


(26) 


Since  the  response  spectrum  of  the  shock  is  in  terms  of  relative  dis¬ 
placement,  it  is  convenient  to  transform  the  above  equations  to  relative 
coordinates  by  the  relationship: 


8  -  I  ■  \ 

J  •  %  -  Jo 

The  equations  of  motion  in  relative  coordinates  are 

[»1W  4  MW  4  MW  -  -HK 

"  -  (27) 

MP5  +  L*T{a}+  Lb"  W -  -MW 

The  sign  ~  on  the  terms  of  the  right  hand  side  of  the  equations  has  been 
omitted  for  clarity  and  simplicity,  without  any  loss  of  generality. 


The  above  discussion  pertains  to  small  displacement  theory  only.  If 
large  displacements  are  anticipated,  care  must  be  taken  in  representing 
the  configuration  of  the  system  and  to  incorporate  any  additionally 
required  parameters  in  the  equations  of  motion.  Typical  cases,  where 
additional  constraints  may  lead  to  large  displacements,  are  the  pendulus 
and  the  double  pendulum.  Additional  equations  and/or  forces  must  be 
provided  in  such  cases  to  more  accurately  describe  the  modified  configu¬ 
ration.  Moreover,  since  the  .'rientation  of  the  principal  directions  of 
the  8tiffz.3S5  matrix  will  also  be  appreciably  altered  by  large  displace¬ 
ments,  the  stiffness  matrix  together  with  its  first  and  second  moments 
must  be  recalculated  for  the  new  condition. 

3.2.7  Uncoupling  Requirements  for  Multidegree -of -Freedon  Systems 

As  already  discussed,  many  shock  isolated  masses  may  be 
treated  dynamically  as  simple  rigid  bodies  supported  in  a  gravity  field 
by  elastic  constraints.  When  disturbed  from  rest,  the  resulting  motJ 
of  the  rigid  body  at  any  instant  may  be  resolved  into  a  translation  of 
its  centroid  and  a  rota. ion  about  an  instantaneous  axis  passing  through 
its  centroid.  The  vectors  describing  the  translation  and  rotation  will 
vary  in  time,  both  with  respect  to  their  magnitude  and  direction.  The 
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equations  of  motion  of  this  system,  in  matrix  form  are  given  by 
equation  (27)  as  follows: 

X  5'si  ♦  M  fs!  ♦  >1  -  -  Hj®0l 

X  on  ♦  LBf  ft  *  X  M  -  -  W  fei 

It  is  apparent  from  the  above  equations  that  the  translational  motion 
and  the  rotational  motion  are  not  independent,  but  are  coupled. 

The  translation  and  the  rotation  may  be  made  independent  of  one 
another,  resulting  in  an  uncoupled  dynamic  system,  if  the  first  moment  of 
the  stiffness  matrix  [b"1  is  zero.  The  equations  of  motion  are  then 
reduced  to  the  form: 

[*]  0’3  ♦  H  ft  ■  -[»]  tsl 

[i]  m  .  w  {0i  -  -[i]  ftj 

The  condition  ["h"]  “0  infers  that  the  centroid  of  the  stiffness  matrix 

coincides  with  the  centroid  of  the  suspended  mass. 


The  motions  of  the  isolated  mass  in  translation  as  well  as  rotation, 
although  now  decoupled,  are  still  not  completely  independent  since  the 
components  of  IT,  as  well  as  the  components  of  are  interrelated.  To 
further  simplify  the  motion  of  the  system  by  making  aJl_of  its  coordinates 
independent  of  one  another,  it  is  necessary  that  the  [Cj  ,  [Ej  ,  and  [ij 
matrices  be  diagonal,  i.e: 


■2  c 


11 

0  £  c22 


0  • 
0 


o  2  c 


33 


*^11  0  0  1 
0  £e22  0 

0  0  Se33 


_  J 


0 


0 
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The  above  conditions  infer  that  the  group  of  isolators  have  no  shear 
components,  and  that  the  mass  distribution  is  such  that  the  resulting 
products  of  inertia  vanish.  The  latter  is  valid  if  the  reference  axes 
are  teken  coincident  with  the  print. '  -al  axes  of  the  suspended  mass. 

The  equations  of  motion  now  reduce  to  six  independent  equations: 


•  • 

mx 

♦ 

£cux  -  -mxQ 

lxx* 

♦  Sen* 

-  -  o 

•• 

my 

♦ 

£C22y  “  -ntfc 

hr* 

+  Ze22$ 

’  lyy  ^  o 

msT 

♦ 

2=33*  "  '“’zo 

+  £e33V 

-  - 

The  design  of  a 

system  satisfying  the 

above 

conditions 

will  be  called 

a  balanced  design. 

Summarizing  the  above  results,  the  conditions  for  a  balanced  design 

are: 

1.  The  centroid  of  the  isolator  system  muBt  coincide  with  the 
centroid  of  the  suspended  mass;  i.e.,  the  resultant  restoring 
force  from  all  the  isolators  must  pass  through  the  mass  centroid. 

2.  The  arrangement  of  mass  about  the  center  of  gravity  of  the 
system  must  be  such  that  the  related  products  of  inertia 
vanish;  i.e.,  the  reference  system  must  be  coincident  with 
the  principal  axeB  of  the  suspended  mass. 

3.  The  isolators  must  be  so  arranged  that  the  principal  axes  of 
the  stiffness  matrix  are  parallel  to  the  principal  sixes  of  the 
suspended  mass. 

The  physical  significance  of  uncoupling  may  be  illustrated  by  means  of 
Figures  3-2.5  through  3.2.7. 


Restoring  Forces  on  an  Isolated  Mass 
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In  general,  a  force  F^  applied  through  the  center  of  gravity  of  a 
constrained  rigid  body  results  in  a  resultant  restoring  force  Fc 
through  the  center  of  gravity,  not  necessarily  colinear  with  F^,  and 
a  resultant  moment  TQ  about  the  een+.*i  .-f  yavity.  Likewise,  an 
externally  applied  moment  will  produce  a  resultant  restoring  moment 
To>  not  necessarily  in  the  same  direction  as  Tj_,  and  a  result mt 
restoring  fores  F0  through  the  center  of  gravity.  (Figure  3.2.5.) 


Restoring  Forces  on  a  Partially  Uncoupled  Isolated  Maes 

The  first  stage  of  uncoupling  attempts  to  locate  the  isolators  so 
that  F0  results  in  a  restoring  force  Fj_,  not  necessarily  colinear  with 
F0,  but  no  restoring  moment  T^.  Likewise,  T_  results  in  a  restoring 
moment  T^,  not  necessarily  in  the  same  direction  as  T0,  but  no  restoring 
force  Fi  (Figure  3.2.6). 


Restoring  Forces  on  a  Completely  Uncoupled  Isolated  Mass 


The  second  stage  of  uncoupling  attempts  to  locate  the  isolators 
so  that  F0  results  in  a  colinear  resultant  restoring  force  F^,  and  no 
restoring  moment;  likewise  T.  results  in  a  resultant  restoring  moment  Ti 
colinear  with  T0  but  no  resultant  restoring  force.  (Figure  3.2.7.) 

The  practical  advantages  of  an  uncoupled  system  are  many.  Of 
particular  importance  to  the  facility  designer  is  the  fact  that,  since 
the  rotational  component  of  ground  shock  is  usually  ignored  in  the 
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present  state-of-the-art,  an  uncoupled  isolation  system  will  move  only 
in  translation,  thus  minimizing  the  rattlespace,  providing  a  uniform 
acceleration  at  every  point  on  the  sr^nended  mass,  and  simplifying 
tremendously  the  dynamic  analysis.  '  Utter  advantage  is  of  no 
little  importance  since  the  more  complex  analysis  procedures  are  not 
only  subject  to  greater  numerical  error,  but  also  imply  a  greater 
.knowledge  of  the  system  and  the  nature  of  the  ground  shock. 

In  actual  applications,  the  design  specifications  may  be  such  that 
-sly  part  or  none  of  the  above  requirements  can  be  satisfied  because  of 
particular  or  specific  conditions  imposed.  In  the  differential  equations 
of  motion  for  such  a  case  there  will  appear  certain  quantities,  termed 
eccentricities  ,  representing  the  measure  of  the  departure  of  the  motion 
of  the  system  from  the  ideal  conditions  as  represented  by  a  balanced 
design.  If  these  eccentricities  ere  small,  compared  with  the  principal 
geometric  parameters  defining  the  eyetem,  they  may  be  ignored,  nhue 

approximate  balanced  design.  However,  if  the  eccentricities 
are  Significant,  they  must  be  conserved  in  the  equations  of  motion, 
leading  to  a  partially  or  totally  coupled  dynamic  system.  For  a  coupled 
system,  the  necessary  rattlespacee  to  allow  the  mass  to  move  freely  under 
shock  are  usually  far  larger  than  those  for  uncoupled  systems  in  which 
all  the  six  degrees  of  freedom  act  independently. 
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3.3  Multimass  Undirectional  Systems 

3.3.I  Dynamic  Behavior  of  a  Multipass  System 

A  general  multimass  system  consists  of  a  number  of  rigid 
masses  constrained  in  their  motions  relative  to  one  another,  by  means 
of  elements  possessing  stiffnesses,  elastic  or  otherwise,  linear  or 
nonlinear.  Each  rigid  mass  of  the  multimass  Bystem  theoretically 
commands  a  maximum  of  six  degrees -of -freedom.  Hence  a  system  with  'n' 
rigid  masses  can  enjoy  a  maximum  of  '6n'  degrees-of-freedom.  However, 
as  often  occurs  in  practice,  the  individual  masses  may  be  constrained, 
so  that  they  are  limited  to  less  than  six  degrees-of-freedom  each.  A 
particular  limiting  case  is  considered  in  Section  3*  3>  in  which  all  the 
masses  are  constrained  to  move  in  one  and  the  same  direction  only;  this 
is  the  "multimass  unidirectional"  case,  where  a  system  with  ’n’  masses 
possesses  'n1  degrees-of-freedom.  The  'n*  coordinates  defining  the 
degrees-of-freedom  of  the  system  are  the  'n'  independent  translations 
of  the  'n'  masses,  as  shown  in  Figure  3*3»1- 


Figure  No.  3-3-1 
Multimass  Undirectional  System 
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3.3.2  Equations  of  Motion  of  Multimass  Systems 

A  mult :lma ss  svs+.r  t*  is  govei  d  by  the  Bane  basic  equations 
of  motion  as  a “single  rigid  body.  The  equations  are  set  up  considering 
each  mass  separately  and  applying  to  each  the  forces  of  constraint 
generated  by'the  shock  input,  as  well  as  by  the  disturbances  transmitted 
by  the  adjoining  masses  coupled  to  it.  The  following  example  illustrates 
the  procedure  involved. 

Considering  each  mass  separately,  the  equations  of  motion  in  absolute 
coordinates  are: 


m-^  u']_  +  K 

u£  -  K 

u0  +  K  Ui 

-  K  Ug 

«  0 

m2  Ug  +  K 

u2  -  K 

ux  +  K 

-  K  u3 

*  0 

mo  u-.  +  K 
->  0 

U3  -  K 

u2  +  K  "u . 

-Ku0 

=  0 

Substituting: 

A  - 

U1 

“  uo 

+  Uj_ 

Ug 

-  uo 

+  Ug 

u3 

c  uo 

+  U3 

the  equations 

are: 

mp  (uL  + 

h 0 )  + 

2K  (ux  - 

uo)  - 

K  (up  - 

Uo) 

*  0 

m2  (“2  + 

u0)  - 

K  (u‘i  -  u 

0)  ♦ 

2K  (ug  - 

uo) 

-  K  (u.  -  uQ)  =  0 

m3  ^u3  + 

■ 

K  (u2  -  u 

b>  + 

2K  (u3  - 

uo) 

*  0 

The  above  equations  in  relative  coordinates  reduce  to: 

+ 

2 K  ux 

-  K  u2 

B 

-  mluc 

ni2u2  " 

K  ux  ♦ 

2K  Ug  - 

Ku3  - 

'  *2% 

(28) 

m3’a3  ' 

K  u2  + 

2K  u 

B 

1  u 

-ra3uo 

In  matrix  form 

rm]  “u:  +  K  ;u;  =  -  [m]  [uQ< 

This  is  the  same  form  as  a  multidirectional  system  and  has  the  same  type 
of  solution  as  will  be  shown  later.  Hence,  no  particular  distinction  necu 
be  made  between  multidirectional  and  multimass  systems,  except  foi  the 
slightly  modified  approach  in  setting  up  the  equations  of  motion. 
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3 Forced  Response  of  a  Single -Degree -of -Freedom  Linear  System 
3*4.1  Undamped  System 


The  single-degree-of-fref! a.  .cem  has  been  treated  here,  not 
so  much  as  an  example  of  practical  interest,  but  as  a  step  towards  the 
treatment  of  a  multidegree  of  freedom  system.  Voluminous  literature 
(References  3.3-3*11)  exists  on  the  treatment  of  single-degree-of -freedom 
linear  systems  for  those  interested  in  the  fundamentals  of  the  subject. 
Considering  the  spring-mass  system  of  Figure  3*4*1,.  the  equation  of  motion 


is  given  as 


JJJUJU/JL.  _ 

I  *  %«*> 

! £ 

m)  -e- 


Figure  3.4.1 

Undamped  Single -Degree -of -Freedom 
Linear  System 


mx+Kx  =  Kx  (t) 
o 

where  ~  -  signifies  absolute  coordi¬ 
nates.  However,  since  x  =  x  +  xQ, 
the  equation  of  motion  in  relative 
coordinates  is 

m  x  +  K  x  =  -  m  x  (t) 
o 

or 

X  +  JL  X  *  x  (t)  (29) 

m 


Substituting  *  natural  frequency  of  the  system,  the  solution 

of  the  above  differential  equation  is 

X  “  JT  )  Xo  (  >  )  Sin  ^n  (t  -  >)  X  > 

-o 

However,  since  the  shock  input  is  defined  by  a  response  spectrum,  by 
definition,  1  xmay  |  ■  response  spectrum  relative  displacement  corre¬ 

sponding  to  frequency  n  =  the  required  rattlespace  =  j  Dxl ' 

The  method  of  Laplace  Transformation  has  been  introduced  later  in  the 
text,  for  solving  multidegree- of-freedom  svr terns.  Hence  it  is  deemed 
appropriate  to  compare  the  solution  obtained  above  with  the  solution 
obtained  by  using  Laplace  "brar  3formation.  As  was  obtained  previously 
(equation  29), 

••  \  2  •• 

x  +  Ua  x  "  *  xo 


The  conversion  of  this  equation  from  the  time  domain  (t)  to  the 
frequency  domain  (s)  is  accomplished  by  the  Laplace  Transform 


complex 


r 


-St 


dt 
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2  \  g 

where  s  =  -  .  This  is  necessary  since  the  shock  input  is  usually 

defined  by  a  response  spectrum  which  is  a  function  of  the  frequency  u)  , 
and  not  of  t.  Therefore,  in  Laplace  form,  assuming  initial  velocity 
and  displacement  to  be  zero  ' '  ice  3.3), 

s2  x  +  'jJ  2  x  *  •  /  x 
n  o 

where  X  "x0  is  the  Laplace  Transform  of  Xq. 


TTUT  ^  *0 


JC  (. _ 1 

\  s2  +  u 


2  ■  J  2 


•T  *0  ! 

/ 


But 


|*inaxj 

i  -1 


X  X* 


32  +  u3  2  "  ° 


i^n 


(30) 


That  is,  the 


inverse  Laplace  transformation  of- 


1 

P2  +  1J2 


represents  the  maximum  displacement  of  mass  m  for  a  natural  frequency  ^_) 

The  result  will  be  used  later  in  dealing  with  multidegree -of -freedom 
systems. 


3.4.2  Damped  System 


J '  1  r  1  ii'ii 


UJU 


□  $ 


< 


-  Y 

I" 


The  equation  of  motion  for  a 
damped  linear  system  as  shown 
in  Figure  3*4.2,  is  given  in 
relative  coordinates  (Reference 
3.4  )• 

mx  +  cx  +  Kx  ■  -mx 

o 

where  c  is  the  coefficient  of 
damping. 


Figure  3.4.2 

Damped  Single -Degree -of -Freedom 
Linear  System 
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2 

Let  ■  2n,  &  ■ 

in  m  n 

then  ,  . 

x  +  2  n  x  +  uJn2  x  -  -x.  (31) 

Or,  introducing  the  concept  of  critical  damping,  i.e.,  damping  at 
which  n  ■  U)n  ,  the  above  equation  reduces  to 

x  +  2  8  u)  x+t<J2x=-x  (31a) 

u  n  o 


where  - 

0  m  and  ccr  ■  critical  damping  ■  2  y  Kin. 
ccr 

Applying  the  Iaplace  transformation  as  before,  the  equation  of  motion 
for  the  damped  case  reduces  to 

(s2  +  2  S  tO  n  s  +  cJ  n2)  x  •  xQ 

The  root 8  of  the  characteristic  equation 

B2+2Su3n8  ♦  oOn2-0 


are 

s  «  a  +  ib 
where  a  «  -  8  ui. 


or 


[(s  -  a  -  ib)(s  -  a  +  ib)]  x  ■  -  jT  xQ 

ts  -  a)2  +  b2  ]  x  -  -jT  xo 

x  - _ LsC*2 _ 


,  ,2  2 

(s-a)  +  b 


-1 


-/ 


xo 


f(s-a)2+  b2] 


(32) 


Here  x 


max 


is  given  by  a  response  spectrum  at  a  damped  frequency  b 


and  damping  represented  by  tb®  quantity  'a'.  It  may  be  noted  that  when 
damping  is  not  present  the  above  result  reduces  to 
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.which  is  the  same  as  p«uatlon  (3c’, 
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3 • 5  Forced  Response  of  Multi-Degree-of -Freedom  Linear  Systems 

3.5«1  Dynamic  Stability 

A  dynamic  system,  moving  unde.,  the  action  of  applied  forces, 
la  described  by  a  set  of  differential  equations.  The  solution  of  these 
differential  equations  explicitly  defines  the  motion  of  the  system  as  a 
function  of  time.  Small  disturbing  influences  applied  to  the  system  may 
cause  it  to  deviate  only  slightly  from  the  previous  condition  of  motion, 
or  they  may  cause  it  to  depart  further  from  this  condition  of  motion. 

If  the  deviation  is  slight,  the  system  is  said  to  be  dynamically  stable. 
If  the  motion  continues  to  increase  with  time,  the  system  is  said  to  be 
dynamically  unstable.  A  system  is  considered  dynamically  stable  only 
if  it  is  stable  for  all  kinds  of  disturbances  that  it  is  likely  to 
experience . 

In  case  of  linear  systems,  i.e,  systems  capable  of  being  defined 
by  «  set  of  linear  ordinary  diffe:  ential  equations,  it  is  not  necessary 
to  determine  the  actual  motion  of  the  system  in  order  to  determine  its 
stability.  The  stability  criteria  for  linear  systems,  as  defined  by 
the  Routh-Hurwitz  stability  criteria  in  Appendix  3«9E  is  a  function  of 
the  physical  parameters  of  the  system,  such  as  the  linear  dimensions, 
the  mass  and  moment  of  inertia,  and  the  stiffness  of  the  various  ele¬ 
ments  of  the  system.  However,  for  nonlinear  systems,  the  stability 
is  dependent  on  the  input  to  the  system  as  well  as  discussed  in  paragraph 
3.6.2. 2.J. 

3.5.2  Damping 

In  order  to  have  better  agreement  with  actual  physical 
conditions,  analytical  discussions  of  dynamical  problems  lead  to  the 
consideration  of  damping  forces.  Damping  forces  arise  from  several 
different  sources,  hut  may  be  classified  into  two  main  groups; 
a)  the  interrial  or  structural  damping  forceB,  which  are  an  inherent 
part  of  the  system,  and  b)  the  applied  damping  forces,  i.e.  artifi¬ 
cially  created  damping  forces,  in  conformity  with  the  requirements  of 
the  system.  As  shown  in  3.^.1,  the  Laplace  Method  used  in  the  test 
can  easily  be  modified  to  consider  damping  as  long  as  the  equations 
of  motion  remain  linear.  In  that  case,  however,  since  the  usual 
spectrum  is  based  on  the  response  of  undamped  or  lightly  damped  sys¬ 
tems,  the  spectrum  must  be  modified  to  incorporate  damping.  Fung 
(Reference  3.12, 'pe&eZtf)  states  that  the  difference  in  the  peak  re¬ 
sponses  of  an  undamped  system,  and  one  containing  6$  to  7#  of  cri  deal 
damping  is  small  and  can  be  neglected  in  most  practical  cases,  ibis 
is  not  strictly  true,  since  the  amount  of  shock  spectrum  modifica¬ 
tion  due  to  damping  will  depend  on  the  type  of  shock  waveform  being 
considered.  Indications  exist,  although  not  yet  rigorously  verified 
that  the  shock  spectrum  due  to  a  type  II  waveform,  as  discussed  in 
Section  2.0,  could  be  appreciably  effected  by  damping. 
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3.5.3  Methods  of  Analysis 

Two  methods  are  present'd  for  solving  the  matrix  equations 
describing  the  motion  of  multideer..  ..-of-freedom  linearly  elastic, 
undamped  systems  to  an  impulsive  motion  of  the  base.  The  Normal  Mode 
(Modal)  Method  and  the  Laplace  Method  are  formulated  in  general  terms 
and  illustrated  by  means  of  the  same  numerical  example.  The  results 
yielded  by  the  two  methods  are  Identical,  the  only  difference  being 
in  mathematical  representation - 


3 . 5 . 3 . 1  Normal  Mode  Method 


In  reference  3.13  Young  considers  an  undamped  linear 
system  with  n  degrees  of  freedom  subjected  to  a  -?hock.  The  equationt. 
of  motion  in  absolute  coordinates'  are: 


K  {%} +  [kJ  K}  =  w  («o)  (33) 

where  the  n  equations  of  motion  are  expressed  in  a  single  matrix 
equation.  Here 

Cm  J  =  mass  or  inertia  matrix 
{  ua}  =  absolute  acceleration  matrix 
{  ua }  =  absolute  displacement  matrix 

[K  J  =  stiffness  matrix 

{uQ}  is  the  column  matrix  of  ground  motion  displacement. 

Since  the  rattlespace  is  defined  in  relative  coordinates,  it  is 
necessary  to  convert  Equation  (33)  accordingly.  Hence,  by  performing 
the  transformation  u  =  Ua  -  Uq,  where  u  represents  the  relative  dis¬ 
placement  of  the  ma33es,  the  matrix  equation  of  motion  in  relative 
coordinates  is 


W  {u}  +  H  {u}  =  [-m]  {u0} 


(34) 


where , 

{u0}  is  the  column  matrix  of  ground  motion  acceleration 
{u  \  is  the  relative  displacement  column  matrix 
ju  J  is  the  relative  acceleration  column  matrix 

Using  the  concept  of  normal  coordinate  q  and  the  modal  matrix  [0j,  as 
in  reference  3.13  we  have  the  relationship  |u|  =  [0J  ^q|;  and  the’matrix 
equation  of  motion  in  relative  coordinates  is 

[m]  [0J  {q}  +  [KJ  [0[i  {q}  =  -jnj  (uj  (35) 
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where, 

is  the  acceleration  matrix,  '.c  ■  .rmai  coordinates 
is  the  modal  matrix 
{qj  is  the  (n  by  l)  displacement  matrix  in  normal  coordinates 

Equation  (35)  can  be  modified  as  follows: 

{5}  +  DO^W'1!*]  M  {*}  -  -  DT1  W 

but  [0J"1  [k]  [f\  =  =  dia8onal  frequency  matrix 


(36) 


Considering  for  the  sake  of  illustration  a  three-degree-of-freedom  system, 

r*b  "hi  r^j] 

**  M'1  -  tii  tii  Hi  -  l1'  2) 

**31  ^32  ^33  (7  3) 

0i3) 

2}  ”  {^21  ^22  ^23 ) 

N-fe  ^  "33) 


The  solution  of  Equation  (36)  is  given  by 
(a,  a.  !  1  r^u  1 


<ln  -  0A?  ftq)  -&"f0  u,(>)sin  ^rx(t-»  d> 

L  "  j  n  ~  -*-0 

-  -i-  (  »sin  'uX(t-»  d> 

lvnJo  do 

-j-  [  u  (»sin  oih(t->)  d> 
n  J  0  -Jo 


n=l,2,3 


To  solve  the  above  equation  ana  obtain  the  response  in  time,  the  time- 
history  of  the  shock  must  be  known.  Using  the  shock  response  spectrum, 
only  the  peak  absolute  response  |  qn|max  can  be  ^tlmated  by 


3-36 


SWC-TDR-62-6H 


October  1962 


”n|  max  -  j^nl  $v.2  ^n3j  Dnl 


n2 

Dn3 


■N  W 


where  D11  is  the  peak  displacement  indicated  by  the  given  shock 
spectrum,  in  direction  A,  at  the  mode  frequency  oOi. 

Wmax  =  |{7l}  W{72}  {Da}  {*  3}  j^}) 
then  {u}max  =  M  {5}  max 

-  wjWNNNNN} 

The  above  equation  for  maximum  response  assumes  the  peak  displacements 
in  all  the  directions  occurs  at  the  same  time,  i.e.  phasing  is  ignored. 

A  special  case  arises  when  the  shock  input  is  the  same  in  all  directions, 
as  in  the  example  worked  out  later  (Figure  3-5*l)>  in  which  case 


(37) 


(38) 


say 


\5'max 
substituting 


Dil  =  Di2  *  Di3  =  Dii 

(qq)  max  =  (0il  +  0i2  +  0i3)  (°ll) 

^max  =  ^21  +  ^22  +  ^D22^ 

o.  (k  *  4.  & 

31 

K  +  0i 


(q'J„ov  =  (0^1  +  032  +  033 )  ^D33^ 


01.  +  0‘ 

■  di.  ■  ££ 


0'  +  0» 
F3i  32 


+  "h  ■  vn 

+  01.  =  7„„ 
*  o  ££ 


+  0 


Equation . (37)  becomes: 


or 


ql 

rn 

0 

*2 

- 

!  0 

v22 

A 

max 

1  0 

L 

0 

{q}max  = 

ra 

tD) 

33 

0 

0 

k33 


u 

7 

33 

v 

OJ 

<M 

_D33_ 

3-37 


swc-tdr-62-64 


October  196? 


then  i'iax  "  W  M  M  (39) 

where  [//]  3.S  commonly  referred  to  as  the  modal  participation  factor 
matrix  (Reference  3-13 )■  Each  dimensionless  element  of  [oQ  represents 
the  magnitude  of  the  contribution  of  the  mode  it  governs,  toward  the 
entire  motion. 


'V  is  given  by  the  formula  (reference  3. 13) , 
mi  fi 

'Vnn  -  i  *  l"1  ^ 

^inmi^in 

For  example,  calculate  the  response  to  a  ground  shock  response  spectrum 
of  the  undamped  three-degree -of -freedom  Bystem  shown  (Figure  3  *5 ■ l) • 


K 


:\-WMWlrA  m 


rru! 


r: 


u2 


w/wm; — jWg  ,  | —mmo- . 


ru3 

0-\m \  j —r/i 


-  m 

im,  =  2m 
mg  =  3m 


Figure  3.5.I 

Multimacc,  Undii ectional  System 


Step  No.  1:  Calculate  the  three  natural  frequencies  corresponding 
to  the  three  principal  modes  of  vibration. 

The  equations  of  motion  in  relative  coordinates  will  be 

ml  “l  +  2Kul  "  Ku2  =  0 

mg  Ug  -  Ku^  +  2Kug  -  Kug  =  0 

iig  -  KUg  +  2Ku^  =  0 

If  we  let  u.  =  A.  sin  (oojt  +  f>),  the  above  equations  can  be  rewritten  as 
follows 
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r-  2 

2IC  -  tO  ^ 


2K-ni2  oJ  j 

-K 


2K-i uj  ^  I  A ^ 

_ *  i — 


The  above  equation  has  a  nontrivial  solution  only  if  the  determinant  of 
the  tfcree-by- three  frequency  matrix  is  zero.  Substituting  the  values  of 
mass,  and  denoting  =  K  ,  the  determinant  iB  given  by 

m 


11  2  ,  4 

—  p  u, 

3 


+  10  p*Ci) 

3 


4.2  2  6 

iu  -  £  p 


The  solution  of  this  polj utmial  is: 

u>*  =  0.279  p2 


c.'j'ui  p 


These  are  the  three  natural  frequencies  of  vibration  of  the  system. 

Step  Ho.  2:  Calculate  the  modal  matrix  of  the  system.  Substitut¬ 
ing  the  first  frequency  (  Ui  ^  =  0.279  P2)  in  Equation  (4o) ,  we  get 

011  “•  =  1*0}  021  =  A^  =  1*7208;  0^  =  =  l*4b05 

Similarly  for  -  p2  and  ^  =  2.387  p2,  we  get 
A*^  Ag  A*a 

011  =  a7  =  1,0J  021  =  =  1'00>  031  “  *  1*° 

A-j  Ag 

011  =  7^  =  1-0}  021  =  *  °-38t4;  03i  «  ^  =  °'°751 

Hence  the  modal  matrix  is  given  by 


S11 

012 

013 

1.0 

1.0 

1.0 

'21 

022 

~Po  1 

‘-w» 

=  1.7208 

1.0 

-0.3874 

’31 

032 

1.4805 

-1.0 

0.0751 
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Step  Ho.  3:  Calculate  the  modal  participation  factor  Y  .  Tins 
is  given  by  the  expression 

n 

S  mi 

“Y  _  id 
™  "  n 

S  hn  mi  hn 

i=l 

Hence 

'V  =  (m)  (1)  +  (2m)  (1.7208)  +  (3m)  (1.4605)  „  0>66 

11  (m)  (1)2+  (2m)  (1.7208)3-*  (3m)  (1.4305)2 

r  (m)  (1)  +  (2m)  (1)  +  (3m)  (-1)  =  QQ 

22  (m)  (1)2+  (2m)  (l)2  +  (3m)  (-1)2 

r  (®)  U)  +  (2m)  (-0.3874)  +  (3m)  (0.0751) 

- - =  0.3*5 

(m)  (1)2+  (2m)  (-0. 3874)2  +  (3m)  (0.0751)2 


Hence 


0.66  0  0 

0  0  0 

0  0  0.345 


Step  Wo,  4;  Calculate  the  response  of  the  system  to  the  given 
shock.  Frcm  Equation  (39) 

[“~*j  -  [fl  M  f°n] 


U-i  1  = 

X  1 

~1  11 

0.66  0  0 

1 

u2  1  = 

1.7208  1  .0.3874 

000 

u3  = 

• -  —4 

1.4805  -1  0.0751 

0  0  0.5*5 

L  J 

Since  D]_,  Dg,  and  Dg  are  the  undamped  relative  displacements,  as  given 
by  the  response  spectrum  for  frequencies  t*3  u)  2>  and  cOg,  respectively, 
u^,  u2,  and  Ug  are  obtained. 
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3 • 5*3*2  Laplace  Method 

Referring  +c  quation  (36),  the  motion  is  given 
by  the  matrix  equation 

{q}  +  [^n2]  {4}  =  -  M-1  {%} 

The  conversion  of  this  equation  from  the  time  domain  »t*  to  the  complex 

frequency  domain  's'  is  accomplished  by  the  Laplace  Transform, 

r° -a+  .  P  P 

s 


QJ e*st  dt  where  s 2  =  -a>2 
o 

The  new  equation  for  initial  conditions,  t(o)  =  q(o)  «  q(o)  is 

'H  {*}  +  [^/l  {*}  =  -  W'1 

or  {5}  -  -(-[«»*]  ♦[*>/]  Y  [d]-1  •/{»,} 

This  is  no  longer  a  differential  equation  but  an  algebraic  equation  ip 
matrix  fonn. 

Th“  ,  [)]  {5}  .  .  [0]  *  [<])  Ji]'1  X  |uo| 

Tnis  in  essentially  the  same  result~as  obtained  previously  by  the  Modal 


Method,  since  the  quantity 


is  the 


spectral  representation  of  the  shock  input.  The  Laplace  Method  is 
extended  to  more  complicated  cases  later  in  this  section. 


To  demonstrate  the  use  of  the  Laplace  Method,  solve  the  same 
numerical  example  as  before.  The  equations  ox  motion  in 
relative  coordinates  are: 

[m](u}H-  [K]{u}  =  -  [m ]  |u0j 

Converting,  in  Laplace  form,  to  the  complex  frequency  domain  s  =  j  u) 
the  equations  become: 


s\ 

-  2p\ 

-  v% 

=  -  *% 

282U2 

“  P^l 

+  2P%  ■ 

-  v% 

=  -28% 

0 

-P^  • 

=  -3*% 
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In  matrix  form: 


.2,-2  2  ^  i 

S  +2p  -p  0 

n_  - 

ui 

2rr 

B  U 

n 

-p2  2s2+2p2  -p° 

'  2 

ss  - 

2,\ 

0  -P2  3s2+2p2 

_ 

A 

[w]  [ff]  .  .  [UqJ  (hi) 


Where  [w]  is  the  frequency  matrix.  The  determinant  of  [w]  equated  to 
zero  gives  a  sixth  order  polynomial  in  s,  the  solution  of  vhich  yields 

*sl2  =  -  (J^)2  =  ^l2  *  0.279p2 

-»22  "  "  (Ju)2)2  =  <^22  -  P2 

-s32  =  -  (J1^)2  =  ^32  =  2.387P2 


The  solution  of  the  problem  is  given  by 

M  ■  -  H'1  M 

Inverting  the  frequency  matrix  JV] 


(42) 


H 


-1 


6(c^+0.279py) 

(e2+p2)(a2+2.387p2) 


6s4+i082p2+3p4 

3s2p2+2p4 


Ib2?2-^ 

3s‘t+8s2p2+lip1* 

s2pt+2pl 


2f 

s  p  + 


2sH+6  sV+3p 


Substituting  the  value  of  [w]-1  and  expanding  the  equations,  there 
remains  the  following  set: 


Uo 


6s^+l6s2p2+10p^ 

6  ( s^+0 : 279P2 )  ( s2+72T(s2+2 . 387p2 

_ 6s^+22s2p2+l6p^ _ 

6  (s2+0.279p2)  (b2+p2)  (s2+2.387p2 

_ 6s^+20s2p2+lhp^ 


6  (s2+0.279p2)  (b2+P2)  (s2+2.387p2 


c2* 


s~U_ 


s  U„ 
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Expanding  the  above  into  partial  fractions : 


U1 


U 


2 


0.66 

L(b2+0.27C?2) 

1.135 

Js  2+0.275P2 


+  _.o_ 

u  *p2) 

+  0 


*  -2J45.  j  s2Uo 

(a2+2.387p  )J 

-  Oj32  1  s2u_ 
(s2+2.387p2)J 


r„  °-9T2  ... 

L<a2+0.279P2 


+  ”(»v  + 


0.027 


(a2+2.387pd) 


82u_ 


In  matrix  form 


-  “ 

r~  I 

B“U0 

*1 

0.66  0  0.31*5 

6^+0.279?* 

U2 

*  - 

1.135  0  -0.132 

4V 

r*T 

u3 

0.972  0  0.027 

s*42.387p* 

—  _ 

Converting  to  normalized  form,  the  result  previously  obtained 


*'  — 

—  — 

f—  — 1 

—  — r 

u. 

1.00  1.00  1.00 

0.66  0  0 

s2u0 

X 

s2+o.279p2 

u„ 

_  __ 

1.721  1.00  -0.387 

0  0  0 

S^o 

2 

w 

1.481  -1.00  0.0751 

0  0  0.345 

s2Uo 

«2.lo  oflT«2 

-J 

—  - 

—  _ 

Hence  there  is  obtained  directly: 


r0.66  0 

0 
0 


1.00  1.00  1.00 

1.721  I. 00  -0.387 

1.1*81  -1.00  0.0751 


the  modal  matrix 


0 

0  0 
0 


0.3l*5j 


the  modal  participation  factor 
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S^o 

Now,  in  place  of  gS+g^yqpJ}  *  8ufes'fci'tu'be  the  maximum  relative  dis¬ 
placement  of  shock  spectrum  for  a)2  =  0.279b2*  Similarly  for 
s"U0/  s^+p  ,  substitute  the  maximum  relal  displacement  corresponding 
to  a)2  ■  p2  and  for  s%0/s2+2.385p2  that  due  to  aj  2  =  2.385p2 

Next,  solve  the  matrix  equation  for  Uj_,  Up,  and  U3,  giving  the  required 
displacements  in  relative  coordinates,  i.e., the  rattle  space. 

3*S*3*3  Comparison  of  Normal  Mode  and  Laplace  Methods 

The  Modal  Method,  as  formulated  by  Young,  is 
applicable  only  to  systems  with  unidirectional  inputs,  whereas  the 
Laplace  method  is  a  general  method  applicable  to  both  multlmass  and 
multidirectional  systems.  Furthermore,  the  Laplace  method  has  greater 
adaptability  for  use  on  an  electronic  digital  computer,  thus  lending 
itself  to  greater  speed  and  accuracy  in  computation.  Hence,  for  the 
purposes  of  this  Design  Guide,  the  Laplace  method  has  been  used  and  is 
strongly  recommended.  The  basic  approximation  for  both  methods  lies 
in  the  maximax  (see  Reference  3.13  for  definition)  evaluation  of  the 
response,  which  is  based  on  a  conservative  assumption  that  the  maximum 
contribution  of  each  participating  mode  occurs  at  the  same  instant  of 
time.  This  disregard  for  the  existence  of  phasing  of  the  modal  peaks, 
gives  an  upper  bound  of  the  estimated  peak  response  of  the  system. 

3-5*4  Procedure  to  calculate  the  peak  response  of  a  linearly 
isolated,  nonpendulous  mass  using  a  response  spectrum. 

Step  No.  1:  Determine  the  location  of  the  center  of  gravity  of 
the  mass  to  be  isolated.  Determine  the  principal  axes  of  the  mass, 
that  is,  the  set  of  three  orthogonal  axes  about  which  the  product  of 
inertia  terns  such  as  I^y,  are  all  zero. 

Step  No.  2:  With  these  principal  axes  as  the  reference  system,  set 
up  the  equations  of  dynamic  equilibrium,  using  formulas  for  the  [Bj 
and  pE]  matrices  as  previously  discussed. 

Step  No.  3:  As  a  first  approximation,  ignoring  the  possible 
eccentricities,  compute  the  Isolator  stlffnesser  necessary  so  that 
the  suspended  mass  conforms  approximately  to  raiilcbpace,  acceler¬ 
ation,  velocity  or  frequency  requirements  for  the  system.  It  may  be 
noted  thai.,  by  ignoring  eccentricities,  the  equations  are  reduced  to 
six  single-degree-of -freedom  equations  for  this  first  approximation. 
Hence,  the  response  spectrum  can  be  used  directly  to  make  a  reasonable 
estimate  of  the  spring  stiffness  0. 

Step  No.  4:  Using  the  numerical  values  of  the  spring  stiffnesses 
obtained  in  Step  3,  and  coneidt ring  all  the  eccentricity  terms,  convert 
the  six  equations  to  the  Laplace  form.  A  matrix  formulation  of  these 
equations  gives  a  6-by-6  frequency  matrix, nultiplied  by  a  6-by-l  column 


3-44 


SWC-TDR-62-64 


October  196? 


matrix  of  the  six  unknown  response  parameters,  on  the  left-hand  side  of 
the  matrix  equation;  and  a  6-by-l  column  matrix  consisting  of  the  shock 
input  in  the  six  coordinate  directions  of  the  system,  on  the  rlght-he.nd 
3ide  of  the  matrix  equation. 

Step  No.  ?:  Evaluate  the  determinant  of  the  6-by-6  frequency  matrix 
formed  from  the  six  equations  of  Step  4,  Hie  expanded  determinant  will 
be  a  sixth  order  polynomial  in  s^.  The  bIx  roots  of  this  polynomial 
equated  to  zero  give  the  six  natural  frequencies  of  the  system,  it  being 
remembered  that 

Step  No.  6:  Check  the  polynomial  of  Step  5  Tor  dynamic  stability 
by  the” i-iouth-Hurwltz  stability  criterion  as  discussed  in  Appendix  3  -E. 

Step  No.  7:  Evaluate  the  six  natural  frequencies  of  the  system, 
as  described  in  Step  5.  For  small  eccentricities,  these  will  not  be 
appreciably  different  from  toe  frequencies  obtained  by  ignoring  the 
eccentricities. 

Step  No.  8:  Invert  the  frequency  matrix  of  Step  4.  The  inverted 
matriiT^iTl  have  its  elements  in  the  form  of  a  division  of  a  fifth  order 
polynomial  in  s2,  by  the  sixth  order  determinant  polynomial  obtained-  in 

Step  5« 

Step  No.  9;  Convert  each  of  the  elements  of  the  inverted  frequency 
matrix  of  Step  8  into  six  partial  fractions,  each  partial  fraction 
corresponding  to  one  of  the  six  natural  frequencies  determined  in 

Step  7. 

Step  ITo.  10:  The  result  of  Step  9  can  he  rewritten  in  tne  form 
of  six  o- b y -6  mat rices,  each  corresponding  to  one  of  the  six  natural 
frequencies  of  Step  7.  These  are  now  treated  p.s  single-degree-of- 
freedom  systems,  each  mode  corresponding  to  its  respective  frequency. 
These  can  now  be  referred  to  the  response  spectrum,  and  the  sum  of  the 
six  components,  due  to  the  six  modes,  for  shock  inputs  in  all  the  six 
directions  give  the  necessary  response  of  the  system.  The  simple 
addition  of  the  ceax  responses  in  each  of  the  modes  is  called  the 
maximax  principle.  Since  the  response  spectrum  contains  no  information 
on  the  phasing  of  the  responses;  it  is  not  possible  to  determine  the 
phasing  of  the  oscillations  Jn  each  mode.  Hie  maximax  principle  implies 
that  all  peak  responses  occur  simultaneously  thus  yielding  the  most 
severe  condition  possible. 

3.5.5  Examples  for  Response  of  Suspended  Elements  to  Shock 

All  problems  dealing  with  the  response  of  shock  isolated 
systems  to  impulsive  shock  loads  involve  three  main  investigations, 
viz:  given  an  element  ‘o  be  shock  isolated  for  a  shock  of  given  intense, 
(represented  either  by  the  time-history  of  the  shock  or  by  its  response 
spectrum): 
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.  What  isolator  stiffnesses  are  required  for  the  system  to 
conform  with  the  imposed  rattlespace,  velocity,  or  accel¬ 
eration  criteria? 

.  What  will  be  the  maximum  displacements,  velocities,  or 
accelerations  of  the  elements  of  the  given  system,  with 
isolators  of  given  stiffness,  under  the  action  of  other 
possible  shocks? 

.  Is  the  system  stable  under  the  action  of  all  possible  shocks? 

Depending  on  the  nature  of  the  particular  problem,  one  or  all  of  the 
above  three  investigations  may  be  necessary.  The  examples  considered 
have  been  separated  into  the  following  classifications: 

.  Platforms  suspended  by  linear  isolators  so  that  their  centers 
of  symmetry  are  coincident  with  the  centers  of  gravity  of  the 
platforms.  Nonlinear  coupling  due  to  pendulum  action  is 
assumed  to  be  negligible. 

.  Platforms  suspended  by  linear  isolators  bo  that  their  centers 
of  symmetry  are  eccentric  with  respect  to  the  centers  of 
gravity  of  the  platforms.  Nonlinear  coupling  due  to  pendulum 
action  is  assumed  to  be  negligible. 

.  Platforms  suspended  by  linear  isolators,  whose  centers  of 
syimnetry  are  coincident  with  the  centers  of  gravity  of  the 
platforms.  Nonlinear  coupling  due  to  pendulum  action  is 
accounted  for. 

.  Platforms  suspended  by  linear  isolators,  whose  centers  of 
symmetry  are  not  coincident  with  the  centers  of  gravity  of 
the  platforms.  Nonlinear  coupling  due  to  pendulum  action 
is  accounted  for. 

For  each  of  the  above  cases,  three  general  types  of  the  more  commonly 
encountered  isolator  arrangements  have  been  considered. 

3 • 5 • 5 • 1  Linear  Isolators,  No  Eccentricities,  Nonllr^er  Coupling 
Due  to  Pendulum  Action  Ignored  (CaBe  K) 

Three  different  arrangements  cf  linear  isolators  have 
been  considered  for  this  case;  but  for  all  three  arrangements,  the 
center  of  symmetry  of  the  isolators  is  coincident  with  the  center  of 
gravity  of  the  platform.  Furthermore,  the  reference  system  has  been 
chosen  to  coincide  with  the  three  principal  axes  of  the  platform,  so 
that  the  cross  moments  of  inertia  terms  such  as  I j_ j  are  all  zero.  4s 
will  be  shown,  for  this  case,  the  six  modes  of  vibration  are  completely 
decoupled,  i.e.,  they  are  independent  of  one  another,  thus  making  the 
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system  equivalent  to  six  single-degree-of -freedom  systems.  The  peak 
responses  can  therefore  be  obtained  directly  from  the  response  spectrum. 
Hence,  for  the  solution  of  tb^sc  ?r.  lems,  there  is  no  necessity  to  go 
into  either  the  Laplace  method  ox1  iue  Normal  Mode  Method.  However,  to 
familiarize  the  reader  with  the  generality  of  the  procedure,  as  few 
deviations  as  are  practicable  have  been  made  in  solving  these  problems 
by  the  Laplace  Method. 

3. 5. 5. 1.1  Example  A-l;  Isolators  parallel  to  a  single  principal 
axis . 


The  isolation  system  is  as  shown  in  the  Figure  3*5*2. 


Let  Ka  *  axial  stiffness  of  each  isolator 

K  =  lateral  stiffness  of  each  isolator,  assumed  to  be 
identical  in  all  lateral  directions 
W  o  total  weight  of  the  isolated  mass 


Figure  3*5*2 

Linear  System  Vith  Isolators  Parallel  to  Principal  Axis 
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The  equations  of  motion  in  matrix  form  are: 

[ml  {S}  +  [oj  (s)  4  [5]  'fi  -  -  [»]  {?„} 

H  i  *  [»]*{•}  *  DO  W  •  ■  H  fo} 


In  this  example, 


w 

s 

0 

0 

"Lr2 

1 - 

O 

O 

LmJ  - 

0 

w 

£ 

0 

DO  ■ 

0 

w  t2  „ 

3bL 

0 

0 

W 

£_ 

0 

0 

There  are  no  shear  components  of  the  isolator  stiffnesses  since  there 
are  no  inclined,  springs.  Therefore, 


W  - 


cu  ° 

o  c, 
0 


22 

c  c 


33j 


The  first  moments  of  the  stiffnesses  are: 


bll=r2cl3“r3cl3=0 

b12=r3cll’rlcl3=0 

b13=rlc12"r2cll“’r2cll 

b21=r2c23"r3C22=0 

b22*r3C21-rlC23=° 

b23=rlC22'r2C2l':rlC22 

b3l=r2c33'r3c32=r2c33 

b32“r3C3rrlC33=-rlC33 

b33=rlC32‘r2c3l“° 

Then  the  matrix  of  the  first  moments  is 


H  ■ 


o 

o 


31  b32 


13 

323 

0 


The  second  moments  of  the  stiffnesses  are: 

ell=r2b31-r3b21=r2b31  f'12=r2b32-r3b22=r2b32  e13=r2b33_r3b23=0 

e2l=r3bll-rlb3i=-rlb31  ;22=r3bl2-rlb32=r3.b32  e23=r3b  13 " r  lb3  3=0 

e31=rlb21"r2bll=0  e32=rlb22"r2b12=0  e33=rlb23"r2b13 
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and  the  second  moment  matrix  becomes 


e  = 


eii 

e 


21  22 

o  0 


o 

o 

b33 


The  above  values  have  been  tabulated  on  page  3-50;  and  the  matrices 
>  CB]  and  [fQ  formed  by  the  summations  of  these  values  for  all  the 
twelve  isolators  have  been  evaluated. 

The  equations  of  motion  in  explicit  matrix  form  are  then  given  as  follows: 


W 

i 


12Kf 


12K, 


0  o 

V 


3s 


W^(L2+B2) 


(Bbi^b2)^ 


(8/?+U^)Ki 


(8bj+4b  )K; 

(8?|+MS)Kj, 


<? 

r 


It  will  be  noted  that  for  all  cases,  the  right  hand  side  of  the  second 
matrix  equation  is  zero,  since  the  ground  acceleration  is  given  for  the 
x,  y,  and  z  directions  only,  it  being  assumed  that  the  shock  has  no 
rotational  components. 


In  this  case,  since  the  two  equations  are  completely  decoupled,  we 
consider  the  first  equation  only.  Thus,  after  dividing  throughout 
W,  we  obtain  the  equation  in  Laplace  form  as  follows: 


s2+12gKj  0  0 

X 

~2_“ 
a  xo 

0  b^+12^Cj  0 

y 

=  - 

■*?» 

0  0  s2*!^* 

z 

s% 

need 

by 
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or 


r-  — 

X 

r  1 

8^125  Kj  0  0 

1 

CD 

A 

w 

1 

2— 

y 

ss  — 

0  B<t-12g  Kjf  0 

V 

1 

8  y0 

z 

0  0  s2+12£  Ka 

w 

1 

CD 

x 

1 

0  0 

o2  *0 

s2-+122 

V 

cv 

y 

0 

1  0 

8  s2+12£ 
w 

_ 

2  ...  *0 

z 

0 

0  1 

8  s2+122Ka 

-  w 

Where  x,  y  and  z  are  the  displacements  of  the  platform  in  directions 
x,  y  and  z  respectively.  These  may  be  specified  as  the  maximum  per¬ 
missible  rattlespace,  in  which  case  the  above  equation  can  be  used  to 
determine  Kjf  and  K^.  Thus, 


u>  2  =  K 
y  w 


°^y  and  oiz  may  be  obtained  from_the  response  spectrum,  corre¬ 
sponding  to  the  relative  displacements  x,  y  and  z. 

Then  K>  =  _  ‘Az 

*  g  12 

P 

or  Kj  =  ^  cO  y 

g  12 

and  Ka  =  - 

g  12 

The  higher  value  of  .s  chosen  if  displacements  are  critical,  and 
lower  value  if  accelerations  are  critical. 
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3 . 5 . 5 . 1 . 2  Example  A-2:  Isolators  Inclined  to  principa  1  axes . 

The  arrangement  of  5 col  <  ■-  is  as  shovm  in  Figure  3-5-3, 

the  main  feature  being  the  use  of  isolators  inclined  to  the  reference 
system.  These  isolators  contribute  a  form  of  shear  stiffness,  in 
addition  to  the  axial  and  lateral  stiffnesses. 


Figure  3-5-3 

Linear  System  With  Isolators  Inclined  to  Prlncxpe.1  Axes 

Let  =  axial  stiffness  of  each  vertical  isolator 

Kfy  =  lateral  stiffness  of  each  vertical  isolator 
=  axial  stiffness  of  each  horizontal  isolator 
K»h  =  laterial  stiffness  of  each  horizontal  isolator 

The  moments  of  Inertia  and  [c],  [b]  ,  and  [e]  matrices  for  the  vertical 
isolators  are  similar  to  thos*  encountered  in  Example  A-l. 
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However,  the  principal  directions  of  the  horizontal,  inclined  isolators 
do  not  coincide  with  the  reference  axes.  For  example,  isolator  No.  5 
has  its  longitudinal  axis  inclined  at  an  angle  of  (l80°  -  6)  to  the 


positive  direction  of  the  x-axi_, 
an  angle  6°.  Designating  [e] 
in  its  principal  directions  by 


■  icreas  isolator  No.  8  iB  inclined  at 
the  stiffness  matrix  of  an  isolator 


o  o 


and  [c]g  as  the  stiffness  matrix  of  the  same  isolator  in  a  direction 
Mating  angle  9  with  the  principal  direction  1,  then 


CO 


(cn>< 

^°2iV 


(C22}9„ 


0 

0 


(°33)e0 


Where,  by  the  equivalent  of  Mohr ' s  diagram, 


(cll>e 


(cos  e0)  cn  +  (sin  0o) 


22 


(Coo) 


22  ;0 


(cos2@J  c22  +  (sin20j  c 


11 


(c33}en 


(ci2)e„ 


sin  26,, 

- a  c„ 

2  11 


sin  20 
+  o  c 


22 


In  this  case,  for  isolator  No.  >,  0Q 
for  isolator  No.  6,  90 

for  isolator  No.  7,  9 

ani  for  isolator  No.  8,  @Q 


i8o°  +  e 
l8o°  -  © 

+9 

-0 


These  values  have  been  tabulated  on  pages  3-55  thru  3-57  .  Knowing  the- 
values,  the  [vj  and  [VJ  values  may  be  obtained  for  each  of  the  isolators 
as  in  the  previous  example,  as  shown  on  the  referenced  pages.  The 
summation  matrices  [c]  ,  (jQ  ,  and  [Ej  have  likewise  been  evaluated. 
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Hence, 

r—  -t 

the  equations  of  motion  in  matrix  form  are: 

r-  -n  r-  ™ir  “ 1 

o 

o 

>1** 

»» 

X 

h  [kjev+Kj(h«1ne»+K^|1co»2o]]  * 

o 

o 

ss 

y 

+ 

w 

I  °  «_ 

•a 

* 

«a 

rw  i 

i 

r 

^trlM  g 

+Kah(/ »in&fBcc»6)? 
+K^h(/co«8-Eslr.8)i 


The  equations  are  then  decoupled.  Applying  the  usual  lap lace  trans* 
formations,  we  obtain 


!+!t|^jfv+K^h,ln2  ^«mhe°,2e] 


[r^K.hiiaZ«HK<h00«2«] 


Then  as  before, 

“>,2  =  hi  *  K,hco.2el 

“>,2  ■  ¥  [^"nO 


U)  ,o)  ,  and  a)  are  obtained  from  the  response  spectrum  corresponding 
toXthe^displacements  x,  y,  z,  and  the  spring  stiffnesses  Kfh>  ^ah.  ^a vr 
Khv,  chosen  to  satisfy  the  performance  requirements  of  the  system. 
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3. 5. 5. 1.3  Example  A-3:  Isolators  parallel  to  all  three  principal 
axes. 


For  the  thirl  example  •  Case  A,  consider  a  system 
consisting  of  isolators  in  the  x,  y,  and  ss  directions  as  shown  in  the 
Figure  3.5.4.  The  center  of  gravity  of  the  platform  coincides  with  the 
center  of  symmetry  of  the  isolator  system. 


Figure  3*5»^ 

Linear  System  with  Isolators  Parallel  tc  AH  Three  Principal  Axes 

Let  K^a  =  axial  stiffness  of  each  Isolator  parallel  to  x  axis 

K if  =  lateral  stiffness  of  each  isolator  parallel  to  x  axis 

*2a  =  axial  stiffness  of  each  isolator  parallel  to  y  axis 

Kq#  =  lateral  stiffness  of  each  isolator  parallel  to  y  axis 

K3a  »  axial  stiffness  of  each  isolator  parallel  to  z,  axis 

«  lateral  stiffness  of  each  isolator  parallel  to  z  axis 

The  table  on  page  >5<J  following  the  pattern  of  the  two  previous  examples 
is  self-explanatory. 
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The  equations  of  motion  are: 

|"‘*(k1»+k2(+k3<  ) 


o  J  . 


kfall+Kfr+Ktf)  o 

o  ‘*(KU+K2t+K3«) 
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4(<  Kjjn+L  Kjj+ 
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•  0 


Again,  these  are  decoupled,  and  in  Laplace  form  may  be  written 
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x,  uiy,  and  <~0  z  are  obtained  from  the  response  apectruin,  corresponding 
to  the  displacements  x,  y,  and  he  stiffnesses  K^,  K]_y,  Kpa>  Kg;, 

Kqa,  K30  determined.  Several  combinations  of  the  above  six  stiffnesses 
are  possible,  the  final  selection  being  dependent  on  practical  consider¬ 
ations  . 


3. 5. 5. 2  Linear  Isolators.  Eccentrically  Placed.  Nonlinear  Coupling 
T)ue  to  Pendulum  Xction  Ignored  (Case  B; 

The  same  three  arrangements  of  linear  isolators  as  for 
Case  A  have  been  considered.  However,  in  Case  B  the  center  of  symmetry 
of  the  isolators  is  not  coincident  with  the  center  of  gravity  of  the 
suspended  mass.  Hence,  the  first  moment  of  the  stiffness  matrix  of  the 
isolators,  as  given  by  matrix  Qb],  will  be  non-zero.  As  a  result,  the 
translational  displacements  of  the  platform,  as  given  by  coordinates  x, 
y  and  z,  are  no  longer  independent  of  the  rotational  displacements,  as 
given  by<x,  ^  and  'Y  ,  and  there  exists  a  coupling  between  the  rotational 
and  translational  coordinates  of  the  system.  Problems  of  this  type 
reduce  +0  the  solution  of  six  simultaneous  linear  differential  equations 
of  the  second  order. 


Example  B-l  has  been  solved  numerically,  and  the  effects  of  small 
and  large  eccentricities  on  the  frequencies  of  the  natural  modes  of 
vibration  of  the  system  are  discussed.  The  problem  of  equal  frequencies 
for  two  different  modes  is  also  considered. 


3. 5. 5. 2.1  Example  B-l: _ Isolators  parallel  to  a  single  principal 

axis. 

The  isolation  system  is  as  shown  in  Figure  3*5.5, 

page  3-62. 

Let  5^  -  the  axial  stiffness  of  each  isolator 

K.  =  the  lateral  stiffness  of  each  isolator  in  the 
direction  of  the  x  axis 

Ko  =  the  lateral  stiffness  of  each  isolator  in  the 
y  direction  of  the  y  axis 


Since  none  of  the  isolators  are  inclined  with  reference  to  the  x,  y,  and 
z  coordinates,  there  are  no  shear  components  for  the  stiffness  matrix  and 
thus  for  each  isolator: 
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The  values  of  the  [cj ,  [b]  and  £e]  matrices  obtained  by  the  standard 
formulas  are  derived  on  the  following  pages. 


Figure  3 •  5» 5 

Linear  System  With  Eccentricities  and 
Isolators  Parallel  to  a  Principal  Axis 


The  six  equations  of  motion  in  explicit  matrix  fora  ar**  given  as  follows: 
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Dividing  throughout  by 


*  > 

making 

2 

12  , 

Ui 

X 

,  k  2 

1 2  j 

CO 

y 

m 

co  2 

-  Hi 

and  converting  to  the  Laplace  fonn,  the  six  equations  in  matrix  form 
can  be  written  as  follows: 


.W  0 

0 

0  '3“>x 

2  x 

X 

*  Ao 

O  »2+iOy 

0 

-•3<02  o 

ei“>y 

y 

2- 

-,yo 

0  0 

t 

•2u)2 

-A 

0 

t 

*.^0 

o  -ejU)2 

e2u)2 

-2  2  2  o  .22  o 

3»|  +*3^„  -V  -®m 

*<*>*(!>  +2bl+3e|)(j) 

*2  2  %3 

-’xx*  -VA 

at 

■ 

0 

2 

.3mx  O 

-2  2  2  2  2  2  2 

5yy»  +«3«>x 

1  .2,. 2  2  2, 

+3«>g(/  +2|1+ie1) 

„2  2  .2 

‘V*  ^x 

* 

o 

-ego)2  <^y 

0 

.2  2  2 

"Six*  -«l«3U)y 

2  2  2 
V  '•2,3c*)x 

-2.  2 

3 II* 

12  2  2? 
^(«*>x):b  +2b3+3«2) 

1,  ,2.. .2  2  2, 

+  3(U)y)l4  +2  l+3®l) 

Y 

0 

Or  concisely 
Then 
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3 • 5 • 5 • 2 . 2  Example  B-2:  Isolators  Inclined,  to  principal  axes . 

The  isolation  syst^i  Is  as  shown  in  Figure  3.5.6. 

Let  Kqv  =  axial  stiffness  of  each  vertical  isolator 
K fv  =  lateral  stiffness  of  each  vertical  isolator 

^ah  =  axial  stiffness  of  each  horizontal  isolator 

K?h  =  lateral  stiffness  of  each  horizontal  isolator 

The  isolator  stiffnesses  are  the  same  as  for  Example  A-2,  however,  the 
values  1,  2  3j  must  be  modified  to  include  the  eccentricities. 
Hence,  the  £33]  and  £E]  matrices  are  not  similar  to  the  corresponding 
LB]  and  [£]  matrices  of  Example  A-2,  although  the  £C]  matrix  1b  similar. 
The  evaluation  of  the  LcQ  >  DO  and  QE]  matrices  for  thiB  configuration 
is  shown  on  the  following  pages. 


I 


Figure  3-5-6 

Linear  System  With  Eccentricities 
and  Isolators  Inclined  to  Principal  Axes 
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The  six  equations  of  motion  in  matrix  form  are: 


X 

'■  0 

X 

y 

+ 

0  MW«SP 

y 

«• 

z 

0  0  Mwg 

z 

0  4e3(lVK2/+K3;) 

'J‘”2(Ki**Ka«*K3p 

Ot. 

moo 

-  — 

X 

0 

* 

0  m  0 

•« 

y0 

SVVV  ^  WV 

0 

'i 

00m 

s 

__  0_ 

and 


-  2 

2 

2-1 

m*xx 

"m'xy 

2 

.2 

.2 

-m3 

-mj 

y* 

yy 

y* 

-m>2 

-m”2 

ms? 

2X 

zy 

22 

O 

'‘e3<KlatK2rK3J> 


-4e2(Kla+Kg/<K3i,) 


-Ue3(KU+Kea+K3/) 

0 


4e1(Ki!+K2a4K3jr) 


l*e2(Ki^Ke^K3a) 

-4ei(Kif+K2/+IC3a) 

o 


X 

y 

z 


f(BSKg^bSKlf+biK3a) 

H'wM  2 

V»W  %+L  Kl/;iK3a' 

.l)e1e2(K1j+K2|+K3(l) 

+lte3(Kla4K?rK3/)} 

■1>eXe3^KlJ4K2a''K3f)  'Ue2e3^Kla+K2rK3f ' 


Of 

*Se3(WV 

£ 

+b^la+bXK3l) 

t 

+l*el(KlX+K2a+K33  h^egl'K-^+Kgj+Kjj) 

Dividing  throughout  by  m,  making  the  following  substitutions 

«vs  “  Xr’vv 

■  i<%, 
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and  converting  to  the  Laplace  form,  the  above  equations  may  be  rewritten 
in  matrix  form  as  follows: 


Or,  as  before,  [A]  -^7  j  »  -  ^7°} 

Then,  {*}  =■  ’[A]'1  {Zo} 

3 . 5 • 5 • 2 . 3  Example  B-3 :  Isolators  parallel  to  all  three  principal 

axes. 

lhe  isolation  system  is  as  shown  in  Figure  3*5*7, 

page  3-73 

Let  K^a  •=  axial  stiffness  of  each  isolator  pt.*allel  to  the  x  axis 

Kjl  ■  lateral  stiffness  of  each  isolator  parallel  to  the 
x  axis 

10ja  =  axial  stiffness  of  each  isolator  parallel  to  the  y  axis 

Kg  *  lateral  stiffness  of  each  isolator  parallel  to  the 
y  axis 

KgR  =  axial  stiffness  of  each  isolator  parallel  to  the  z  axis 

K3  =  lateral  stiffness  of  each  isolator  parallel  to  the 
z  axis 
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Since  none  of  the  isolators  are  inclined  with  reference  to  the  x,  y,  and 
i  coordinates,  there  are  no  shear  components  for  the  stiffness  matrix. 


The  values  of  the  [cj  ,  [b]  and  [e]  matrices  obtained  by  the  standard 
formulas,  are  derived  on  the  following  pages; 


i 


Figure  3-5.7 

Linear  System  With  Eccentricities  and  Isolators 
Parallel  to  all  Ibree  Principal  Axes 
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The  six  equations  of  motion  in  matrix  form  are: 


, ''{KJv+Kj,hsin2B:K^hco»20)  o  o  1  x 

o  l*(Kfv+Kah8in2a<K?hco»2e)  o  y 

L  °  0  ^K;h+Kah)  * 


O  4e3O':;v4fyhBln2&4Kshcn820)  Jte2(K,v+Kfhsln8M^heoA]i 

« 

moo 

x 

-4»3(Kyv+XShSin2&4K3hco«2e)  o  +4a1(Ki„+K|hflin8»H^lhco*8e) 

A 

n  . 

o  m  o 

yQ 

4e2(KRV+K/h)  'WOWW  o 

V 

L  j 

oo  a 

i 

cj 

and 


r.  2 

X 
2 


*»a  -’iy 


■wj^x  »5^y  -ojy 


"2  2  2 
4b  K*v+4B 

+4«|(K>h«ln2efKjhco,20) 

-4«|(K.V+K;h) 

-4e1»2(K|lv+Kyh) 


-4-ie3(K|v+K#h«ln2e+ 

Kfht:o.29) 


IT.” 

Of 

o  -4.3(Kyv+K^1Bln2»bK<fhco«2e)  4»2(K,V+K?h) 

X 

* 

+ 

',e3(Wlna#tKrtC0,2#)  o  -‘‘•lOW’W 

y 

y 

-^(K^+K^hBtnVK^coB^)  4o1(K/y+K;h.ln204Ktihco.2e)  0 

» 

■  M 

-4ei«2(iqv+K^h) 

4/2(,f«v+K/h)+l‘n<Wt/h) 

+Ueo(KjkS!n  '►fKmhco*20) 

+'“jic* 

-4«2»3(K/v+ICifh>ln2»fKmhco»2e) 


-4»1«3(K3v+iqh»in2etK|hco«28) 

-4e2e3(KJfv+ICyhilii28tKihco»2e) 

2  2  2  2 
4U  +ei)(*«h«ln  9+Kyhc<>B0tK/v) 

+4(b24  )  (K|h»in29HC«h00»2@) 

+4(B  +e2)K^v 

+8o  (Kyh-K^H-— 2~ ) 


Dividing  through  by  m,  making  the  following  substitutions, 

Ux2  8  i  (K-fv+KihBin2OfKahcoB2e) 

^y2  “  m  (Kjfv+Kah8in2^K|hCO820) 

2  =  -  (K..+K  ) 
z  m  Jh  av' 
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and  converting  to  the  Laplace  form,  the  six  equations  can  be  rewritten 
in  matrix  form,  as  follows: 


,2  ,2 

■'a^x  el“>y 


2  2  2  2 

0  B  +«>t  0 

2  24222  22  2*  22  2 

-e3u)y  e2<J,  -(B^Kgi+b^i+bjK^)  -(5^  +e1e2u>E)  -(?«•  +ele3uV 

+e2a**+e3l*Jy+Jxx3 

2  22  24222  22  2 

o  -O^J  -(5^8  +e1egtOt)  ^{/  %+t  -(JyjB  +ege3«Jx) 

V>y  0  -(JL-S-3-#  -(^,2+V3^x) 


That  is,  MM  -  -  W 

Therefore,  ra  -  -  kt1  du 

3 • 5- 5 -3  Numerical  Solution  tc  Example 


solution. 


Example  13-1  has  been  selected  to  illue+~ate  the  numerical 


Step  No.  1:  Given: 


60,000  lbs  m  -  1865  slugs 


L  =  12  Ft. 
B  6  Ft. 
H  -  12  Ft. 

b  =  4  Ft. 
b1  =  5  Ft. 

/  =  8  Ft. 
I1  =  10  Ft. 


Platform  Thickness  = 

1.5  Ft. 

ex  ■*  -0.5  Ft. 

Cn  m  ”1.0  Ft. 

e3  =  1*5  Ft. 
o2  *  67  Ft. 

3§y=  21.5  Ft. 

=  75  Ft.2 
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Note:  Reference  axes  are  the  principal  axes  located  at  the 
C.G.  of  the  suspended  mass. 

Step  No.  2:  Using-  the  eq.ua  -ns  derived  in  Example  B-l,  sub¬ 
stituting  the  numerical  values  given  above  and  converting  to  the 
Laplace,  Matrix  Form,  the  equations  of  motion  are: 


0 

0 

0 

0 

0 

2 

-e3^ 

0 

0 

2  2 
(•  *«0k) 

2 

e2“>z 

0 

,2 

-e3^y 

31/ 

+ef  eU2) 

3  y 

2 

e3wx 

0 

*> 

.2 

-ele2tJz 

2 

“e2^X 

,2 

0 

2 

-e^y 

,2 

c3rtx 

X 

2- 
B  X0 

0 

ela>y 

y 

2— 
b  y0 

p 

*elw,z 

0 

z 

O— 

6  *0 

,2 

•ele2uJZ 

.  .2 
'eie3  y 

a 

~  * 

0 

(21.5b^S8.25“j2 

2  ,2\ 
4e3<Jx) 

.2 

-e2e3<Jx 

0 

,2 

•e2e3^x 

2  2 
(75b  +25uJx 

+88.25^) 

'r 

0 

Step  Mo.  3:  Neglecting  the  eccentricity  terms,  as  a  first 
approximation. 


x 


y 


z 


approximate  rattlespace  in  the 
x  -  direction 


approximate  rattlespace  in  the 
y  -  direction 


approximate  rattlespace  in  the 
z  -  dii-ection 


g 

Assuming  in  this  problem,  that  the  response  spectrum  shows  = 
60  sec"2,  uJy?  =  bo  see"2,  tJ^2  -  25  sec"2,  for  the  approximate 
rattlespace  requirements  of  the  system. 


Step  Nos.  4  &  5:  Cor. tidering  all,  the  eccentricity  terms,  and  sub¬ 
stituting  numerical  values  of  t<Jx2,  cJ  and  t*^,2  from  Step  3>  the 
frequency  determinant  is  as  follows 
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D(s2) 


ro  . 

s“+bO 

0 

0 

0 

90 

60 

O' 

b2+40 

0 

-ou 

0 

-20 

0 

0 

s2+25 

-25 

12.5 

0 

0 

-60 

-25 

(o7b2-:-665) 

-12.5 

30 

90 

0 

12.5 

-12.5  (21. 

5s2+234l.25) 

90 

60 

-20 

0 

30 

90 

(75b2+4910) 

Evaluating  on  an  electronic  digital  computer  as  explained  in  Appendix  3.E. 
D(s2)  -  lo8,03T5B12+33^%^T.5B10+3,921,5^8fl^.OB8 

+222 , 739, 502, 100sb+6, 3  52 , l4l, 605,  000b4 

+82, 968, S4o, 900, ooob2+351, 384, 000,000, 000  «  0 

&tej_No.  Rewrite  the  polynomial  of  Step  5  so  that  the  leading 
coefficient  iB  unity. 

Then:  s12  +  309.28712a10  +  36298. 0278b8  +  206l686.93s6 

+  58,795,711s1*  +  767,963,354b2  +  3252426240  -  0 


«  309.28712 
-  36298.0278 
&q  -  2061686.93 
%  -  58795711 
a5  -  767963354 
ag  *  3252426240 

All  a's  are  positive  i.e.  condition  (i)  of  the  Routh-Hurvita  (Appendix 
3  .  E)  stability  criterion  is  satisfied. 

r  2  2  „  2  21 

a5  [_aia2a3a4"ala4"a3a4+2ala4a5+'a2a3a5”ala2a5fa5j 
=  (10)29  (8.257319)  L.H.S. 

r  2  2  2  3  _  3l 

*6  |_aia2a3-2ala2a5-ala3a4+ala6+3ai*3a5-a3j 

=  (10)27  (7.983165) 


L.H«S.  >  R.H.S. 
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This  satisfies  the  second  Koutb-Hurwit*  stability  criterion.  Hence, 
the  system  is  stable. 

p 

Step  No.  7:  D(s  )  «=  0  can  be  vt .. .ten  as  follows: 

s12  +  309.28T12s10  +  36298.0278s®  +  206l686.93s® 

+  58795711s11  +  76796335^P2  +  3252426240  «  0 

"lie  solution  of  the  above  polynomial  yields 


2 

'N 

ZU 

2 


c  ,  ~e 

-aJ-^  -  -  52.96  sec 

-u)  2  «  -  40.56  sec”2 


“4 


"6 


.  tJ. 


-Oil. 


m  - 
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Step  No.  8:  Using  an  electronic  digital  computer,  and  the  method 
suggested  in  Appendix  the  frequency  matrix  of  Step  4,  Is  inverted 

as  is  shown  on  page  3-B2. 

Step  No.  9:  Again,  using  an  electronic  digital  computer  and  the 
formulae  derived  in  Appendix  3.0,  the  inverted  frequency  matrix  is 
converted  to  the  partial  fraction  form  as  shown  on  page  3-84. 

Step  No.  10:  The  equation  form  as  obtained  in  Step  9  i*  now  referred 
to  the  response  spectrum  for  the  six  frequencies  in  question,  and  x,  y, 
*»«,/»,  'r,  due  to  the  total  effect  evaluated. 


3.5.6  Effect  of  Small  Eccentricities  on  the  Natural  Frequencies 
of  an  Isolated  System 

A  six-degree-of- freedom  isolated  mass  has  six  modes  of 
vibration,  each  mode  having  its  own  natural  frequency.  If  the  center 
of  symmetry  of  the  isolators  is  coincident  with  the  center  of  gravity 
of  the  isolated  mass,  the  six  modes  of  vibration  are  the  six  reference 
coordinates  of  the  system,  namely,  the  three  orthogonal  translational 
modes,  and  the  three  orthogonal  rotational  modes.  The  frequencies 
corresponding  to  these  natural  modes  can  be  obtained  very  easily  by 
standard  one -degree -of -freedom  methods.  However,  if  the  center  of 
symmetry  of  the  isolators  is  eccentric  with  respect  to  the  center  of 
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gravity  of  the  isolated  mass,  the  modes  are  no  longer  pure  translations 
and  pure  rotations,  but  are  a  combination  of  any  or  all  of  the  six 
coordinates  of  the  system.  For  small  eccentricities,  each  of  these  modes 
will  have  one  predominant  coordinate  ■  A  the  frequency  of  vibration  of 
each  mode  will  be  approximately  of  the  same  magnitude  as  the  natural  fre¬ 
quency  of  the  system, in  the  direction  of  the  predominant  coordinate,  when 
the  eccentricities  are  neglected.  This  has  been  illustrated  by  considering 
the  numerical  solution  of  Example  B-l  (30«3«3)* 

The  equations  of  motion,  for  zero  eccentricity  are 
2  2  2 
x+'AjX  =  -  X0  j  y+u)yy  =  -  yo  ;  Z+U4Z  =  -  z0  5 

«*♦*»!>}  «■“ i 

*»>  ?L  ^  t  -  -  v0 


taking  uJx 

u22  ■‘V 


60  sec2; 


-  6 0  sec" 


=  25  sec 


U)  2  =  40  sec-2;  ^  2  =  29  sec-2 
y  z 

^l^2  =  tod  =  8.21  sec"2 

=  «0  |  =  102.31  sec"2 
U^2  =  =  64.53  sec-2 


The  following  table  shows  the  effect  of  various  eccentricities  on  the 
six  natural  frequencies.  The  frequencies  where  derived  by  equating  the 
frequency  matrix  of  the  six  coupled  equations  to  zero,  and  solving  for 
its  roots,  as  mentioned  in  Step  7,  paragraph  3 • 5  -  5 • 3 • 


SWC-TDR-62-64 


October  1962 


1  *  I*  \* 

4?4?4?' 


44  4° 0  °  4  4  4° 


i  1  8  I  1  I 

o’  9  9  d  0  0 

n  n  !  i 

090  000 

I  f  I  il  S  I 

9  9  9  900 

inns 

•  9  9-  9  0  9 

I  !  !  i  I  I 

0  9  9'  9  9  9 

6  18  i  8  i 

9  o’  d  9*  o’  o* 


I  8  i  I  §  8 

o'  o  d  o*  o'  o 

I  8  I  I  I  I 

09  900  0" 

IMIS! 

00  d  o  d  o 

8  !  |  §  8  I 

o  d  099  d 

inn  § 

do  009'  o 

SiMil 

9’  d  do  o  o 


8  8  8  8  8 

*  9  9  °  9 

i  1  I  8  I 

9  o  o  o  d 

M  n  i 

9  9  9  9  c* 

8  «  i  §  5 

9  9  9  9  • 

8*8*1 

99  9  9  ° 

16  8  8  6 

,9  9  9'  9  9 


«  I  5  8  S  § 

Q  O  O  O  O 

n  1  m 

9'  9  d  9'  d  o 

8  %  !  8  8  8 

odd  09'  9' 

I  S  ft  II  8 

900  odd 

^  *9  fit  « 

<1  f  ir 

8  p  ?.  5  8  8 

d  •«  o  c  9*  o’ 

H  M  i  i 

d  09  o  9*  9 


'  It  JR  it 

4 


fc 

£00 


'8  6  8  8  8  8 

9*  o  9’  9*  o'  o 

§  i  I  8  8  § 

90  900  o 

8  f  !  5  8 .  8 

99  9  9  °  9 


4  4  "'I0  ° 

1  ♦  »  ■ _ 

t  iiii 

d  o'  odd 

§6181 

o  9  o'  9*  d 

1  18  18 

o  o  009 


mm  8  8  f  i  i 

090999  o  dodo 

8  I  M  i  6  16  6  18 

9  o'  990  o  90  d  o*  9' 

8  I  I  8  8  8  1  1  §  I  I 

o  y  o  if  9  j  6  «'  o'  o'  o 


*  <h  l«  IV  lb  It- 


5 


0.0033  0.000]  O.OTO]  0  0000  O.JOX  O.OOOll  oil  0  (W  -O.OITJ  -0.00*  0.000?  -fl  av  0.0117 


SWC-TDR-62-64 


October  1962 


3.6  Nonlinear  Systems 

3.6.1  General 

It  has  been  said  t'  •  .11  nature  behaves  in  a  nonlinear 

manner.  Certainly  if  cue  shock  isolation  system  designer  were  to 
closely  inspect  the  characteristics  of  the  elements  he  employs,  he 
would  find  nonlinearities  inherent  in  all  of  them.  The  resistance  to 
Coulomb  friction  and  to  the  turbulent  flow  of  fluids,  the  stiffness 
of  elastomers,  and  the  discontinuities  of  backlash,  saturation,  and 
preload  are  just  a  few  of  the  many  nonlinearities  with  which  the 
designer  is  familiar.  Many  nonlinearities  however,  are  not  so  well 
appreciated.  For  example,  even  in  the  common  wire  spring,  the  stiffness 
is  dependent  on  displacement  and  on  the  rate  of  loading.  It  is  somewhat 
surprising  then  that  a  very  accurate  indication  of  the  dynamic  response 
of  many  physical  systems  can  be  obtained  by  representing  their  forces 
and  accelerations  by  linear  differential  equations.  The  obvious  con¬ 
clusion  is  therefore  drawn  that  in  many  cases  the  effect  of  the  non- 
linearities  is  slight. 

The  behavior  of  nonlinear  systems  however  cannot  be  regarded 
categorically  as  being  "just  a  little  different"  from  that  of  linear 
ones.  While  the  response  of  some  nonlinear  systems  is  simply  a  distortion 
of  the  response  of  its  related  linear  counterpart,  other  phenomena  may 
occur  which  are  strictly  due  to  the  nonlinearity  and  for  which  no 
parallel  in  linear  systems  exists.  Further,  these  fundamentally  different 
and  often  unexpected  responses  in  nonlinear  systems  may  result  in  peak 
accelerations  and  displacements  far  exceeding  those  predicted  by  a 
"linearized"  solution.  Whether  or  not  the  designer  purposely  selects  a 
nonlinear  system  to  take  advantage  of  some  desirable  characteristic,  the 
many  nonlinearities  inherent  in  practical  isolation  systems  make  it 
essential  that  he  be  aware  of  the  basic  characteristics  of  these  systems 
and  of  the  extent  to  which  linear  approximations  can  be  expected  to  yield 
dependable  results. 


In  this  subsection  the  fundamental  differences  between  linear  and 
nonlinear  systems  are  discussed,  phenomena  associated  with  the  behavior  of 
nonlinear  systems  reviewed,  and  methods  for  solving  certain  nonlinear 
equations  described.  Particular  emphasis  is  gi ,er.  to  those  systems  whose 
restoring  force  can  be  approximated  by  a  bilinear  stiffness  and  to  the 
effects  of  nonlinear  coupling  in  the  popular  pendulum  support  system. 


3*  6. 2  Unique  Characteristics  of  Nonlinear  Systems 
3. 6. 2.1  Linear  versus  Nonlinear  Systems 


In  physical  terms,  nonlinear  systems  are  systems  whos? 
behavior  is  governed  by  nonlinear  ordinary  differential  equations, 
usually  of  the  form 


xi 


*2  **•  XrJ  *i»  *2 


Xjjj  ap  .*•  t)  (43) 


** 
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where 


t  is  the  independent  time  variable 
xi  are  the  dependent  displacement  variables 

are  the  corresponding  velocities 
aj[  are  the  system  parameters. 


The  functions  F,  are  sums  of  individual  terms  each  of  which,  in  a  very 
general  sense,  is  a  force  per  unit  mass.  The  physical  meaning  of  non¬ 
linearity  is  that  a  plot  of  such  an  individual  force  term  at  any 
instant,  plotted  as  a  function  of  displacement  (or  velocity)  on  which  it 
depc"*s,  does  not  result  in  a  straight  line. 


The  coefficients  of  the  dependent  variable  (usually  the  displacement 
coordinate  of  the  system)  of  the  nonlinear  equations  of  motion  of 
dynamic  systems  contain  the  characteristic  parameters  of  the  configuration, 
such  as  masses,  isolator  stiffness,  and  dissipation  factors,  and  in 
general  depend  explicitly  on  the  time  variable  and/or  on  the  dependent 
variable  of  the  system.  If  the  variable  occurs  explicitly  in  the 
coefficients  of  the  differential  equations,  the  system  is  said  to  be 
"rheonomic",  whereas  if  it  does  not  appear  explicitly,  the  system  is  said 
to  be  "skleronomic".  Furthermore,  systems  represented  by  equations 
containing  only  coordinates  or  coordinates  and  time  are  called  "holonomic" 
systems.  However,  if  these  equations  also  contain  the  rate  of  change  of 
coordinates,  they  are  said  to  represent  "nonholonomic"  systems. 


Linear  systems  consider  constant  masses,  such  as  spring  forces 
proportional  to  deflections,  damping  forces  proportional  to  velocities 
and  the  geometry  of  constraints,  such  that  their  behavior  can  be 
described  by  ordinary  linear  differential  equations  with  constant  coef¬ 
ficients.  The  deviation  of  nonlinear  systems  from  this  general  pattern 
of  linear  systems  has  its  source  in  either  or  both  of  two  conditions. 

First,  the  restoring  forces  may  be  nonlinear,  as  when  they  are  not  directly 
proportional  to  the  displacement.  Or  second,  the  kinetic  forces  of 
constraint  may  be  nonlinear,  as  in  the  case  of  a  pendulum  configuration 
undergoing  large  displacements.  The  former  is  dependent  on  the  physical 
properties  of  the  isolators,  the  latter  on  the  geometry  of  the  system. 

These  nonlinearities  are  reflected  in  the  governing  differential 
equations  of  motion,  in  three  forms  as  follows: 


.  The  differential  equations  are  linear  in  the  dependent 
variable,  but  the  coefficients  are  functions  of  time 
(rheolinear  equations). 


.  The  differential  equations  are  not  linear,  in  that  the 
displacement  (dependent  variable)  and/or  its  derivatives 
appear  at  powers  higher  than  the  first,  but  their  coef¬ 
ficients  remain  independent  of  time  (nonlinear  equations). 


.  The  differential  equations  are  not  linear  in  the  sense  of 
the  statement  above,  and  further,  the  coefficients  are 
functions  of  time  (rheo-nonlinear). 
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Nonlinear  systems  may  have  any  number  of  degrees -of -freedom,  Mich 
may  be  coupled  kinematically,  dynamically,  or  by  a  combination  of  the 
tv/o.  However,  unlike  the  linear  systems,  the  coupling  cannot  be 
transferred  from  one  to  the  other  type  by  a  change  o:f  the  system 
coordinates  or  reference  system. 

3 . 6 . 2 . 2  General  Character  of  Nonlinear  Systems 

Nonlinear  systems  have  patterns  of  behavior  which  differ 
basically  from  those  of  linear  systems.  It  is  important  that  these 
unique  characteristics  of  nonlinear  systems  be  brought  to  the  attention 
of  the  designer  as  a  check  against  his  intuitive  reasoning,  based  on 
concepts  formed  by  experience  with  linear  systems.  The  characteristics 
defining  the  behavior  of  nonlinear  systems  fall  into  two  classifications: 
first  there  are  phenomena  which  have  counterparts  in  the  related  linear 
systems  but  which  are  distorted  in  some  manner  because  of  the  non¬ 
linearity,  and  second,  there  are  phenomena  that  are  strictly  due  to  the 
nonlinearity  and  for  which  no  parallel  exists  in  linear  systems.  It  may 
be  mentioned  that  the  "related  linear  system"  is  usually  the  one  whose 
differential  equations  of  motion  are  obtained  by  ignoring  the  nonlinear 
terms  from  the  equations  under  study. 

The  more  important  general  characteristics  of  nonlinear  systems 
are  described,  as  follows: 

Invalidity  of  the  Principle  of  Superposition 

The  principle  of  superposition  does  not  apply  to  nonlinear 
systems.  Unlike  linear  systems,  the  knowledge  of  two  particular 
solutions  of,  say,  a  second  order  nonlinear  differential  equation  of  a 
nonlinear  system  does  not  lead  to  a  general  solution  in  the  form  of  a 
sum  of  the  two  known  particular  solutions.  Hence,  very  few  nonlinear 
differential  equations  are  known  for  which  a  general  solution  has  been 
found.  As  a  rule,  only  a  particular  solution  can  be  found,  and  even 
then  only  in  an  approximate  manner.  This  fact  is  of  particular 
significance  in  investigating  the  transient  behavior  of  a  nonlinear 
system  excited  by  pulses. 

Quas J.periodic  Response 

Unlike  that  of  a  linear  system,  the  response  of  nonlinear 
systems  to  harmonic  inputs  is  neither  harmonic  nor  at  the  same  frequency 
as  the  input.  The  difference  between  the  frequency  of  the  true  non¬ 
linear  oscillation  and  that  of  the  exciting  forces  is  called  "detuning". 
The  oscillations  of  a  nonlinear  system  are  not  harmonic  but  always 
contain  harmonics  of  various  orders.  Hence  the  response  of  nonlinear 
systems  in  the  time  domain  appears  distorted  (creep  phenomenon)  and  i' 
characterized  by  an  almost  periodic  behavior  and  also  by  quasiharmonic 
oscillations  having  a  shape  close  to  a  harmonic  wave  form. 
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Entrainment 


If  a  periodic  force  of  frequency  is  applied  to  an 
oscillating  system  of  frequency  <A>  .  t1-"  results  the  well  known 
phenomenon  of  "beats";  i.e.,  an  oscillatiii*  motion  of  periodically 
modulated  amplitudes.  As  the  difference  between  the  two  frequencies 
decreases  the  beat  frequency  also  decreases.  In  linear  systems  the 
beat  frequency  decreases  indefinitely  as  |  cO  -  t00 1-*-  0.  However,  for 
nonlinear  systems,  it  has  been  found  by  experiment  that  the  oscillatory 
frequency  o)0  falls  in  synchronism  or  is  "entrained"  by  the  externally 
applied  frequency  cO  ,  within  a  certain  band  of  frequencies.  This 
phenomenon  is  called  entrainment  of  frequency  and  the  band  of  frequencies 
in  which  entrainment  occurs  is  called  the  zone  of  entrainment.  If  and 
when  detuning  is  sufficiently  small,  the  beats  disappear  and  the  motion 
becomes  periodic  with  the  same  frequency  as  that  of  the  exciting  forces. 

Autonomous  and  Nonautoncmeus  Systems 


Free  vibrations  of  nonlinear  systems  axe  termed  as  "autonomous" 
whereas  forced  vibrations  are  termed  "nonautonomous".  Because  the 
principle  of  superposition  does  not  apply  for  nonlinear  systems,  free 
and  forced  vibrations  cannot  be  treated  separately.  The  two  are  inter¬ 
related.  The  character  of  a  forced  nonlinear  oscillation  can  change 
completely  if  free  oscillations  are  superimposed  on  it. 

Amplitude -Frequency  Relationship 

In  all  nonlinear  oscillations  there  exists  a  fixed  relationship 
between  the  amplitude  of  the  response  and  the  frequency  of  the  system. 

In  other  words,  the  frequency  of  a  nonlinear  system  is  a  function,  not 
only  of  the  physical  properties  of  the  system  but  also  of  the  input  to 
the  system. 

Tlltlng-Discontlnulty-Creep 

The  response  of  a  nonlinear  system  is,  at  best,  described  in 
terms  of  four  parameters,  i.e.,  amplitude  of  the  input;  amplitude  of 
the  response;  ratio  of  input  period  to  the  natural  pericc:  and  the  damping 
ratio.  An  inspection  of  various  plots  of  the  above  parameters  reveals 
a  distortion  of  the  response  curve  in  the  frequency  domain  (also  called 
the  transmissibility  curve)  called  "tilting  effect"  as  wexl  as  a  distortion 
of  the  response  wave  form  in  the  time  domain  (shape  of  the  oscillations) 
called  the  "creep  effect",  together  with  the  appearance  of  various  regions 
of  instability  in  both  domains  due  to  the  "jump  resonance"  phenomenon. 
(Figure  3. 6.1,  page  3*89). 

Auto-Osciliations 

In  externally  excited  oscillations,  a  periodic  excitation  in 
the  form  of  a  force  or  displacement  is  avails, ble  ind  .pendent  of  the 
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motion  of  the  system.  The  excitation  delivers  energy  necessary  for 
the  motion.  The  frequency  of  resulting  motion  is  determined. by  the 
frequency  of  excitation.  In  many  nor. ’ inear  systems  the  two  frequencies 
may  coincide. 


Figure  3*6.1  Tilting  Effect  of  Response  Spectrum  for  Nonlinear 

System 

However,  in  the  case  of  internally  excited  oscillations  (auto-oscillations) 
there  is  a  constant  source  of  internal  energy  available.  Once  in  motion, 
the  driving  force  is  released  by  the  motion  of  the  system  itself.  The 
resulting  motion  of  a  nonlinear  system  has  approximately  the  frequency 
corresponding  to  the  natural  frequency  of  the  system,  if  the  internal 
source  of  energy  is  not  very  large  compared  with  the  spring  and  inertia 
forces.  Essentially  the  character  of  a  self -excited  motion  is  that  of 
a  forced  motion  with  negative  damping.  The  damping  force  becomes  a 
driving  force  instead  of  a  restoring  force  and  performs  positive  work  on 
the  system. 

Subharmonic  Resonance 

In  linear  systems,  large  amplitudes  may  be  excited  by  impure 
disturbances  at  a  frequency  which  is  a  multiple  of  the  fundamental 
frequency  of  the  input.  large  amplitude  oscillations  never  occur  at  sub¬ 
multiples  of  the  fundamental  frequency  of  the  input.  Nonlinear  systems, 
however,  may  be  excited  at  submultiples  of  the  fundamental  frequency. 

This  phenomenon  is  called  "subharmonic  resonance"  Gi  "frequency  demulti- 
piication"  and  implies  that  a  harmonic  input  of  frequency  f  excites  an 
oscillation  with  frequency  f/n  where  n  is  an  integer.  It  occurs  in 
nonlinear  systems  (regardless  of  whether  the  nonlinearity  appears  in  the 
isolator  or  in  the  damper)  because: 

.  it  is  not  possible  to  separate  the  free  vibrations  from 
the  forced  oscillations. 

.  there  exists  a  fixed  relationship  between  amplitude  and 
frequency  of  motion. 
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the  response  is  not  harmonic  but  always  contains 
various  harmonics  of  higher  order.  Subharmonic 
resonance  occurs  not  only  in  self-excited  nonlinear 
vibrations  but  also  foxcea  ,  .linear  vibrations 
with  little  or  no  damping,  in  which  case,  the  non- 
linearities  are  usually  caused  by  the  isolators. 

Jump  Resonance 

A  nonlinear  system  behaves  differently  for  different  inputs. 

This  dependence  of  the  system  behavior  on  the  actual  input  is  evidenced 
by  the  phenomenon  of  "jump  resonance".  If  the  ratio  of  output  to  input 
is  plotted  as  a  function  of  the  frequency  and  the  input  held  constant, 
there  will  result  a  distorted  curve.  As  the  frequency  is  increased 
from  zero,  the  response  will  follow  the  curve  up  to  a  certain  frequency, 
when  an  incremental  increase  in  frequency  will  result  in  a  discontinuous 
jump  in  the  response.  Thereafter,  further  increase  in  the  frequency 
leads  to  values  of  the  response  along  the  curve.  The  same  phenomenon 
occurs  when  the  frequency  is  decreased.  However,  the  jump  magnitude  is 
different  and  occurs  at  different  critical  frequencies  than  in  the 
previous  case.  The  over-all  curve  exhibits  a  jump  resonance  which 
depends  not  only  on  the  instantaneous  value  of  the  input  but  also  on  the 
past  history  of  the  system. 

Stability  and  Pseudostability 

Linear  systems  are  either  stable  or  unstable  without  qualifi¬ 
cation.  But  the  behavior  of  nonlinear  systems  does  not  show  a  clear 
demarcation  between  stable  and  unstable  conditions.  In  nonlinear 
systems  when  a  periodic  solution  is  unstable,  the  amplitude  of  motion 
may  grow  indefinitely  or  until  some  bound  has  been  reached.  In  certain 
cases  the  amplitude  may  not  grow,  but  the  motion  may  become  erratic.  As 
a  consequence,  when  dealing  with  nonlinear  systems  the  meaning  of 
stability  must  be  clearly  defined. 

In  certain  nonlinear  systems  the  amplitude  of  the  output  may 
increase  until  it  reaches  a  condition  of  steady  oscillation  at  constant 
amplitude  and  period,  although  the  wave  may  not  be  harmonic.  This 
intermediate  unstable  condition  (pseudostable)  is  defined  by  the  so-called 
"limit  cycles"  for  nonlinear  systems.  Unlike  in  linear  theory,  the 
occurrence  of  limit  cycles  depends  only  on  the  parameters  of  the  system 
and  not  on  the  initial  conditions.  The  stability  of  nonlinear  systems 
depends  on  the  input  level  and  initial  conditions  of  the  system.  Whereas, 
for  linear  elements,  the  amplification  factor  is  independent  cf  the  input 
amplitude  and  initial  condition',  for  nonlinear  elements  the  amplification 
factor  is  a  function  of  the  input  amplitude  as  well  as  of  the  initial 
conditions. 

Evaluation  of  Nonlinear itles 

The  performance  of  nonlinear  elements  of  a  mechanical  system 
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aay  be  evaluate!  oy  the  rate  of  change  of  the  nonlinear  characteristics. 
All  nonlinear  it ies  may  be  classified  as: 

.  Fast  (nonremovable)  nonlinea  a  for  which  the  mode  of  operation 

of  the  system  changes  rapidly  compared  with  the  response  time 
of  ti  .  system.  Mathematically,  such  nonlinearities  can  be 
expressed  in  the  general  form 

=  fi^xl'  x2'  •*•  xn;  al*  a2>  **•  an; 

where  fi  are  nonlinear  functions  of  x±.  The  nonlinearities  being 
strong,  the  behavior  changes  rapidly  with  time. 

.  Slow  (removable)  nonlinearities  for  which  the  behavior  of  the 
system  remains  linear  over  a  time  interval  which  is  long  compared 
with  the  response  time  of  the  system.  Mathematically,  such 
nonlinear  it  ies  can  be  expressed  in  the  general  form 

*i  =  fi(xi>  x2>  •••  xn;  t'  *  "igi^xl'  *2*  **•  xn' 

where  ft  are  linear  functions  of  x^  whereas  gt  are  not.  The 
quantities  X  ^  are  constants,  usually  small  in  absolute  magnitude, 
so  that  higher  powers  of  X  i  may  be  ignored  when  compared  with 
X  A.  Such  nonlinearities,  being  Braall,  permit  the  system  to 
be  assumed  linear  over  a  longer  period  of  time.  Such  Bystems  are 
called  "quasilinear".  Phenomena  existing  in  linear  systems  are 
only  slightly  changed  for  the  equivalent  quasilinear  systems.  A 
majority  of  physical  systems  can  be  described  by  quasilinear 
behavior.  The  describing  function  method  of  analyzing  the 
behavior  of  nonlinear  systems  is  an  attempt  to  approximate  fast 
nonlinearitie6  by  slow  nonlinearities  within  tolerable  limits. 

In  view  of  the  foregoing  discussion,  the  mathematical  expression  for 
these  two  classes  of  nonlinearities  is: 

2 

(sgn  x)  2  6u5q  f(x>  x)  x  + 

representing  the  generalized  Van  der  Pol  type  of  non-linearities  (for 
example  the  pneumatic  isolator)  and 

2  8  cO  Q  p  x  (*)  x  +  a)  /  p2  (x)  x 

representing  the  generalized  Hill  type  of  nonlinear  elements  (for  example 
the  pendulum  suspension  system).  Here  8  is  the  damping  ratio,  up  is 
the  natural  frequency  of  the  associated  linear  element,  f(x,x)  and  gv*)  ? 
respectively,  are  algebraic  functions  in  x  and  x,  whereas  p-^(x)  and 
js  g(x)  are  periodic  functions  in  x. 

A  further  subdivision  depending ^on  the  expressions  associated 
with  the  algebraic  polynomials  f(x,x)  and  g(x),  and  with  the 
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trigonometric  polynomials  (x)  and  Pg  (x)  is  as  follows: 

For  the  Van  der  Pol  type  of  nonlinear  element,  nonlinear  springs 
with  characteristics  of  the  general  iV 

•  2  1 

2  Su)Q  x  +  oJQ  (x  +  0  x1  ) 

can  be  described.  These  would  include  springs  with  curved  characteristics, 
either  hardening  or  softening  (Figure  3.6.2(a),  page  3_93)»  straight 
line  characteristics  such  as  bilinear,  preload,  and  backlash  (Figure  3.6.2 
c,  d,  e,  and  f).  Nonlinear  dampers  of  the  generalized  form 

(sgn  x)  2  S cOQ  g(x)  +  cJq2  x 

include  dampers  of  the  dry  friction,  viscous,  and  nonviscous  types. 

Similarly  for  the  Hill  type  of  nonlinear  element,  the  Mathieu 
harmonic  ripple  of  the  general  form 


Pp  (x)  «=  A  f  2 'V  cos  2  x  (i+5) 

represents  a  harmonic  oscillation  of  the  restoring  force  of  the  system 
about  a  mean  value  A  (Figure  3.6.3(a),  page  3-910;  the  Meissner 
rectangular  ripple  of  the  general  form 


P2  (x)  «  A  +  V  (^6) 

represents  a  restoring  force  varying  discontinuously  but  periodically 
about  a  mean  value  X  with  an  amplitude  \rf\  (Figure  3.6.3(b)). 

3. 6. 2.3  Single -Degree -of -Freedom  Nonlinear  Systems 

At  present  there  is  no  single,  generally  applicable  method, 
theory,  or  body  of  knowledge  regarding  the  solution  oi  noiilinear  problems. 
The  methods  usea  to  find  the  solution  of  nonlincai  differential  equations 
vary  widely  with  the  problem  under  consideration.  A  large  majority  of 
nonlinear  differential  equations  do  not  admit  of  closed  form  or  exact 
solutions.  Methods  presented  so  far  have  serious  limitations  such  as 
lack  of  accuracy,  lengthy  calculations,  and  limited  areas  of  application. 
Most  of  the  mathematical  work  done  so  far  deals  with  qualitative  results. 
The  basic  methods  for  finding  approximate  solutions  of  nonlinear  differ¬ 
ential  equations  at  present  can  be  broadly  grouped  under  three  major 
classes: 

.  Classical  analytical  methods 

.  Averaging  methods  using  describing  functions 
.  Topological  methods,  essentially  graphical 
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Saturation 


figure  3*6. 2(d) 
Saturation  with  Hysteresis 


Figure  3.6.2(e) 

Locking 

Figure  3.6.2:  Nonlinear  Spring 
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Figure  3.6.3(») 
Mathieu  Harmonic  Hippie 
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Figure  3.6.3(b) 
Meissner  Rectangular  Ripple 
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All  the  above  methods  consider  only  quasilinear  systems  whereby  only 
grpnii  nonlinearities  are  considered.  The  methods  for  quantitative 
results  for  unrestricted  nonlinear  systems  exiBt  only  on  a  mathematical 
basis  and  yielci  results  which  art  se  general  and  deal  with  the 
existence,  uniqueness,  and  stability  of  periodic  solutions.  The 
results  obtained  concern  only  particular  problems  and  do  not  cover 
classes  of  problems.  Their  validity  is  more  or  less  doubtful. 

The  classical  analytical  methods  referred  to  are: 

.  The  "iteration  method"  which  assumes  as  a  first 
approximation  the  solution  of  the  linear  system  by 
discarding  the  nonlinear  terms,  followed  by  a  repeated 
Iteration  in  order  to  obtain  approximations  of  higher 
order.  The  solution  obtained  by  iteration  assumes  the 
convergence  of  its  representative  series.  Although  the 
simplest  for  computational  work,  the  validity  of  the 
iteration  method  is  often  questionable. 

.  The  "perturbation  method"  which  uses  the  basic  idea  of 
constructing  solutions  for  an  unknown  problem  by  means 
of  solutions  of  known  simpler  problems  which  lie  close  to 
the  unknown  case.  The  difficulties  in  this  procedure 
consist  of  the  occurrence  of  singular  solutions  leading 
to  algebraically  inextricable  computations.  The  accuracy 
of  the  perturbation  method  depends  on  the  number  of  terms 
assumed  in  the  series  expansion  of  the  variable  quantity 
considered  in  the  nonlinear  differential  equation. 

.  The  "variation  of  parameters  method"  assumes  solutions 
which  have  the  appearance  of  simple  harmonic  functions, 
but  of  amplitudes  and  frequencies  which  very  slowly  as 
a  function  of  time.  The  secondary  differential  equations 
may  be  Bolved  either  by  approximation  or  by  the  perturbation 
method.  The  accuracy  of  this  method  depends  on  the  number  of 
terms  retained  in  the  series  expansion  of  the  variable 
quantity. 

All  three  analytical  methods  are  applicable  to  autonomous  as  well 
as  nonautonoraous  systems.  For  practical  applications,  all  three  methods 
are  of  limited  usefulness  to  designers  since  the  computations  are 
lengthy  and  the  results  depend  on  the.  assumptions  and  the  degree  of 
accuracy  implied  by  neglecting  certain  terms  in  the  solutions. 

The  averaging  methods  are: 

.  The  Krylov-Bogoliubov  method  which  evaluates  the  nonlinear 
elements  incorporated  in  a  system  by  an  equivalent  lineariz¬ 
ation  process  over  a  certain  period.  This  method  has  been 
linked  to  the  Routh-Hurvitz  criterion  of  stability. 


3-95 


swc-tdr-62-64 


October  1$>62 


.  The  Ritz-GaLlerkin  method  which  approximates,  ii  the 
mean,  the  entire  nonlinear  differential  equation 
representing  a  nonlinear  svster.  This  method  has  led 
to  the  describing  function  me  _od  based  on  the  "irst 
harmonic  component  of  the  averaging  series.  The 
describing  function  approximates  the  problem  by 
assuming  that  the  input  is  sinusoidal  and  that  the 
only  significant  frequency  component  of  the  input  is 
that  component  at  the  input  frequency. 

.  The  LJapunov  method  of  equivalent  approximation  of  a 
nonlinear  configuration  based  on  variational  methods 
leading  to  a  stability  criterion,  whose  accuracy  depends 
on  the  number  of  terms  considered  in  the  averaging  series. 

The  topological  methods  are  based  on  the  geometrical  aspect  of  the 
behavior  of  nonlinear  configurations  leading  to  graphic  constructions. 

The  methods  use  solutions,  or  integral  curves  in  the  phase -space, 
leading  to  construction  of  Individual  curves.  The  three  basic  methods 
in  this  group  are: 

.  The  Isocline 
.  The  Lienard 
.  The  Meissner 

Whereas  the  first  two  are  applicable  to  autonomous  systems  only,  the 
Meissner  method  may  be  applied  to  nonautonomous  systems  as  well.  The 
phase-plane  methods  are  generally  applicable  to  only  second  order  systems, 
but  may  be  employed  to  obtain  approximations  of  the  responses  of  higher 
order  systems. 

The  phase-plane  and  the  describing  function  methods,  being  of  most 
usefulness  in  practical  application,  will  be  discussed  in  greater  detail. 

3.6.2. 3.1  The  Riase -Plane  Method 


Except  for  a  few  special  cases,  use  of  the  phase- 
plane  method  is  restricted  to  the  study  of  transient  siotion  of  simple 
systems  characterized  by  such  nonlinearities  as  backlash  and  saturation. 
Fundamentally,  the  method  consiFts  of  graphically  plotting  the  output 
velocity  x  versus  the  output  displacement  x.  The  initial  conditions  fix 
a  point  in  the  phase  plane.  If  the  x  -  x  trajectory  starting  from  the 
initial  point  eventually  reaches  a  steady-state  condition,  the  system  is 
stable. 

The  applicability  of  the  phase -plane  method  as  a  procedure  leading 
to  the  solution  of  typical  problems  arising  in  Isolation  system  design 
is: 

.  Only  signal-dependent  nonlinearities  can  be  considered; 
that  is,  the  method  is  restricted  to  sklercnoraic  systems. 
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.  The  method  can  be  applied  only  to  second  order  systems. 

Unless  higher  order  systems  can  be  reduced  to  second 
order,  no  methods  of  general  applicability  have  yet 
been  developed  to  desert ■  their  response  by  this 
method. 

,  In  general,  the  method  can  be  applied  only  to 
autonomous  systems.  Response  to  step-  and  ramp-functions 
can  be  obtained  but  the  procedures  for  analyzing  the 
response  of  systems  to  inputs  typical  of  those  experienced 
in  ground  shock  have  not  been  developed. 

.  The  complications  of  constructing  phase-plane  diagrams 
increase  rapidly  with  the  number  of  degrees  of  freedom. 

3.6. 2. 3.2  The  Describing  Function  Method 

The  range  of  applicability  of  this  method  is 
restricted  to  nonlinear  systems  with  a  single  nonlinear  element.  If 
there  are  several  nonlinear  elements,  they  must  be  lumped  together. 

Further,  no  time  variation  of  the  parameters  of  the  nonlinear  element 
is  considered.  The  basic  assumption  in  the  describing  function  method 
is  that  both  the  input  and  the  output  are  sinusoidal,  thus  inferring 
that  the  higher  harmonics  are  insignificant.  For  this  reason,  the 
describing  function  method  is  often  termed  a  sinusoidal  analysis.  The 
describing  function  method  is  appropriate  for  the  determination  of  both 
the  existence  of  sustained  oscillations  and  the  approximate  amplitude 
and  frequency  hut  it  does  not  describe  the  wave  form.  Although  the 
greater  part  of  mathematical  work  in  nonlinear  mechanics  has  been  concerned 
with  the  establishment  of  the  existence  of  limit  cycles  in  practical 
applications,  it  is  desirable,  more  often,  to  determine  the  performance  of 
a  nonlinear  system  which  is  known  to  be  stable. 

The  describing  function,  as  a  ratio  between  the  fundamental  component 
of  the  output  to  the  input  amplitude,  is  in  general  a  function  of  input 
amplitude  and  frequency.  If  this  function  is  single  valued,  the 
describing  function  is  real  and  does  not  depend  on  the  phase.  If  multiple 
valued,  the  describing  function  is  complex  and  therefore  will  depend  on 
the  phase.  Furthermore,  if  the  system  exhibits  a  change  in  the  energy 
storage,  the  describing  function  will  depend  on  the  frequency.  In  special 
cases  where  the  describing  function  is  real  and  independent  of  frequency, 
the  amplitude  of  the  nonlinear  device  varies  only  with  the  amplitude  of 
the  input  and  this  variation  can  be  interpreted  as  a  motion  of  the  poles 
along  the  root  loci.  Consequently  the  describing  function  analysis 
indicates  the  transient  response  only  insofar  as  it  demonstrates  approxi¬ 
mately  the  relative  stability  and  band  width.  The  describing  analysis  J- 
not  readily  applicable  to  the  study  of  the  response  of  nonlinear  system:-, 
to  random  input  functions. 
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The  describing  function  analysis  replaces  the  rapidly  moving 
poles  and  zeros  by  critical  frequencies  which  move  slowly.  The 
equivalence  is  valid  only  at  a  point,  on  the  imaginary  axis,  i.e.,  at 
the  sinusoidal  frequency.  The  poles  an-.  .'os  move  with  the  change  in 
amplitude  of  the  signal  input  of  the  nonlinear  device.  Stability  can 
be  evaluated  as  a  function  of  the  signal  level  by  letting  the  test 
point  on  the  imaginary  axis  (i.e.,  the  test  frequency)  vary  from  zero 
to  infinity.  The  accuracy  of  the  approximation  of  rapidly  moving  poles 
and  zeros  by  slowly  moving  critical  frequencies  is  reduced  by  neglecting 
all  lu.rmonie  components  except  the  fundamental  in  the  output  of  the 
nonlinear  device.  The  validity  of  the  approximation  depends  directly  on 
the  harmonic  distortion  of  the  output  and  the  extent  of  the  low-pass 
filtering  in  the  linear  components  between  the  output  and  input  terminals 
of  the  nonlinear  device. 

The  difficulty  arising  in  the  describing  function  analysis  is  of 
computational  nature  associated  wicn  the  determination  of  the  describing 
function  for  a  wide  range  of  amplitudes  and  frequencies.  Furthermore, 
there  is  no  simple  method  for  evaluating  the  accuracy  of  the  describing 
function  analysis  of  a  nonlinear  system,  and  therefore  no  definite 
assurance  that  the  results  obtained  with  a  describing  function  are 
approximately  correct.  However,  by  incorporating  a  second  term  in  the 
series  of  the  result  of  the  describing  function  analysis  containing 
only  the  first  term,  the  results  of  the  describing  function  analysis  can 
be  partially  corrected  and  an  idea  of  the  accuracy  to  be  expected 
determined.  In  that  case,  the  answer  will  be  given  to  a  second  approxi¬ 
mation  which,  however,  infers  more  elaborate  calculations.  Nevertheless, 
it  cannot  be  inferred  that  in  the  absence  of  an  indication  of  accuracy, 
the  accuracy  of  the  describing  function  is  poor.  The  accuracy  achieved 
in  a  great  number  of  cases  reported  in  the  literature  is  rather  startling. 
Thi3  results  from  the  face  that,  in  a  wide  variety  of  systems,  the  errors 
introduced  by  the  approximation  of  the  describing  function  method  are 
small  compared  to  the  probable  errors* in  the  description  of  the  nonlinear 
element  characteristics.  In  the  great  majority  of  cases  the  describing 
function  method  offers  a  rough  met:, sure  of  the  effect  of  certain  non- 
linearities  and  a  quick  method  for  evaluating  the  effects  of  additional 
linear  or  nonlinear  components  introduced  within  a  mechanical  loop. 

Summarizing  the  above  discussion,  for  second  order  systems  the  three 
groups  of  methods  explained  above  give  about  the  same  result.  For  higher 
order  systems  the  describing  function  method  is  more  useful  but  limited 
to  sinusoidal  input.  In  general,  none  of  the  above  methods  give  full 
results. 
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3.7  Response  of  Single -Degree -of -Freedom,  Bilinear  and  Hysteretic 
Systems  to  Typical  Ground  Shock  Wave  Forms 

3.7.I  Introduction 


It  is  evident  from  the  preceding  paragraphs  that  the  analyti¬ 
cal  solution  of  problems  involving  the  response  of  nonlinear  systems  to 
shocks  of  complex  wave  forms  can  be  exceedingly  difficult.  Yet  nonlinear 
isolators  and  suspension  methods  form  a  large  area  of  practical  interest 
to  the  isolation  system  designer.  For  those  systems  containing  large 
nonlinearities,  or  many  coupled  uegrees-of -freedom,  or  where  there  is 
question  as  to  the  stability  of  the  system,  the  designer  has  little 
recourse  but  to  program  the  equations  for  solution  by  electronic  computer. 

The  nonlinearities  of  many  systems  however  can  be  approximated  by  a 
simple  bilinear  or  hysteretic  characteristic.  Such  problems,  while  simple 
in  concept,  still  require  considerable  time  to  analyze  formally.  However, 
because  of  their  apparent  -i^pliclty,  there  is  frequently  a  reluctance  to 
resort  to  a  computer  solution.  To  assist  the  designer,  not  only  in  esti¬ 
mating  the  response  of  such  systems  but  also  in  selecting  optimum  compo¬ 
nents,  the  responses  of  a  large  number  of  simple  nonlinear  systems  to 
various  combinations  of  the  Types  I  and  II  wave  forms,  synthesized  in 
Section  2.0,  were  determined  on  the  Stanford  Research  Institute  analog 
computer.  It  should  be  emphasized  that  since  the  Typ«  I  and  Type  II  vmve 
forms  were  synthesized  on  the  basis  of  records  of  vertical  motions,  the 
applicability  of  these  results  to  horizontal  ground  motions  remains  to 
be  determined.  The  3k  shock  inputs  used  in  the  study  are  shown  in  Figure 
3.7.5(a),  page  3-IO9.  Inputs  1-29  were  composed  of  various  proportions 
of  the  Type  I  and  Type  II  wave  forms  while  inputs  30  -  34  were  obtained 
from  test  records.  Undamped,  linear  response  spectra  for  inputs  1-29 
are  given  in  Figure  3.7.5(b),  page  3-HO. 

3.7.2  Isolator  Characteristics  and  Equations  of  Motion 

The  isolators  investigated  had  bilinear  and  hysteretic  stiff¬ 
ness  characteristics  and  dissipation.  Figures  3.7. 1  and  3.7.2,  page 
3-100,  show  the  stiffness  characteristics  with  restoring  force  as  a  func¬ 
tion  of  displacement.  These  characteristics  cover  the  essential  nature 
of  a  large  number  of  real  isolators.  The  bilinear  stiffness  character¬ 
istic  can  be  used  to  approximate  fairly  closely  stiffness  characteristics 
which  are  actually  curved,  including  "hardening"  and  "softening"  systems 
and  preloaded  systems.  The  hysteretic  stiffness  rharaeteristic  includes 
pneumatic  systems,  solid  friction  and  plastic  yielding.  In  the  bilinear 
and  hysteretic  cases  viscous  damping  only  was  included.  Hydraulic  or 
velocity-square  damping  and  Coulomb  or  friction  damping  were  considered 
only  for  a  linear  spring. 

3. 7*2.1  Bilinear  Stiffness  Characteristic  with  Viscous  Damping 
(Case  A) 

The  equation  of  motion  of  an  isolator  with  a  bilinear 
stiffness  (Figure  3*7*l)  characteristic  anc  vircous  damping,  after 
diyiding  through  by  the  mass,  is: 
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j  "Hardening"  System 
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Figure  3*7*1 

Bilinear  Stiffness  Characteristic 


Figure  3*7*2 

Hysteretic  Stiffness  Characteristic 
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where 

x  -  relative  displacement  between  isolator  platform 
and  ground 

X  =  coefficient  of  viscous  damping  referred  to  the 
first  part  of  the  stiffne-  characteristic 

(jj  =  natural  angular  frequency  of  the  isolated  mass, 

oscillating  on  the  first  part  of  the  characteristic 
(rad/sec) 

a  *  the  relative  displacement  at  which  the  elastic 

stiffness  charactez iatic  changes  slope 

v  =  input  velocity 

k  =  ratio  of  the  square  of  the  angular  frequencies 

corresponding  to  the  final  and  initial  values  of 
stiffness 

t  =  time. 


The  above  equation  is  written  only  for  positive  x.  The  character¬ 
istic  is  assumed  to  be  symmetric  about  the  origin.  The  third  term  in 
equation  (47)  represents  the  stiffness  characteristic  shown  in  Figure 
3.7.1.  Depending  on  whether  the  displacement  x  iB  less  or  greater  than 
the  displacement  a,  this  term  represents  one  or  the  other  of  the  two 
straight  lines  making  up  the  stiffness  characteristic. 


Equation  (47)  contains  five  Independent  parameters,  A  ,  ,  a,  k, 

v,  and  may  be  nondimensionalized  by  the  following  change  of  variables. 
Put, 


where 


x/a 

(48) 

tp 

(49) 

V 

(50) 

ap 

cd 

(51) 

P 

2TT 

to 

(52) 

and  tQ  is  the  duration  of  the  input  wave,  the  equation  of  motion 
be come b 
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‘if 2  +2Xft^i  +A  2 
gT2  d  T 


,  X  <  1 

k(  x  -  :  •  , 


X  >  1 


dV 

dT 


(53) 


The  equation  is  now  nondimensionallzea  and  one  parameter  has  been 
eliminated  leaving  \  ,  Cl  ,  k,  and  V.  One  further  variable  is 
introduced  to  complete  the  nondimensionalization.  The  acceleration  Z 
experienced  by  the  isolated  body  is  given  by  the  sum  of  the  dissipative 
and  elastic  terms, 


Z  =  2  X  u)  x  +  O)2 


x  ,  x  <  a 
a  +  k(  x  -  a)  ,  x  >  a 


(54) 


Define  a  new  symbol, 


o  =  2  a  ft  4*  +  n2 

dT 


X  ,  X  <  1 
1  +  k(  X  -  l)  ,  X  >  1 


then 


Z  -  ap2G. 


(55) 


(56) 


All  the  results  are  presented  in  terms  of  these  nondimensionalized 
variables  A  ,  -61  ,  k,  X,  V,  G  and  to  convert  them  to  dimensional 
variables, equations  (48),  (49),  (50),  (5l)>  (52),  (56)  are  used.  The 
maximum  values  of  X,  V,  G  are  denoted'by  Xffl,  Vm,  Gm. 

3. 7. 2.2  Hysteretic  Stiffness  Characteristic  With  Viscous  Damping 
(Case  B) 

The  equation  of  motion  and  all  nomenclature  for  the  hysteretic 
stiffness  characteristic  (Figure  3*7*2)  with  viscous  damping  are  identical 
to  the  bilinear  case  for  k  =  0  except  that  when  the  relative  velocity 
changes  sign  the  characteristic  returns  down  a  path  parollel  to  the 
initial  path  through  the  origin.  This  situation  may  be  written  formally 
as 


x  +  2  A  a)  x  r  oO  2(x  -  u)  =  v  , 

x  +  2  \  u)  k  +  sgn  x  =  v  , 

where  u  is  the  algebraic  sm.  of  all  previous  "yield"  displacements  up 
to  the  time  considered,  and  where  the  sign  of  the  yield  displacement  is 
that  of  the  velocity  et  that  time,  As  the  nondimensionalization  and 


x  -  u  |  <  a 
x  -  u  I  >  a 


(57) 
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nomenclature  are  identical  to  the  bilinear  cane  they  are  not  repeated. 
Equations  (U6) ,  (49),  (50),  (5l)>  (52),  (56)  e.pply  as  in  the  bilinear 
case. 


3. 7« 2*  3  Linear  Spring  and  Coulo,.-,  Friction  (Case  C) 

The  case  where  the  isolated  body  is  connected  in  series 
by  a  spring  to  a  friction  damper  which  then  slides  on  the  moving  base 
is  the  same  as  the  hysteretic  case  (B)  when  X  «  0.  However,  if  the 
isolated  body  is  connected  directly  by  a  spring  to  the  base  and  the 
friction  damper  is  also  connected  in  parallel  between  the  body  and  the 
base,  the  situation  is  different. 

The  equation  of  motion  in  this  case  is 

x  +  u)2c  sgn  x  +  u)2x  „  y  (58) 

where  the  notation  is  as  before  with  c  in  place  of  a.  The  acceleration 
corresponding  to  the  friction  force  is  given  by  The  nondimensionaL 

ization  proceeds  as  in  Case  A  and  equations  (48),  (4g),  (50),  (51),  (52), 
(56)  apply  as  before  with  c  in  in  place  of  a. 

3. 7-2. 4  Linear  Spring  with  Square-Law  Damping  (Case  D) 

A  damping  term  proportional  to  the  square  of  the  velocity 
is  to  be  expected  in  certain  hydraulic  systems. 

The  equation  of  motion  is  given  by, 

x  +  C(x)2  sgn  x  +  <u>2x  *=  v  (59) 

where  C  is  the  square -law  damping  coefficient.  To  nondimensionalize 
this  equation  it  is  necessary  to  introduce  a  characteristic  length. 

This  may  be  done  by  defining. 


e 


(60) 


where  vm  is  „he  maximum  value  of  v.  If  the  same  procedure  is  followed 
as  in  Case  A  using  the  value  e  in  place  of  a,  the  equation  of  motion 

becomes 

d  +  H  sgn  +  n^X  -  41  (61) 

dT2  PT/  «*T  dT 

where  H  =  Ce  and  is  the  nondimensional  damping  coefficient.  It  is  to 
be  noted  that  in  this  case  the  value  of  the  nondimensionalized  variable 
Vm  has  the  value  of  unity.  Equations  (48),  (49),  (50),  (51),  (52),  (56) 

apply  as  before  with  e  in  place  of  a. 
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3*7*2. 5  Linear  Spring  with  Viscous  Damping  (Case  B) 

This  case  is  covered  by  Case  A  when  X  £  1  and  is  shown 
in  the  results  by  X,,  •  1.  “ 

3* 7* 2. 6  Viscous  Damping  Only  (Ho  Stiffness)  (Case 

. .  ,  .  TtiB  degenerate  case  is  of  interest  because  it  illustrates 

the  importance  of  damping  and  has  the  equation  of  motion  given  by 

x  +  Mi  -  v  (62) 

where  /t  is  the  viscous  damping  coefficient.  As  before,  put  e  -  v  Jr, 
and  obtain  '  v  wv 


&  +  L  4*  -  di 

^T2  d.T  dl 


(63) 


where  L  -  a/p  and  is  the  nondimens ional  damping  coefficient.  Aaain 

(W)’  (49)'  (50>'  <§).  (56) 


3*7*2.7 
of  Case  0. 


Square -Law  Damping  Only  (Case  0) 

In  equation  (6l)  set  fl  <*  0  and  Case  D  degenerates  to  that 


3*7*2.8  Coulomb  Damning  Only  (Case  H) 

The  equation  of  motion  is, 

x  +  p  sgn  x  -  v  (64) 


where  F  is  the  acceleration  corresponding  to  the  Coulomb 
As  before,  introduce  e  -  va/p  and  obtain 


friction  force. 


^  *  +  M  sgn 

ATC  AT 


“  ■  «  (65) 


3*7*3  Presentation  and  Optimization  of  Results 
3*  7*  3*1  Range  of  Kx-ameter  Values 


Values 

and  2.0  were  chosen.  These 
hardening  system  as  well  as 


for  k  in  equation  (4?)  of  0,  0.2,  0.5,  1.0 
include  th^se  softening  systems  and  one 
the  linear  case.  Values  of  A.  •>  0,  0.1,  0.2 
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were  selected  as  reasonable.  Generally  eight  to  ten  values  of  the 
nondimens  ional  angular  frequency  fl  were  used  from  zero  up  to  a  value 
where  the  system  was  no  longer  isolating,  i.e.,  when  the  isolated  body 
experienced  an  acceleration  greater  tv. -  the  acceleration  associated 
with  the  input  velocity.  The  values  the  nondimens  ional  maximum 
input  velocity  V„  used  were  such  tnat  the  resulting  nondimensiorial 
maximum  relative  displacement  X*  took  a  series  of  values  between  1  and 
5.  These  values  span  the  more  relevant  part  of  the  stiffness  char»cter- 
istic.  For  large  values  of  X_  of  course,  the  initial  part  of  uhe 
yMffness  characteristic  is  of  little  importance  and  the  case  degenerates 
to  that  of  a  linear  pre loaded  isolator. 

3.7. 3.2  Presentation  of  Results 

In  this  work  only  the  "maximal:'1  values  are  presented, 
i.e.,  for  one  isolator  specified  by  particular  values  of  /I  ,  k,  X  , 
and  V,„,  only  the  largest  values  of  G  and  X  occurring  from  the  different 
iuuuts  are  tabulated  and  are  called  Gm  and  V  Depending  on  the  partic¬ 
ular  values  of  /l  ,  k,  X  ,  and  VB,  this  largest  value  may  come  from 
any  of  the  different  inputs.  In  general  for  a  given  isolator  the 
largest  values  of  G  and  X  will  come  from  the  same  input  shape,  but  this  is 
not  always  true. 

Initially  V  and  G_  were  plotted  against  Xp,  to  give  the  values  of  Vm 
and  G..  at  valuesmof  *  1,  2,  3,  4,  5-  From  these  a  set  of  curves  is 
constructed  showing  for  every  particular  value  of  k  and  X  ,  the  values 
Va  and  Gm  at  X*  =  1,  2,  3,  4,  5  as  a  function  of  A  .  Given  particular 
ground  motion  parameters  and  isolator  parameters  vm,  p,  a)  ,  X  ,  a, 
these  graphs  together  with  equations  (48),  (49),  (50),  (51)>  (52),  and 
(56)  determine  the  maximax  acceleration  experienced  by  the  body  together 
with  the  maximax  "rattlespace". 


3. 7. 3. 3  Optimization 

1.  Minimum  "Rattlespace"  for  Specified  Acceleration 

The  most  common  design  problem  is  that  of 
minimizing  the  "rattlespace"  when  the  maximum  acceleration  of  the  isolated 
body  is  specified.  Tills  problem  cannot  be  solved  from  the  Vm,  G^,  -versus- 
n  curves  directly  because  of  the  nondimensionalization  which  eliminates 
the  value  of  a  which  is  the  displacement  at  which  the  break  point  occurs. 
Thus  the  question  becomes  one  of  determining  real  variables  such  as  a 
rather  than  nondimensionalized  ones.  This  may  be  approached  in  the 
following  fashion. 

Let  Zja  *  specifier.  maximum  acceleration  the  body  is  to  experience 
Xjp  ■  maximum  "rattlespace"  which  is  to  be  minimized,  (06) 
Then  from  equations  (48),  (50),  and  (56)  we  have 
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Introduce  a  new  variable 

*  -  —  --T-  («) 

VjnP  vm 

Now,  Zjjj,  vm,  p  are  specified,  and  thus  cr  is  specified  and  the  vaiue 
we  are  endeavoring  to  minimize,  is  a  product  of  a  fixed  specified 
value  Vjjj/'p  and  the  factor  Wvm.  The  problem  now  is  to  minimize  Xm/Vln 
for  specified  values  of  O^/Vm  ,  i.e.,  <r  .  This  was  done  by  preparing 
a  plot  of  dm  against  Vffi  for  Xm  -  1,  2,  3,  5  for  each  set  of  values 

of  A  ,  k.  Corresponding  values  '<t  Vm  and  Gtn  have  the  same  values  of 
and  fl  .  Figure  3*7«^  shows  a  plot  of  this  form. 

Radial  lines  from  zero  are  drawn  for  a  set  of  values  of  cr  -  Gjn/V.n. 

A  second  and  final  plot  is  made  from  the  first  one  of  (Xm/Vm)  versus  Vm 
for  the  various  values  of  <r  .  From  these  curves  the  vaiue  of  Vra  giving 
the  smallest  value  of  ~Xm/Vm  and  hence  of  Xju  for  a  particular  cr  may  be 
determined.  The  value  of  a  is  found  by  rewriting  equation  (50)  in  the 
form 

a  -  W 

and,  by  referring  to  the  relevant  Vm  -  versus  -  fl  curves,  fl  may  be 
established.  Arcs  of  hyperbolas  are  drawn  to  separate  the  linear  region 
(Xg,  <  l)  from  the  nonlinear  region. 

In  the  case  of  the  linear  spring  with  square -law  damping  it  is  noted 
that  the  parameter1  cr  degenerates  to  cr  *  5  Cm  . 

2.  Minimum  Acceleration  for  Specified  "Rattle space" 

The  question  of  minimum  acceleration  for 
specified  rattlespace  is  effectively  the  same  ns  the  question  of  minimum 
rattlespace  for  specified  acceleration,  and  it  may  be  answered  from  the 
same  optimization  curves.  If  a  certain  maximum  displacement,  %,  is 
specified,  then  this  means  that  the  value  Xgj/V  is  specified.  If  a 
horizontal  line  is  drawn  through  this  specified  value  of  Xjn/Vm,  then  the 
lowest  value  of  or  giving  a  curve  which  will  meet  this  horizontal  line 
represents  the  lowest  acceleration  which  mav  be  obtained  for  the  specified 
%  and  the  other  particular  parameters.  Ac  -fore,  the  value  of  Vm  arising 
at  the  meeting  of  the  X^/Vj^  line  and  the  cr  rve  determines  the  param¬ 
eters  a,  fl  ,  and  hence  u)  . 
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It  is  to  be  noted  that  whereas  one  can  always  design  for  any 
specified  body  acceleration  no  matter  how  small,  it  is  not  necessarily 
possible  to  do  this  for  the  relative  *  .;ement  without  incurring 
accelerations  greater  than  those  existing  in  the  input. 

3.7.4  Results 


The  results  are  given  in  graphical  form  in  Figures  3*  7*5 
through  3.7.26  in  this  subsection,  as  functions  of  the  noniimen- 
sional  variables  discussed  in  Section  3*7.2.  In  general,  there  are 
three  graphs  associated  with  each  set  of  parameters.  These  graphs  show 
the  relation  between  A  and  A  ,  Va  and  fl  ,  and  (Xm/Vjj)  and  Vn 
for  various  values  of  subsidiary  parameters,  e.g. ,  3^,,  H,  <r  ,  etc. 

The  value  A2/^  is  plotted  instead  of  Ofo  because  of  tne  large  range  of 
values  taken  by  Gm. 

3.7. 4.1  Undamped  Linear  8pectra 

Figure  3.7.5(b),  page  gives  the  undamped  spectra  of 

the  family  of  the  29  input  shapes  *  in  terms  of  A^nAm  a6&in8t  A  . 

The  term  A3 which  equals  6t>  %/vB  is  a  pseudo  velocity  and  is  the 
standard  way  of  presenting  spectra  of  ground  motion. 

The  numbers  1  through  29  identify  the  spectra  of  the  various  velocity 
input  wave  forms  outlined  in  Figure  3*7*  5(a),  page  3-109.  As  is  to  be 
expected,  the  spectra  are  all  different  and  it  is  well  to  note  again  that 
in  what  follows  only  the  *******  value  of  the  response  of  a  particular 
isolator  to  the  family  of  inputs  is  tabulated.  The  response  of  a 
particular  isolator  to  any  particular  input  wave  form  will  often  be 
considerably  lees.  Figure  3*7*6,  page  3- 111,  shows  the  envelope  and  the 
mean  value  of  the  spectra  of  the  family  of  input  wave  forms.  The  shape 
of  the  envelope  is  very  similar  to  that  aasimad  in  the  Ti,  T2  spectra. 

The  ratio  of  the  envelope  of  the  Individual  spectra  to  the  mean  value 
(approximately  2:1)  gives  an  idea  of  the  dispersion  of  the  maximum  values 
in  the  undamped  case. 

3. 7. 4. 2  Viscous -Damped  Bilinear  Characteristic 

Figures  3*7*7  to  3*7.19,  !*«•»  3-3l4  through  3*326,  show 
the  responses  of  the  various  bilinear  isolators  considered,  together 
with  the  optimization  curves.  For  each  pair  of  values  of  damping 
coefficient  A.  and  nonlinearity  factor  k  there  are  three  sets  of 
curves.  The  first  set  of  curves  shovs  the  nondime n s ional  velocity  input, 
VB,  as  a  function  of  the  nondimens  ional  frequency  A  for  various  values 
of  the  nMnvtn»uM  nondimens ional  relative  displacement  3L*  The  second  set 
shows  the  nondimens  ional  maximax  acceleration  of  the  Isolated  body  in 
terns  of  n  2/0m  u  a  function  of  A  for  various  values  of  1®. 


*  These  29  input  shapes  plus  five  actual  velocity  curves  make  up  the 
total  of  34  inputs. 
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Amplitude  Ratio 

Duration  Ratio 

Phasing 

Type  I:Type  II 

fp. 

I:Type  II 

A1 

2:1 

A2 

2:1 

a3 

1  *—-1  ' 

B, 

1:1 

Bg 

1:1 

Bo,_ 

1 

C1 

1:2 

C2 

1:2 

c3 

Shape 

No. 

Combination 

Shape 

No. 

Combination 

Sha.pe 

No. 

1 

Type  I 

13 

B-^  Ag 

25 

C1  ®2  c3 

2 

A1  A2 

a3 

14 

B2 

26 

Cg  Ag 

3 

b3 

15 

b3 

27 

®3 

4 

C3 

16 

C3 

28 

c3 

5 

•*L  B2 

a3 

17 

Cg  A^ 

29 

Type  II 

6 

b3 

IS 

b3 

30 

Tumbler  3V 

7 

=3 

19 

c3 

31 

Tumbler  IV 

8 

h  C2 

a3 

20 

C  ^  A  p  A-j 

32, 

Cactus  3V30 

5 

b3 

21 

b3 

33 

Tumbler  2-2V 

10 

c3 

22 

c3 

34 

Koa  12V30 

11 

31  h 

a3 

23 

C1  ®2  a3 

1? 

b3 

24 

B3 

In  type  B-,  and  Cg  the  shorter  duration  type  is  always  centered  on  the  be¬ 
ginning  or  end,  respectively,  of  the  longer  duration  one.  Thus,  in  AgB^j 
.Type  II  starts  first  and  is  half  over  before  Type  I  begins  (see  shapes  3, 
j  12,  or  21  on  Figure  3*7.28).  In  CjjBg,  on  the  other  hand.  Type  I  starv*  i 
firs;  and  Is  half  over  before  Type  II  begins  (see  shapes  9,  18,  or  27  on  1 
Figure  3.7.28).  _  _ j 

Figure  3.7.5(a) 

Key  to  Wave  Shape  Combinations 

The  th^r  t  gives  the  factor  (Xm/Vm)  which  is  proportional  to  the  actual 
rela  .  .displacement,  xm,  as  a  function  of  Vm  fc"  various  values  of  cr  . 
It  is  noted  from  equation  (55)  that  when  A  -  u  ana  ^  >  1  the  variable 

Gm  is  given  simply  by 

Gm  =  /i2  [l  +  k(xm  -  if]  (69) 

and,  as  this  is  a  simple  .elation,  it  has  not  been  plotted. 

'.'hen  A  ^  0  the  value  of  Gm  is  the  sum  of  two  terms  as  shown  by 
equa  ion  (55)-  If  71  Ip  very  small  then  the  second  term  in  Tl  2  is 
negligible  compared  to  the  first  uerm  in  SI  and  we  have 
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—  ~  A 

Ota  2  X  Vm 

Thus  the  initial  parts  of  the  n  2/0^  curves  are  straight  lines  through 
the  origin.  However,  when  A  is  large,  the  second  term  predominates 
and  tends  to  a  constant  value  of  1/  [[  1  +  k^  -  l)]  .  When 

there  is  no  damping,  0  reaches  its  maximum  value  when  X  does.  However, 
because  of  phasing  this  is  not  true  when  damping  is  present. 

Figures  3*7*7 ,  3*7*11,  3.1.1k,  and  3*7*17  show  the  undamped  case 
X  "0.  The  Vm  -  versus  -  A  curves  for  the  various  values  of  Xj, 
indicate  a  quasiresonance  taking  place  at  certain  values  of  A  .  This 
is  indicated  by  a  minimum  point  in  the  Vn -versus-  A  curves,  i.e.,  the 
point  which  requires  less  input  to  give  the  same  displacement.  In 
Figure  3.7.7  this  situation  is  seen  in  the  linear  case,  i.e.,  Jg,>l&t 
the  value  A  ■  3*25.  As  the  amplitude  increases,  i.e.,  Xg,  increases, 
the  natural  period  decreases.  Therefore  the  quasiresonant  point  moveB 
to  the  right.  Also,  a  second  such  point  rapidly  appears  with  increasing 

Xjj. 


Changing  the  nonlinearity  parameter,  k,  from  a  "softening"  system 
given  by  k  *  0  to  a  "hardening"  system  given  by  k  •  2.0  has  little  effect 
on  the  essential  character  and  amplitude  of  these  responses.  The  main 
effect  is  to  change  the  direction  in  which  the  quasiresonant  point  moveB. 
In  a  "hardening"  system  the  natural  frequency  increases  with  increasing 
amplitude  and  consequently  the  resonant  point  moves  to  the  left. 

The  relatively  small  effect  of  the  parameter  k  is  best  seen  by  a 
study  of  the  optimization  curves.  For  the  same  values  of  X  and  <y 
these  curves  all  start  at  the  same  point  on  the  hyperbola  dividing  the 
linear  region  (Xg,  £  l)  from  the  nonlinear  region  (Xg,  >  l);  and  apart 
from  trivial  fluctuations  they  show  a  roughly  horizontal  trend,  especially 
for  lower  values  of  <T  .  Thus  the  nonlinear  cases  do  not  give  any 
significant  decrease  in  rattlespace  for  a  specified  <r  over  that  of  the 
linear  situation. 

It  is  interesting  to  note  that  in  many  cases  in  Figures  3*7*7*  3*7*11, 
3*7*1^,  and  3*7*17*  designing  for  a  larger  acceleration  actually  demands 
a  greater  relative  displacement.  To  obtain  such  an  acceleration  means 
approaching  the  quasiresonant  condition  with  the  attendant  large  dis¬ 
placement.  naturally,  in  this  situation  one  would  design  for  a  lower 
maximum  acceleration  than  specified  to  obtain  the  attendant  lower  relative 
displacement. 

Figures  3*7*6,  3*7*12,  3*7*15,  and  3*7*19  show  the  effect  of  the 
addition  of  10f  damping  to  the  first  part  of  the  stiffness  characteristic. 
The  addition  of  damping  smoothes  out  the  fluctuations  in  the  amplitude 
response  curves,  increases  the  Vm  necessary  to  give  a  particular  Xg,, 
and  hence  lowers  the  optimization  curves.  Once  again  the  difference 
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between  the  various  k  values  is  not  significant  for  the  smaller 
values  of  o'  .  For  the  value  a  -  7-5  it  is  noticed  that  the  value 
k  ■  0  has  a  very  distinct  advantage  o. —  the  value  k  *  2.0.  When 
k  *  2,  as  before,  we  have  the  situation  where  a  smaller  design 
acceleration  can  be  obtained  together  with  a  smaller  rattlespace. 

Figures  3*7*9>  3*7«13>  3.7.16,  and  3»7*19  show  the  effect  of  a 
further  increase  in  damping,  i.e.,  X  ■  0.2.  As  before,  the  relative 
displacements  are  further  lowered,  but  again  the  effect  of  the  non¬ 
linearity  parameter  k  is  not  great  except  for  the  higher  values  of  <T 
Figure  3.7.10  shows  the  ease  k  ■  0  with  50^  damping.  A  further 
reduction  in  relative  displacement  is  noted.  These  observations  all 
point  to  v,he  importance  of  damping  in  the  system  and  the  insignificance 
of  the  various  nonlinear  stiffness  characteristics  considered. 

3. 7.^.3  Viscous -Damped  Pysteretlc  Characteristic 

A  hysteretic  characteristic  involves  a  substantial 
dissipation  of  energy;  and,  considering  the  effect  of  dissipation  in  the 
bilinear  case,  it  is  not  surprising  that  the  same  effects  are  noted  here. 
Figures  3.7.20  through  3.7*22,  pages  3-127-  3-129,  show  the  response  and 
optimization  curves  for  various  values  of  viscous  damping.  A  comparison 
°f  Vm-versus-  A  curves  for  the  bilinear  k  *  0,  X  •>  0,  and  the 
hysteretic  case  X  =0  show  the  effect  of  the  hysteretic  damping,  i.e., 
a  much  larger  value  of  Vm  is  necessary  to  give  the  same  relative  dis¬ 
placements.  This  is  more  obvious  in  the  optimization  curve  shown  in 
Figure  3. 7. 20.  As  Vra  and  Xj,  tend  to  infinity,  the  hysteretic  ce.se 
approaches  that  of  simple  Coulomb  friction  with  no  springs.  The  results 
for  Coulomb  friction,  from  a  separate  computation,  are  plotted  on  the 
far  right  of  Figure  3.7*20;  and  it  is  seen  that  as  Vm  gets  large,  the 
hysteretic  case  is  indeed  approaching  that  of  Coulomb  friction.  The 
addition  of  viscous  damping  as  shown  in  Figures  3.7.21  and  3.7.22 
further  decreases  the  maximum  relative  displacement. 

3.7*^.^  Linear  Spring  with  Coulomb  Friction 

Figure  3* 7* 23,  page  3-130,  shows  the  response  and  optimiz¬ 
ation  curve:  for  a  linear  spring  with  a  Coulomb-friction  damper  in 
parallel.  The  Gm  curves  can  be  shown  to  have  the  simple  relation 

Gjn  =  A2  (1  +  Am)  (70) 

and  they  have  not  been  plotted.  The  ratio  of  the  maximum  spring  force 
to  the  friction  force  equals  as  may  be  seen  from  equation  (70).  Thus 
as  Xrj  becomes  large,  the  si /nation  tends  to  that  of  an  undamped  linear 
spring.  This  tendency  may  be  seen  in  Figure  3*7.23  where,  as  Xg, 
increases,  the  shapes  of  the  Vra -versus-  A  curves  tend  towards  that  of 
the  undamped  linear  case.  The  optimization  curves  in  Figure  3.7.23 
show  again  that  the  higher  the  friction,  the  lesi  is  the  relative 
displacement  for  the  same  acceleration.  This  is  true  except  for  the 
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Figure  3.7.7 
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Figure  3-7*8  The  Bilinear  Case  for  K  »  0,  X  *  0.10 
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Figure  J.7.9  The  Bilinear  Case  for  k  ■  0,  A  ■  0.20 
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Figure  3.7.10  The  Bilinear  Case  for  X  =0,  X  =0.50 
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Figure 
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3.7.11  The  BJ linear  Case  for  K  =  0.2,  A  =0;  Gm  =  n2(O.8+0-2Xm) 
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Figure  3.7.12  The  Bilinear  Case  for  K  --  0.2, X*  0.10 
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Figure  3.7.1^  The  Bilinear  CaBe  for  k  «  0.5,  X  »  0;  ■  fl2(0.5+0.5XM) 
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Figure  3*7.15  The  Bilinear  Case  for  K  =  0.5,  /.  =  0.10 
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Figure  3-7.16  The  Bilinear  Case  for  k  >=  0-5,  X  =  0.20 
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Figure  3*7.17  The  Bilinear  Case  for  K  ■  2.0,  A  ■  0;  0  •  XI  (2X^-1) 
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Figure  3*7"l8  The  Bilinear  Case  for  k  *  2.0,  A  =  0.10 
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Figure  3.7.20  The  Hyrteretic  C&se  for  A  ■  0;  G,,,  ■  Jl  2 
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Figure  3*7*21  The  Hyetcretic  Ca»e  for  X  =  0.10 
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Figure  3*7.22  The  Hysteretic  Case  for  A.  =0.20 
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Figure  3*7.23 


The  Case  of  the  Linear  Spring  vith  Coulomb  Friction; 

°m  -  -a2(i+Xm) 
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very  low  value  <r  =  0.25.  When  Vm  ■  0  the  situation  is  that  of 
Coulomb  friction  only,  and  the  <j  curves  may  be  seen  to  be  hurling 
towards  these  values. 

3-7- 5  Linear  Spring  with  Square -Law  Damping 

The  response  and  optimization  curves  for  a  linear  spring 
with  a  damping  term  proportional  to  the  square  of  the  relative  velocity 
are  shown  in  Figure  3*7*24*,  page  3-132  .  The  representation  of  the 
displacement  curves  is  different  from  the  previous  cases  because  of  the 
necessity  of  adopting  a  different  form  of  the  nondimensional  variables. 
Here  the  variable  Vm  has  the  value  of  unity  and  curves  of  Xn,  versus  XI 
are  plotted  for  various  values  of  the  square-law  damping  coefficient,  H. 
As  H  tends  to  zero  we  approach  the  undamped  linear  case,  as  may  be  seen 
by  taking  the  reciprocal  of  the  ^-versus-  XI  curves  in  Figure  3.7.2';. 

The  optimization  curves  again  show  a  decrease  in  relative  displace¬ 
ment  for  increasing  damping.  However,  it  is  noticed  that,  depending 
on  the  particular  value  of  <r  ,  these  optimization  curves  terminate 
at  various  values  of  H.  The  points  shown  in  Figure  3.7.24  at  which  the 
curves  terminate  are  not  the  exact  points  because  of  the  finite  steps 
chosen  in  the  variable  H.  However,  they  will  be  close  to  the  actual 
termination  points.  This  termination  is  necessary  because  with 
increasing  H  there  must  be  a  point  at  which  the  acceleration  transmitted 
by  the  damper  equals  the  specified  acceleration  corresponding  to  the 
value  of  <r  in  question. 

Similar  remark/i  apply  to  a  spring  with  viscous  damping  but  do  not 
appear  here  because  the  highest  value  of  X  considered,  i.e.,X  ■  0.5, 
is  not  large  enough  to  reach  this  point.  It  will  be  noted  that  the 
lowest  values  of  X,n  for  any  particular  cr  in  Figure  3.7.24  are  higher 
than  those  associated  with  the  viscously-damped  linear  spring  shown  in 
Figure  3*7.10.  As  higher  values  of  viscous  damping  presumably  give 
even  lower  values  of  it  appears  that  viscous  damping  has  an  advanUg- 
over  square -law  damping. 

3*7* 4.6  Linear  Spring  with  Viscous  Damping 

The  case  of  a  linear  spring  with  viscous  damping  is 
included  in  the  bilinear  case  when  %  -  1  and  has  already  been  discussed. 
Figure  3.7.25(a),  page  3-135,  lists  the  identification  number  of  the 
input  wave  form  which  gives  the  maximax  values  of  and  ^  for  the 
linear  viscous -damped  case  for  various  values  of  \  and  II  .  Input  17 
appears  more  often  than  any  of  the  others;  but,  depending  on  A  and  'A  , 
over  half  of  the  inputs  occur  at  some  place  in  Figure  3.7.25(a). 

3*7*4.7  Viscous  Damping 

If  the  suspension  of  the  isolated  body  is  of  very  low 
stiffness  but  the  motion  is  viscously  damped,  the  viGeous  forces  pre¬ 
dominate.  This  means  a  very  large  value  of  X  .  The  acceleration 
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Figure  3.7.24-1 
(Note:  This  case 


The  Case  of  che  Linear  Spring  with  Square-Law 
Damping;  Va-1,  CT  -Cfo 

continued  on  next  two  pages) 
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Figure  3.7.24-2  The  Case  of  the  Linear  Spring  with  Square-Law 
Damping;  Vm  =  1,  T  =  Cfo 
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Figure  3 •7«24-3  The  Case  of  the  Linear  Spring  with  Square-Law 
Damping;  =  1,  O'  =■  Gm 
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curve  in  Figure  3.7.25(b)  G  versus  L,  shows  that  the  transmitted 
force  is  almost  proportional  to  the  damping  factor  L.  This  indicates 
that  the  maximum  relative  velocity  is  little  changed  by  the  viscous 
forces.  However,  the  maximum  re'.&‘  I-.v  displacement  X  is  substantially 
changed.  “ 
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Figure  3.7.25(a)  Input  Giving  the  Maximax  Response  for  The  Linear  Case 
tfith  Viscous  Damping 


3.T.4.8  Square-Law  Damping 

Again  the  situation  is  considered  where  the  only  restraint 
is  one  of  damping,  in  this  case,  square-law  damping.  The  response  curves 
are  given  in  Figure  3.7.24  for  A  =  0.  The  meaning  given  to  the  maximum 
relative  displacement  in  this  situation  needs  a  little  exnlanation  -  The 
solution  of  equation  (59)  when  U)  =  v  =  0  and  when  the  initial  condition 
are  x  =  0,  t  =  0,  and  x  =  Vj_,  t  =  0,  is  given  by 


x  =  -g-  log  (l  +  Cvx  t) 


(71) 


Thus,  a  body  moving  freely,  except  for  a  square-law  damping  term,  moves 
an  infinite  distance.  The  values  of  plotted  in  figure  3.7.24  for 
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/I  =0  are  those  of  the  displacements  which  occur  during  the  passage 
of  the  input  velocity.  When  the  input  haB  ceased  the  body  will,  in 
general,  have  a  small  residual  velocity,  v-^,  and-  the  isolated  body 
will  continue  to  move  indef ini utl> . 

3- 7  *4--  9  Coulomb  Damping 

Reference  to  equation  (6s)  shows  that  Gm  C  M,  and  thU3  the 
response  and  optimization  curves  coincide.  Figure  3*7*26  Bhows  the 
optimization  curves  for  viscous,  square-law,  and  Coulomb  damping,  shown 
together  for  comparison. 


x. 


o  ■  Cm 


M-S7M-I7 


Figure  3*7.26  Comparison  of  Viscous,  Square-Law,  Coulomb  Dampimg 
(to  Stiffness);  Vm  «  1,  O"  s 


At  low  values  of  cr  the  ’•elative  displacements  are  roughly  the  same  in 
the  three  cases.  However,  for  higher  values  of  O’  viscous  and  Coulomb 
damping  predominate  over  that  of  square-law  damping. 
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3*7*5  Numerical  Examples  of  PeBlgn  Procedures 

The  most  obvious  problem  is  to  determine  the  response  of  the 
isolator  when  the  values  of  the  isolate  rameters  and  input  parameters 
have  been  specified.  This  problem  arises  when  one  wishes  to  determine 
the  response  of  existing  or  proposed  designs.  The  procedure  is  now 
demonstrated  by  some  numerical  examples.  The  notation  is  as  described 
in  Section  3.7.2. 

Example  #1 


Given:  Ground  motion  parameters 

t0  «*  0.2  sec,  vm  =  12  ft/sec 
Isolator  parameters 

The  isolator  has  a  bilinear  characteristic. 

ul  -  15  ,  a  -  2  in.,  k  -  2.0,  X  -  0.10 

sec 

To  find:  The  maximax  response  of  the  isolator. 
Method:  From  equations  (50),  (51),  (52)  calculate 


2TT 

2  tr 

31.4 

p  * 

to 

0.2 

A- 

Cd 

P 

-  J£_ 
31*4 

a 

0.477 

Vm  * 

vm 

_  12  x  12 

_  B  £ , 

ap 

31*4 

x  2 

Using  these  values  of  VB  and  A  we  find  by  interpolation  on  the  Vra 
versus  ii  curves  jr>  rigure  >  (.io  (see  oecxiou  3.7.4;  that  5^  =  1-75. 
Using  Xm  *  1.75  ana  A  ■  0. kjj  we  find,  by  interpolation  from  the 

fi2  /Gj„  versus  A  curves,  that  A2  =  0. 38. 

Using  these  values  and  equations  (18)  and  (56)  we  find 


and 


%  «  aXfn  =  2  x  1.75  “  3*50  in. 


2*  .  ^  .  -li x  ;o.477)g  .  99  rt/eec‘ 

12  x  0.38 
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The  above  procedure  will  not  always  be  so  straightforward.  In 
general, interpolation  between  curves  will  be  necessary  because  the 
required  values  of  k  and  X  mav  not  be  the  particular  values  used 
in  the  curves.  Further,  as  tue  ox'  tear  characteristic  will  generally 
be  an  approximation  to  some  curved  characteristic,  care  must  be 
exercised  in  choosing  the  values  of  a  and  k  in  the  bilinear  approxi¬ 
mation  to  the  curve.  This  is  because,  initially,  one  does  not  know  the 
value  of  %  ,  i.e.,  how  far  along  the  curved  characteristic  one  is  going 
to  move.  The  procedure  in  this  situation  is  to  guess  a  value  of  displace¬ 
ment  range,  %  ,  and  then  choose  values  of  a  and  k  which  will 
suitably  approximate  the  curved  characteristic  over  this  estimated  value. 
The  calculation  of  the  actual  x^  arising  is  then  made  as  in  Example  #1; 
if  it  differs  so  much  from  the  estimated  value  of  xjn  as  to  invalidate 
the  bilinear  approximation  initially  chosen,  new  values  of  a  and  k 
must  be  taken  and  the  process  repeated.  (Also  see  Section  3.7.8) 

Example  #2 

If  the  system  involves  hysteresis  the  procedure  is  the  same  as  in 
the  bilinear  case  as  follows : 

Given:  Ground  motion  parameters 

tQ  ■  0.3  sec,  vm  ■  20  ft/sec 
Isolator  parameters 

It  is  assumed  that  the  hysteretic  characteristic  has 
b€6n  drawn  up,  approximated  by  straight  lines,  and  the 
values  of  Cl)  and  a  determined;  e.g. ,  u)  *50  rad/sec, 
a  =  1  in.  Assume  no  vIbcous  damping,  i.e.,  \  *  0. 

To  find:  The  maximax  response  of  the  isolator. 

Method:  From  equations  (50),  (51),  (52),  calculate 


P  * 


n 


•m 


2  TT 
t0 

ul 

p 

vm 

ap 


-  JJL 

0.3 

50  . 

20.9 

20  X  12 

1  x  20.9 


20.9 


2.39 


11.5 


From  Figure  3. 7. 20  (Section  3*7* ^)  we  find  by  interpolation  on  u*. 
Vm  versus  H  curves  that  ^  *  10.6.  Then  the  rattlespace  can  be  found 
from  equation  (W)  as 

%  -  aXm  -  — -  0.88  ft 


12 
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Because  there  is  no  viscous  damping  the  value  G&  is  given  simply  by 

Gjn  -  n2  -  5.71 

Then  the  maximax  acceleration  is  found  *rom  equation  (56)  as 

\2 


Za  "  ap  Om  - 


(20.9)^  x  5.71 
12 


208  ft/sec 


If  the  isolator  is  a  linear  spring  with  Coulomb  friction  or  square  - 
law  damping,  then,  using  the  relevant  equations,  the  calculations  follow 
a  similar  pattern. 

In  many  cases  the  designer  will  be  given  only  the  values  of  the 
input  parameters,  i.e.,  vra  and  t0  ,  and  will  be  asked  to  design  an 
isolator  which  will  minimize  the  relevant  displacement  or  rattleepace 
for  a  specified  maximum  allowable  acceleration  of  the  isolated  body,  2L.. 
If  there  are  no  other  conditions  stated,  then  the  optimization  results 
show  that  the  isolator  should  be  a  simple  viscous  damper  because,  of  all 
the  Isolator  combinations  considered,  this  gives  the  lowest  rattleepace 
for  any  specified  maximum  acceleration,  Z„,. 

Example  #3 

Given:  Input  parameters 

t0  -  0.4  sec,  Vjn  -  10  ft/sec 
Isolator  parameters 

The  1  SO  la  tor  :Ls  to  be  a  simple  viscous  damper  the 
maximum  acceleration  to  be  transmitted  is  120  ft/sec2. 

To  find:  me  damping  coefficient  f].  in  equation  (62)  and  the 
resulting  rattlespace. 

Method:  From  equations  (52),  (56),  (60),  calculate 


°m 


2  TT 

.  2  2L 

_  1C  ri 

tO 

0.4 

*  15.7 

▼m 

10 

P 

“  15.7 

"  -  0.637 

120 

2 

ep 

0.637 

*  (15-7)2 

O.765 
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From  Figure  3*7*  25 

L  «  0. r; 

and 

“  0.5 

and  from  equations  (*8),  (60),  (63)1  we  find 

X,,)  -  eXm  «  0.637  x  0-5  ft  -  0.318  ft 
and 

fJL  -  pL  -  15.7  x  0.7  ■  11  Bee 

However,  in  general,  a  stiffness  term  will  be  necessary  in  order  to 
determine  positioning  of  the  isolated  body.  The  design  in  this  case 
may  specify  the  input  parameters  vm  and  t0  together  with  the  maximum 
acceleration  of  the  isolated  body,  Zn  ,  and  the  stiffness  of  the  system 
in  the  rest  position  in  terms  of  the  initial  angular  frequency,  d)  . 
Because  an  isolator  functions  by  acting  as  a  "soft,  suspension",  it  is 
to  be  expected  that  a  "softening"  bilinear  characteristic  would  be 
useful  in  the  case  where  the  stiffness  in  the  rest  position  is  to  be 
reasonably  high. 

Example  #4 

The  following  example  assumes  a  damped  bilinear  system  where  k  *  0 
and  X  =  0.10,  i.e.,  a  completely  "softening"  system. 


Givens  Input  parameters 

tQ  ■  0,20  sec,  vm  »  2  ft/sec 
Isolator  parameters 
Zg,  -  200  ft/sec2 
u)  *  90  rad/sec 

To  find:  The  parameter  a  and  the  rattlespace 
Method:  From  equations  (51)  and  (52)  calc' -late 


P  ■ 

n  - 


2tt 


2  TT 

0.20 


_±_  -  _22_ 

P  31.* 

From  equations  (50)  an  I  (56)  obtain 

Gm  _  Zm  _  «i  )0 


31.* 

2.87 


Vm 


Pvm 


31.*  x  2 


3.19 
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It  la  now  necessary  to  construct  from  Figure  3.7.8  a  plot  of  G^/V^ 
versus  JU  for  the  value  A  .  2.87.  If  this  in  done,  it  is  found 
that  QjVj.  -  3.19  when  Xn  -  3,2.  Vm  -  3.5,  Cfe  -  11.2. 

Then  from  equations  (48),  (50)  we  have 


a 

and 

% 

The  optimization  curves  provide  a  comparison  of  all  the  isolators 
considered  giving  the  minimum  rattle  space  for  specified 
accelerations  or  vice  versa.  This  comparison  shows  that  the  effect  on 
the  response  of  nonlinearities  J*i  +he  stiffness  characteristic  is 
negligible  but  that  damping  is  very  important.  The  occasional  minimum 
points  noted  in  the  optimization  curves  are  too  trivial  to  be  of 
importance.  In  the  bilinear  cases  with  no  damping  the  optimization 
curves  are  substantially  horizontal  or  increaaing-vith  Vm. 

In  the  case  of  k  *  0,  X  *  0,  the  value  of  Vm  and  hence  Xgi  has 
been  computed  to  a  large  value,  and  there  is  no  evidence  of  any  tendency 
for  Xm/Vm  to  decrease.  However,  in  certain  cases  of  the  "softening" 
characteristic  when  there  is  damping,  the  optimization  curves  do  show  a 
decreasing  value  with  increasing  Va  and  However,  as  is  discussed  in 
Section  3  •  7  ■  7 ,  this  decrease  undoubtedly  results  from  the  decreasing 
natural  frequency  of  a  "softening"  syBtem  which  means  that  the  over-all 
damping  of  the  system  is  effectively  increasing. 

Consequently,  because  there  does  not  appear  much  to  distinguish 
between  the  various  bilinear  cases,  the  optimization  charts  have  limited 
use  in  this  area.  However,  they  are  useful  in  distinguishing  between 
desirable  and  undesirable  areas  to  design  in. 

Example  #5 

Given:  Input  parameters 

va  *  1  ft/sec,  t0  ■  0.2  sec 
Isolator  parameters 

The  isolator  has  a  damped  hardening  characteristic  given  by 
k  -  2.0,  X  *»  0.17,  and  the  maximum  acceleration  of  the 
isolated  body  is  co  be  2^  »  200  ft/sec2. 

To  find:  A  suitable  design. 


•m 


VmP  3.5  x  31.4 
aXflj  -  0.218  x  3.2  in. 


■  0.21 B  in. 

*  0.7  in. 
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Method:  Calculate  from  equations 
2TT  _  2tr 

P  t0  0.2 

O-B  e  gQO 

vmp  ’  lx  31.4 

Fimre  3.7.18  (Section  3.7*4)  shows  that  for  a  value  of  cr  ■  6.4,  values 
ot“vm  greater  than  1.5  are  to  be  avoided  because  of  the  increased  relative 
displacement.  One  can  actually  design  for  a  lower  acceleration,  e.g. , 
cr  -  1.00,  with  attendant  lower  displacement.  If,  Vm  ■  6,  for  example, 
then  Xja/Vuj  -  O.65  and  b  3.9.  By  interpolation  from  the  Vm  versus  SI 
curves  two  values  of  Si  are  determined,  i.e.,  J1  *  0.90  and  fl  *  1.05. 

From  equation  (68) 

G a  -  <r  Vm  -1x6-6 

Using  the  two  values  of  A  and  the  associated  values  of  A  2/0m  together 
with  the  value  of  Xm,  it  is  found  from  the  SI  2/Gm  cui*ves  that  A  -  0.90 
is  the  relevant  value  of  XI  • 


Then  from  equation  (51) 


oi  -  p  ci  - 
and  from  equation  ( 50) 

31.4  x  0.90 

-  28.2 

vm 

1.0 

•  ft  -  0.064  in. 

V 

6  x  31.4 

and  from  equation  (48) 

Xm  -  aXjQ  — 

0.064  x  6  in. 

-  0. 384  in. 

3.7,6  Effects  of  Different  InputB 

The  conclusions  arrived  at  in  this  project  are  largely 
dependent  on  the  nature  of  the  inputs.  This  may  be  demonstrated  by 
considering  a  single  impulse  applied  to  a  body  mounted  on  a  viscously 
damped  linear  spring.  The  equation  of  motion  is  the  same  notation  as 
before  is  given  by 

x  +  S  \(lx  +  U)2x  -  0  (72) 


(52)  and  (68) 

T  4 
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The  solution  to  equation  (72)  which  satisfies  the  conditions  that 
the  displacement  is  zero  at  time  zero  but  that  the  velocity  at  time 
zero  is  vm  is  given  by, 


vme 


-  Xu)  t 


coVi  - 


sin  u)Vl  -  X2  t 


(73) 


U)vme’  ^  ^  t 

Vi  -  X2 


(2  x  2  - 1)  u)Vl  -  >. 2  t 

•  2  XVi  -  X2  cos  u)Vi  -  ;  2  t  J 


(74) 


The  mniHimim  values  of  these  two  equations  may  be  obtained  by 
differentiating  with  respect  to  time  and  equating  to  zero  and  solving 
for  the  time  at  which  the  displacement  x  is  a  maximum  and  the  time 
for  which  the  acceleration  x  is  a  maximum,  nils  gives  the  maximum 
value  Xm  and  maximum  value  %  in  the  form 


%  - 

VB 

—  ru  X  ) 

(75) 

•  • 

%  ■ 

(  X  ) 

(76) 

The  optimization  procedure  follows  as  before.  If  a  value  of 
Hz  la  specified,  say  Zq,  then 


and  hence 


u)  ■ 


vB  f2  (  X  ) 


*in 


vl  *  1  (  X  )  f  2  (  X  ) 

MB 


(77) 


(78) 


Sow  Vjjj  and  Zg  are  fixed  and  in  order  to  minimize  %  it  is  necessary  to 
minimize  the  product  t±  (  X  )  ij  (  X  )•  This  has  been  calculated 
and  is  plotted  in  Figure  3.7.27.  A  definite  minimum  is  noted  at  a 
value  of  X  *  0.1*0.  This  ie  in  contrast  to  the  results  for  our 
family  of  inputs  which  show  that  X  should  be  00  for  minimum 
rattUspace. 
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Figure  3.7.27  Single  Impulse  Applied  to  Viscous -Damped  and 
Linear  Isolator 


3.7.7  Discussion  and  Conclusions 


3. 7*  7«1  Discussion 


The  responses  of  the  isolators  cxe  very  much  a  function  of 
the  shape  of  the  input  vave  forms;  and,  when  reaching  conclusions,  this 
fact  must  be  kept  in  mind.  To  what  extent  the  results  would  be  changed 
by,  say,  the  addition  of  another  half  cycle  of  oscillation  to  the  Type  II 
wave  form  is  hard  to  predict.  Similarly,  combinations,  other  than  the 
combinations  used  here,  of  the  Type  I  and  Type  II  wave  forms  will 
undoubtedly  change  the  results. 

The  response  of  the  isolators  to  the  five  actual  vertical  ground- 
motion  inputs  was  always  less  than  the  maxima*  value  except  for  input  32; 
(Cactus  3V  30)  in  the  case  of  a  very  low  D  ,  When  is  very  low  the 
isolator  is  acting  as  a  displacement  meter,  and  apparently  the 
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displacement  corresponding  to  input  32  is  greater  than  for  any  of  the 
others.  It  will  be  noticed  from  Figure  3-7.28,  page  3-lhj  ,  that 
inputs  30  and  31  were  put  on  the  tape  with  the  wrong  time  base,  i.e., 
the  time  at  which  the  first  crossover  ~e  should  be  about  one  third 
the  total  duration  as  shown  by  input  1  instead  of  the  full  duration 
as -in  inputs  30  and  31-  Consequently  the  phrase  that  "the  response  of 
the  isolators  to  the  five  actual  records  is  always  less  that  that  of 
the  maximax"  assumes  that  the  responses  to  inputs  30  and  31  have  been 
referred  to  their  proper  time  base. 

Only  the  maximax  values  have  been  taken,  i.e.,  for  any  particular 
isolator  only  the  largest  values  of  Gm  ,  4  and  Vm  for  the  29  responses 
has  been  recorded.  It  is  hoped  in  future  to  read  off  all  the  values;  but, 
at  the  moment,  it  is  assumed  that  at  any  given  location  all  combinations 
of  Type  1  and  Type  II  wave  forms  are  possible,  and  selecting  the  maximax 
gives  a  conservative  value. 

When  there  is  no  damping  present  in  the  isolator,  there  is,  in 
general,  a  reasonable  dispersion  between  the  maximum  response  values  for 
the  different  inputs.  The  addition  of  damping  makes  this  dispersion 
considerably  less.  Further,  when  there  is  no  damping,  small  changes  in 
Vm  fl  will  make  large  changes  in  and  hence  as  may  be  seen,  for 
example,  by  consideration  of  Figure  3-7-7.  The  addition  of  damping  makes 
the  behavior  far  less  critical. 

It  was  hoped  that  the  preloaded  case  could  be  analyzed.  Unexplained 
instability  in  the  circuitry  necessary  to  simulate  this  situation  did 
not  permit  this  analysis.  However,  the  bilinear  case  for  large  % 
approaches  the  preloadcd  ease  and  for  )<„,  =  5  the  bilinear  case  is  probably 
■raita  -'lose  to  the  preloaded  case.  In  the  case  A  =  0,  k  =  0,  values 
of  V  UP  t0  were  taken  to  see  if  there  were  any  significant  changes. 
This  does  not  appear  to  be  the  case.  Specification  of  the  damping 
presents  a  certain  difficulty  when  Xjjj  becomes  large;  the  damping  has 
been  referred  to  the  first  part  of  the  bilinear  characteristic,  and,  as 
the  natural  period  of  a  "softening"  system  decreases  with  amplitude,  the 
effective  damping  increases  with  amplitude.  For  a  "hardening"  system, 
the  effective  damping  decreases  with  amplitude.  This  may  well  be  part 
of  the  explanation  of  the  difference  between  the  optimization  curves 
in  the  cases  k  f  <_■,  A  »  0.2  and  Jt  -  2.0,  \  «  0.2. 

3-7-7-2  Conclusions 

The  main  conclusion  to  this  work  is  that,  as  far  as  mini¬ 
mizing  relative  displacement  for  a  specified  maximum  acceleration  or 
vice  versa  is  concerned,  damping  is  much  more  effective  than  the  various 
nonlinear  stiffness  characteristics  considered.  In  fact,  as  far  as  this 
optimum  criterion  is  concerned,  pure  damping,  whether  viscous  or  Coulomb, 
gives  a  smaller  "rattlespace"  than  when  any  form  of  elastic  stiffness 
is  included.  This  is  largely  true  because  the  oscillatory  nature  of 
the  Type  II  input  wave  form  leads  to  quasiresonance? .  However,  it  was 


Figure  3-7.28  Veloc.ty  Waveforms  Used  as  Inputs  in  Bilinear  Systems 
Analysis 
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shown  in  Section  3-7-6  that  if  the  input  consists  of  a  single  impulse, 
the  optimum  requirements  are  different  from  those  above.  Square -law 
damping  is  not  as  effective  as  viscous  rv  r-ulomb  damping  except  for 
low  values  of  the  parameter  <T  .  Of  co^ae,  in  any  practical 
isolator,  stiffness  must  be  present  to  determine  positioning  of  the 
isolated  body.  However,  there  are  certain  situations  such  as  a  vertical 
cantilever  acting  both  as  a  beam  and  an  inverted  pendulum  where  the 
horizontal  stiffness  could  be  made  extremely  small. 

The  softening  bilinear  characteristic  will  be  useful  where  a 
reasonable  amount  of  rigidity  is  required  in  the  rest  position,  i.e., 
the  angular  frequency,  oj  ,  corresponding  to  the  first  part  of  the 
characteristic  will  be  considerably  higher  than  that  of  a  comparable 
linear  isolator. 

Damping  is  of  further  import hr. re  in  that  it  makes  the  response  of 
the  isolator  far  less  critical  in  its  behavior  when  the  parameters  Vm, 
are  changed.  This  is  very  important  because  the  values  vn  and  p 
which  effectively  determine  Vm  and  XV  cannot  be  accurately  estimated 
beforehand.  Further,  damping  reduces  the  dispersion  between  the 
responses  to  tne  various  different  input  wave  forms. 

The  design  of  any  particular  isolator  will  be  influenced  by  many 
other  factors  than  the  criteria  discussed  so  far.  A  very  important 
factor  is  the  spectrum  of  the  isolator  output  response.  In  taking  the 
maximum  value  as  a  measure  of  the  acceleration  experienced  by  the 
components  of  the  isolated  body  it  is  tacitly  assumed  that  the  natural 
frequencies  of  these  components  are  considerably  higher  than  any 
frequencies  present  in  the  output  response  of  the  isoiaUu.  Tula  will 
be  true  in  a  large  number  of  cases  especially  for  a  damped  linear 
isolator  where  the  dominant  frequency  is  that  of  the  natural  period  of 
the  isolator.  However,  the  introduction  of  large  nonllne&rltieB  in 
either  the  spring  stiffness  or  its  clamping  will  introduce  higher 
frequencies  into  the  isolator  output  response.  ThiB  situation  is  un¬ 
desirable  because  these  higher  frequencies  may  excite  the  natural 
periods  of  the  components  of  the  isolated  body  and  actually  magnify 
the  maximum  acceleration,  for  these  components.  This  situation  is 
very  pertinent  iu  the  case  of  an  isolator  giving  a  square  wave  output, 
either  because  the  stiffness  characteristic  is  flat  and  preloaded  or 
because  the  damping  is  Coulomb . 

A  square  wave  contains  all  frequencies  up  to  infinity,  and  a 
component  of  any  natural  frequency,  no  matter  how  high,  will  experience 
an  acceleration  of  2  G^,  if  subjected  to  a  single  square  wave  of 
acceleration  of  amplitude  ai*l  will  experience  an  acceleration  of 
Gm  if  subjected  to  a  similar  double  square  wave  of  acceleration. 

Of  course,  rounding  of  the  corners  of  the  square  wave  which  will  happen 
in  practice  will  limit  the  upper  frequency  content,  but  there  still  may 
well  he  enough  high  frequency  content  to  be  troublesome . 
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All  these  considerations  point  to  the  fact  that  a  linear  viscously- 
damped  spring  appears  to  be  at  least  as  effective  as  all  the  nonlinear 
cases  considered.  Nonlinearities  in  the  stiffness  characteristic  appear 
to  be  useful  only  as  means  of  ia_. J :  ig  either  relative  displacement  or 
■transmitted  acceleration  independently. 

3.7.8  The  Bilinear  Approximation 

In  the  preceding  paragraphs  the  restoring  forces  of  cer+aJ 
types  of  nonlinear  elements  were  approximated  by  two  straight  lines  of 
unequal  slopes.  The  responses  of  systems  incorporating  these  elements 
were  calculated  for  a  variety  of  ground  shock:  wave  forms.  Ihe  process  o± 
selecting  the  slopes  and  intersection  point  of  the  two  lines  need  not  be 
left  to  Judgment  but  can  be  optimized  by  minimising  the  mean  square  error 
between  the  function  being  approximated  and  the  straight  line  segments. 

To  obtain  the  best  accuracy,  the  error  should  be  minimized  over  the 
displacement  range  of  the  system,  implying  that  the  peak  displacement 
is  known.  In  some  cases,  therefore,  the  peak  displacement  must  be 
estimated  and,  if  the  solution  indicates  a  significant  error,  the 
process  must  be  repeated.  For  many  typeB  of  functions,  however,  the 
error  in  system  response  due  to  inaccuracies  in  estimating  the  peak 
displacement  is  small. 


Assume  a  bilinear  approximation  of  a  nonlinear  element  g(x)  of  -  •• 
form  (Figure  3«7.29), 

gl(x)  =  Kxx  x  <  x,. 

g2(x)  =  Kqx  +  (KX  -  I^)  xt  x  >  xt 
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so  that  the  continuity  of  the  restoring  force  offered  by  the  nonlinear 
element  is  satisfied  at  the  transition  point  xu  ,  as  yet  unknown.  That 
is  x 


ggOO 


x  =  *t 


The  mean  square  error  £  of  the  above  approximation  is  expressed  by 


where  x^  is  the  maximum  displacement  and  Xj.  =  ax^  is  the  displacement 
at  the  transition  point. 

The  restoring  force  due  to  the  nonlinear  element  can  always  be  expressed 
in  the  form 


g  (x)  -  Kj,  x  +  h(x) 

where  K^x  represents  the  linear  restoring  force  due  to  the  initial 
stiffness  which  is  inherent  to  every  physical  system  and  coincides  with 
the  slope  of  the  nonlinear  restoring  force  at  the  origin.  Substituting 
the  above  expression  in  the  equation  of  the  mean  square  error  and 
minimizing  with  respect  to  the  variable  parameters  and  K2,  a  set  of 
two  equations  is  obtained  in  the  form 


K2  -  Kx  - 


'  *t>2  J 


*m 


h(x)  ix 


Kg  -  *1  •  - 5 - 

(\  -  \)  (2js+xt> 


Sm 


x  h(x)  i  x 


xt 


which  will  yield  the  required  values  for  xt  and  Kg.  In  order  to 
determine  Xj.  and  K2  the  maximum  displacement  3^  must  be  known. 

Careful  investigation  has  shown  that  if  the  maximum  linear  displacement 
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^  is  used  in  computations  instead  of  the  actual  maximum  nonlinear 
displacement  the  resulting  values  for  the  second  Blope  K2  and 
transition  point  x+  are  within  a  satisfactory  range  of  accuracy 
except  for  systems  with  very  iarbe  ...  :  ■  ..nearities.  In  such  cases 
an  iterative  procedure  must  be  used. 


As  an  example,  consider  the  element  whose  force  is  expressed 


F  =  Kx  x  +  cyp- 


After  performing  the  required  algebra  and  letting  a 
equation  becomes 


Kl  + 


n-1  n  + 
2cx„,  (1-  a 

(1  -  a)2  (n  +  1) 


H 

% 


(79) 

the 


and 


a  +  2  = 


n  +  2 


1 

1 


n  +  2 

a _ 

an  +  1 


Since  a 


*t 


is  always 


deviation  from  the  linear 


less  than  1  and  n,  the  exponent  of  the 
case^  will  always  be  greater  than  1.0 


and 


then 


1  -  a 


n  +  2 


1  -  a1 


n  +  1 


1 


a  +  2 


3(n  +  1) 
n  +  2 


*t 


n-1 
n  +  2 

(n  *  2)2 

n  +  1 


!For  nonlinearities  in  the  range  c/K]_  ~  0.1  the  influence  of  the 
selection  of  the  maximum  displacement  x^  is  negligible.  For  nonlinearities 
in  the  range  c/K^  =  1.0  the  influence  of  the  right  selection  of  the 
maximum  displacement  becomes  significant  and  iteration  procedures  may  be 
indicated. 


If  the  difference  between  th">  two  maximum  displacements,  that  is  linear 
%  and  nonlinear  is  denoted  by  A  so  that 

=  %  +  A 

the  influence  of  the  correct  solutions  of  the  maximum  displacement  fox- 
the  purpose  of  calculating  the  transition  parameters  x^  and  K2  is 
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insignificant  as  long  as 

*/%  <  1 

and  in  the  same  range  as  c/Kj_. 
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3.8  Nonlinearity  of  the  Simple  Pendulum 

The  pendulum  suspension  svst'v,  1-  -.a  been  used  extensively  for 
supporting  large  loads  in  underground  protective  structures.  By 
inserting  elastic  elements  in  the  pendulum  arms  to  attenuate  vertical 
accelerations  and  by  taking  advantage  of  the  low  lateral  stiffness 
inherent  in  long  pendulums,  simple,  economical  configurations  are 
obtained.  The  Atlas,  Titan  I  and  II,  Miruteman,  and  Norad  facilities 
all  employ  a  number  of  systems  of  this  type  for  isolating  manned  plat¬ 
forms,  missiles,  or  large  assemblies  of  electronic  gear. 

In  a  strict  sense,  any  suspension  system  is  pendular  if  the  moment 
exerted  on  the  system  by  the  force  of  gravity  varies  with  the  displace¬ 
ment  of  the  body.  In  underground  protective  facilities  where  the 
direction  of  the  input  shock  is  not  known,  most,  if  not  all,  suspension 
systems  will  exhibit  some  pendular  effect.  The  magnitude  of  the 
pendulum  action  on  the  dynamic  response  of  the  body  Is  a  function  of  the 
ratio  of  the  gravity  moment  to  the  moment  exerted  by  other  elements 
within  the  system.  In  many  configurations  this  ratio  is  negligible,  and 
in  any  system  it  can  be  made  small  by  inserting  strong  horizontal 
restoring  elements. 

While  it  is  well  known  that  the  equations  of  motion  fpr  the  simple 
rigid  pendulum  are  nonlinear,  the  effects  of  additional,  nonlinearities 
introduced  by  the  elasticity  of  the  arm  in  the  pendulum  are  rarely 
appreciated.  The  exact  equations  of  motion  for  these  systems  show  that 
the  horizontal,  x  ,  vertical,  z  ,  and  rotational,  6  ,  modes  are  coupled 
by  ouch  terms  as  products  of  displacement,  velocity,  and  acceleration. 

As  interest  is  generally  limited  to  small  amplitude  oscillations,  it  is 
frequently  assumed  that  these  nonlinear  coupling  terms  can  be  neglected. 

However,  such  is  not  the  case  for  systems  in  which  the  uncoupled 
pendulum  frequency  is  near  one -half  the  uncoupled  spring  frequency.  In 
these  systems  an  interchange  of  energy  between  the  pendulum  and  spring 
oscillations  is  possible  leading  to  pendulum  motions  far  exceeding  those 
predicted  by  the  linearized  equations. 

Approximate  solutions  to  the  equations  expressing  the  behavior  of 
elastic  pendulums  in  stable  regions  were  given  by  Rayleigh  (Reference  3.14) 
and  several  others  during  the  past  half  century  but  the  significance  of 
these  results  and  the  more  serious  possibility  of  instability  has  been 
overlooked  in  the  design  of  many  isolation  systems. 

Sevin  (Reference  3*15)  w&s  the  first  to  call  attention  to  the 
seriousness  of  this  omission  in  the  design  of  systems  for  underground 
protective  structures,  Sevin  considered  first  the  influence  of  floor 
flexibility  on  the  response  of  a  pendulum  supported  floor  system  and 
shoved  the  details  of  the  energy  transfer  in  free  vibration  between  the 
pendulum  and  spring  modes  for  the  two-to-one  fi  equency  ratio.  Later 
(Reference  3*16)  Sevin  pointed  out  that  the  significance  of  the  energy 
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transfer  lies  in  the  fact  that  substantial  increases  in  the  pendulum 
amplitude  are  possible. 


The  principal  concern  of  the  isolate .;i  system  designer  with  the 
problem  is  not  so  much  with  the  response  of  inherently  unstable  systems 
as  with  selecting  a  basically  stable  configuration  in  the  first  place. 
To  provide  the  designer  with  some  background  on  the  nature  of  the 
responses  of  pendulum  systems,  this  discussion  begins  with  the  simple 
rigid  pendulum  and  proceeds  to  the  two-  and  three-degree-of -freedom 
elastxa  pendulum. 

3.8.1  Simple  Pendulum 

3.8. 1.1  Undamped  Pendulum 


The  motion  rf  a  simple  pendulum  of  constant  length 
oscillating  in  a  single  vertical  plane  (Figure  3*8.1)  can  be  represented 
by  the  differential  equation 

u  Iff  +  mg  sin  0  «=  0 

2 

Letting  u)_  ■=  _S _  ,  the  above  equation  reduces  to 

/ 

'j>  +  dip2  sin  0=0  (80) 


am 


J 


-  t Ua  .k *  <r  iUit 


f-  0  "\  nvgsin0  j 


Figure  3. 8.1 


Simple  Pendulum 


*V  Pivot 


Figure  3.8.2 
Elastic  Fenaulum 


The  above  equation  is  nonlinear  since, 

sin  0  =  0  — ^  +  Jl  ..JL  +  . 

3*  5  i  V 

and  (rag  sin  0)  can  be  interpreted  as  a  kind  of  variable  stiffness, 
dependent  on  the  pendulum  angle  0. 
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Denoting  V  =  equation  (80)  can  be  expressed  in  the  form 

V  —  +  uj'0  .-'.I  $  =  u  (8l) 

d0  p 

Replacing  the  variable  0  by  a  dummy  variable  8  such  that 

sin  JL  -  sin  h  sin  8  9  -  when  0  =  0O 

2  2 

9  »  0  when  0=0 

Where  0Q  is  the  maximum  amplitude  |  0  |  max  occuring  when  V  =  0,  the 
solution  of  equation  (8l)  yields 


a)  dt  = 
P 


i'l  -  sin2  sin2  9 


Then,  if  >  is  the  period  of  oscillation 


4  -  K2  sin2  9 


where  K  =  sin  — ™-  and  F(K,  — )  is  the  complete  elliptic  integral 

of  the  first  kind,  of  modulus  K,  and  1b  readily  obtained  from  standard 
mathematical  tables.  By  the  theory  of  elliptic  functions,  F  increases 
with  K  and  therefore,  the  greater  the  amplitude,  the  greater  the  period 
7-  .  It  may  be  noted  that  T  is  a  function  of  the  amplitude  0O,  as  is 
always  the  case  in  nonlinear  oscillations.  Furthermore,  it  is  apparent 
that  if  0  is  small.,  so  that  sin  0^0,  then  T  *  2  TL,  which  is  a 
standard  result  for  small  oscillations.  'X>P 

The  solution  of  equation  (8l)  if  limited  to  the  first  two  terms  of 
its  Fourier  series  is 

0  =  0O  cos  +  C  0o  cos  3  u)t  (82) 

where  it  can  be  shown  that  C  «  1,  and  ul2  =  u3p‘-(l  ■  q  0§)  • 

Hence,  for  most  practical  problems,  it  can  be  assumed  that 

0  =  0O  cos  lOt  (83) 
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3.8. 1.2  Damped  Pendulum 

If  the  pendulum-  system  includes  a  viscous  damper,  the 
nonlinear  differential  equation  of  motio  .31)  becomes 

0+2  S0+  ul  p2  sin  0  “  0  (8*0 

where  S  is  the  ratio  of  actual  damping  'c'  to  the  critical  damping  c/cr. 
However,  for  0  <  _H_,  it  is  peimissible  tc  assume 
6 

sin  0=0-  -0- 

6 

0+2  S0+  Oia(0-Jf!)-O  (85) 

p  6 

Then  for  initial  conditions  t(0)  *  0(0o)  11  0  (°)  *  0(°)  • 

The  solution  of  equation  (85)  is  of  the  form 

0  =  e"  ^^(00  cos  u)t  +  C  cos  3  o5t) 
where  it  can  be  shown  that  C  <<  1  and 

CO2  =  ujp2(  1  -  g  0O2  e'2  S  t)  (86) 

Equation  (86)  shows  that  after  a  period  of  time,  the  frequency,  a)  , 
of  the  damped  nonlinear  pendulum  approaches  that  of  the  simple  pendulum, 
i.e. , 

oO  =  u)p  =  l/f  • 

3.8.2  The  Elastic  Pendulum  -  Two -Degrees -of -Freedom 
3. 8. 2.1  Undamped.  Pendulum 

Consider  now  a  system  in  which  an  elastic  but  massless 
element  is  inserted  in  the  pendulum  ana,  and  the  system  is  constrainted 
to  oscillate  in  the  xz  plane  (Figure  3*8*2,  page  3-15^) •  The  system 
contains  two-degrees-of-freedom  which  may  be  described  in  terms  of  z  and 
0,  or  by  the  Cartesian  reference  coordinates  x  and  z.  The  former 
coordinates  are  used  here. 

The  equations  of  motion  of  the  system  in  free  oscillation  are: 
ra  (z  +  -f  cos  0)  +  Kz  "0  (87) 
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|  Qn(  ft  +  z  cos  0)2  +  Ic,e< 

i _ J 

.  i 
0 

4 

•  ■ 

«  -  mg  (  i+z)0 

For  small  oscillations,  i.e., 

for 

j  0  <  .2C_  ,  it  may  be  assumed 

that 

sin  0*0 

? 

con  0  *  1  • 

O 

Hence,  equations  (87)  and  (88)  reduce  to 


z  +  z 


2  z  ■»  /f(02  +  0  0) 


+  a)!  0  -  -  k  (  2  Z  ^  +  2  Z  $  +  a>22  z 

O  r  ft" 


where  7  2 


Ig-,S.- 


(89) 

(90) 


UJ. 


J* 

2 


/**  +  3 


equivalent  pendulum  length 


K  ■>  natural  frequency  of  elastic  element 
m 


u)  m  &  m  natural  frequency  of  simple  pendulum 
1  / 

, a  2  g  ■  natural  frequency  of  equivalent  simple  pendulum. 

0  "  ;* 


As  particular  cases, 

if  0  o  0  .  0  ■  0;  z  +  u^2  z  «  0  (oscillation  in  z-mode  only) 

o  if  z  »  z  ■  z  *  0;  '0  +  uij*2  0  «  0  (Pendulum  oscillation  only) 

In  most  cases  the  two  modes  will  be  coupled.  As  can  be  seen  from 
equations  (89)  and  (90),  the  coupling  between  the  z  and  0  modes  may  be 
linear,  as  represented  by  terms  such  as  uig2  z  0,  or  may  be  nonlinear, 
as  represented  by  terms  such  as  2  z  0  and  0  0.  The  linear  coupl. 
of  the  modes  has  the  same  importance  and  can  be  dealt  with  in  a  manner 
similar  to  that  shown  .or  coupJed  linear  systems  in  Section  3*5* 

However,  the  nonlinear  coupling  cannot,  always  be  ignored,  as  is  sometimes 
done,  since  certain  critical  ratios  of  the  elastic  element  frequency  to 


3-157 


swc-T’dr-62-64 


October  1962 


the  pendulum  frequency  cause  very  large  amplitude  oscillations.  The 
most  critical  ratio,  as  shown  later,  is 


and  must  be  avoided  under  all  cases.  In  general,  there  will  exist  two 
tynes  of  nonlinear  coupling,  viz: 

.  Nonlinear  coupling  due  to  second  order  effects  in 
translation 

.  Nonlinear  coupling  due  to  second  order  effects  in 
pendular  rotation 


Case  A:  Assume  that  the  pendulum,  initially  vertical  and  at  rest, 
is  drawn  aside  and  released  when 

1 0  |  -  j  0O|<  -l!l_  at  t  =■  0 

6 

Then,  initially  0  -  0LlCos  u>0*  t  .  Substituting  this  in  equation  (89), 

z  +  tdj2  z  =  -  J,0O2  U>0*2  eos  2  c0o*  t  (91) 

If  a)x  2  OjQ*  ,  the  general  solution  of  equation  (91)  is  of  the 
form 

P  .  2  .  #2  2 

z  =  C-i  sin  t  +  Cn  cos  t  +  — 1-2 - 2 -  cos  2  cJ  *  t  (92) 

uV-4u)*2  0 

x  o 


vnere  and  Cg  are 
initial  conditions, 
periodic  components 

27T 


constants  of  integration,  to  be  determined  from  the 
The  equation  shows  that  the  axial  motion  has  two 
of  frequencies 
* 


and 


2  al , 


2  7 T 


O 

It  also  shows  that  an  Instability  condition  occurs  when  a)  .  «=  2  u)  *  , 

•i-  o 

since  for  this  particular  case,  the  solution  of  tK  differential  equation 
includes  a  particular  integral  of  the  ar~riodlc  form  (  t  sin  2  u>0*  t). 
This  indicates  that  the  amplitude  of  os -A.  nation  in  the  z  mode  will 
increase  with  time,  leading  to  an  unstaule  behavior  if  >  2  u)  0*. 
Furthermore,  since  the  energy  of  the  system  must  remain  constant,  the 
amplitude  of  oscillation  in  the  0  mode  must  decay. 
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Case  B:  Assume  that  the  mass  m  is  pulled  down  by  an  amount, 
z0  <  }*  when  pendulum  is  vertical,  and  then  released  at  the  initial  time 
t  =  0.  The  subsequent  motion  in  the  direction  will  be  defined 
initially  by  z  “  cos  BubSoxtuting  this  on  the  right  hand  side 

of  equation  (90) 


(1-  ^C0S<At$  +  (jS.  cJiBin^t)^  +  bd0*2(l-  0j>  cos  0^)0  =  0  (93) 

Approximating  cos  ait  by  1,  and  since  by  previous  assumption  <  1,  the 
above  equation  may  be  reduced  in  a  first  approximation,  to 

0  +  60]_sin  o)]_t0  +  a)Q*20  =  0  (5!0 


Substituting  u)jt 
a 


q 


2  OC 

2  6l)„ 

/  g  ^0 

V  U) 

1 

2z0 

7* 


* 


2 

) 


equation  (94)  becomes 


^2  +  2q  sin  2 a  ^2  +  a0  =0  (95) 

dot2  do' 

l/2q  cos  2Ct 

Further,  letting  0  =  e  y(  oL  ),  and  substituting  this  in 

equation  (95) 


d2y  +  [ja-l/2q2)  -  2qcos  2  OC  +  l/2q2  cos  4otj  y  =  0  (9b) 

dot2 

The  above  equation  is  a  linear  differential  equation  with  time  variable 
coefficients  of  the  Hill  type,  since  the  coefficients  are  periodic 
functions  of  the  variable  ot  ■=  i/2  uljt.  The  solution  of  Hill's 
equation  can  be  found  m  text  books  on  mathematics  (Pipes  -  Reference  3.3). 

2z0 

If  the  configuration  of  the  system  is  such  that  q  =  ~p*~  <  1, 
then  equation  (96)  can  be  reduced  in  a  first  approximation  to 

2 

!±il  +  (a  -  2q  cos  2  OC  )  y  =  0  {"  ■. 

da2 

2  mg  _ 

Note  that  q  can  also  be  written  q  =  k(  JP2  +  ;2j  • 
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Equation  (97)  is  a  linear  differential  equation,  with  periodic 
time  varying  coefficients  of  the  Mathieu  type,  with  the  general 
solution  as  explained  in  Appendix  3-F  of  the  form 


y  » 


Y*  -00 


iY* 

e 


+  C2e 


-M.CL 


+  oc 
Ys-ao 


iYat 

e 


(98) 


wht*-  Ci  and  C2  are  constants  of  integration,  to  be  determined  from 
the  initial  condition. 


In  equation  (98)  the  characteristic  exponent  n,  ,  as  well  as  the 
two  functions 


+  oc 


Y*  -•© 


V 


i  'YOL 

e 


and 


4oo 

Z  ». 

Y»-oo 


i  Yet 


are  independent  of  the  initial  conditions  and  depend  only  on  the 
parameters  ’a*  and  ’q’  of  the  different:  .1  equation  (97).  Depending 
on  the  relationship  between  the  two  parameters  ’a’  and  ’q',  the 
behavior  of  the  system  may  be  stable  or  unstable. 


For  the  unstable  condition,  expression  (98)  takes  the  form 


y  *  cL  P3(cc)  +  c2  [a  P3  (  a  )  +  P4  (  a  )]  (99) 

where  p  oc.  )  and  p  OC  )  are  periodic  functions  in  ct  ,  the 

instability  of  the  system  being  characterized  by  the  inclusion  of  cC  in 
the  configuration.  However,  it  is  not  necessary  to  solve  the  differential 
equation  (97)  to  determine  whether  the  system  is  unstable  or  not.  The 
parameters  'a'  and  *q*  alone,  of  the  Mathieu  differential  equation  define 
the  stability  characteristics  of  the  system  as  has  been  shown  by  Ince  and 
Strutt  (References  3.17 ,  3«j8)  •  The  results  have  been  graphically 
represented  by  curves  which  constitute  the  so-called  lnce-Strutt  diagram, 
dividing  the  plane  into  regions  of  stable  and  unstable  behavior. 

These  diagrams  have  been  transferred  by  Ince  into  Tables  (Reference  18), 
describing  the  properties  of  the  curves.  It  can  be  shown  that  the  points 
for  which  the  system  becomes  unstable  are  given  by  a  simple  relationship 
a  +  q  =  1;  that  is, 


_ =  1 

2  /* 
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TT0r  small  values  of  q  «  <<  1  the  above  condition  reduces  to 

X 


U), 


“i2 


_1_ 

4 


The  system  i3  stable  if 


4  a) 


*2 


2z, 


a  +  q 


^l2 


<.  1 


(100) 


Thus,  because  of  the  nonlinearity  of  the  coupling,  energy  may  be 
transferred  between  the  0  .ini  z  modes. 


3,8. 2. 2  Design  Procedure  for  a  Two-Degree-of -Freedom 
Elastic  Pendulum 

Based  on  the  previous  discussion,  and  in  conjunction 
with  Appendix  3-F,  a  design  procedure  for  the  elastic  pendulum  is 
suggested: 

Step  #1:  Determine  the  input  parameter  z0  which  is  the  peak 
vertical  displacement  given  by  the  imposed  shock 
spectrum,  for  a  frequency  corresponding  to  the  natural 
frequency  of  the  spring,  considered  as  a  single  degree 
of -freedom  spring-mass  system. 


Step  #2:  Determine  the  input  perameter  0O  which  corresponds  to 
the  peak  horizontal  displacement  given  by  the  imposed 
shock  spectrum,  for  a  frequency  corresponding  to  the 
pendulum  natural  frequency  t00*2. 


Step  #3:  Check  the  stability  of  the  elastic  pendulum.  This  is 
accomplished  by  locating  the  (a,q)  point  on  the  Ince- 
Strutt  diagram  (Figure  3.8.3)*  For  most  practical  cases, 
only  the  first  V  of  the  Ince-Strutt  diagram  is  needed. 


Figure  3*8.3  Ince-Strutt  Stability  Diagram 
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For  a  <  1,  and  if  a  +  q  is  less  than  unity,  the  system  is  stable;  if 
however  a  +  q  it  1,  the  system  is  unstable  and  the  parameters  K  and/or 
P  must  be  adjusted  to  stabilize  the  cz.xV,  uratlon. 


Similarly,  for  a  >  1,  and  if  a  -  q  is  greater  than  unity,  then 
the  system  :Ls  stable;  but  if  a  -  q  <  1,  the  system  is  unstable  and 
must  be  reproportioned. 


Step  #4: 

If  the  system  : 
(Appendix  3-F) 
r*  t 

y  =  A 

cos  7ct  -  iq  ji 

where 

V2  v 

a  as  a  first 

and 

v2  = 

1 

a  . - 

2(a  -  1) 

if 

—  -  cos(  'Y  -  2) PC  \ 
V-  1  J_ 


q  as  a  second  approximation 


(101) 


2  2 

q  <<  7  . 


2(  V  -1) 


'A'  is  a  constant  depending  on  the  initial  conditions,  it  being  remembered 
that  y  =  yQ  when  ot  =  0,  where  2  a,  a  u^t.  However,  if 

1 _ 

2  (Y2  -  1) 

is  not  very  small  with  respect  to  7  2,  equation  (101)  is  not  valid  and 
Ince's  method  of  infinite  continued  fractions  must  be  employed  (Reference 
3-17  ).  The  method  1b  not  described  in  the  Design  Guide  since  con¬ 

figuration  of  these  proportions  should  be  avoided  if  possible. 

Step  jf5;  Calculate  the  pendulum  response  <p  from  the  relationship 

a  l/2qcos2« 
t  =  e  y. 


3-8. 2. 3  Numerical  Example:  Two-Degrees-of -Freedom  Elastic  Pendulum 

Consider  the  configuration  shown  in  Figure  3.8.4  exposed 
to  vertical  and  horizontal  shocks  whose  response  spectra  are  shown  in 
Figure  3.8.3. 
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Figure  3.8.^ 
Elastic  Pendulum 


The  natural  frequency  of  the  uncoupled  mass  Bpring  system  is 

a;  2  JL  .  „  56.6  eec-2,  ...  *  „  9.83 

1  m  100  1 

u)  2  =  -JL  -  =  3.22  sec"2 

2  I  10 

2  2  2 

jP*  -  *  +  f  m  1  .  10.1  ft. 

/  10 

The  natural  frequency  of  the  uncoupled  pendulum  is: 

2 

*  -  -5-  -  *  3.19  sec'2,  u)  *  -  1.79 

0  f*  10.1 


From  the  shock  spectrum,  for  oO  1  ■  9.83,  z0  -  12" 

for  u)Q*  -  1.79,  Sh-  V' 

g 

uhoro  £  -  K  VirkT«-f  +  o  1  o r>7  nnamanl  •  fi  —  h  • 


where  8  ^  *  horizontal  displacement;  0O 


*  (10)(12) 


0.033  ra  3 
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q  - 


2*o 

i* 

CO. 


.  0.196 

(10.1)(12) 

2 

.  .(AjU-lj).  .0.132 
(96.6) 


1 


for  stability,  a  ♦  q  <  1 
a  ♦  q  -  0.132  +  0.198  -  0.33  <  1 

Therefore  the  system  is  stable.  The  location  of  these  system  parameters 
on  the  Ince-Strutt  diagram  is  shown  in  Figure  3-6'.  6. 


Figure  3-8«6:  Ince-Strutt  Diagram  for  Elastic  Pendulum 


To  determine  the  maximum  angular  displacement  of  the  pendulum 
consider  as  a  first  approximation. 


y2  =  a  -  0.132 

As  a  second  approximation, 


.*.  y  -  0.363. 


2(  V  -  1) 


_ i -  q2  -  0.132  -  - - -  .(0.196)2 

2(a  -  1)  2(0.132  -  1) 

-  0.132  ♦  0.0225  -  0. 15V» 

(0-196)2  -  0.023  <<  *  2 
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Therefore  equation  (101)  for  the  lateral  displacement  is  valid. 

•**  Y2  -  0.1545 

Y  «  0.394 

„  .  T  1  _  f cos(v  +  2)  cos(v-  2)  oc'f] 

L  4  \  V  +  1  V  -  1  JJ 

y  «  A  [cos  0.394a-  0.0355  cos  2.394  a-  0.0818  cos(-1.6o6a  jj 
5  q  con  2oC 

0  m.  ke~  [cos  0.394ct-  0.0355  cos  2.394a-  0.081B  cos(-1.6060C)J 


When  t  ■  0,  «.  ■  0  and  0  ~  0O  =  0.03 

1  q 

0O  -  Ae2  [l  -  O.0355  -  0.0818] 


. A  = 


el/2q 


0o 


y  -  0o  [cos  0.394a-  0.0355  cos  2.394  a-  0.0818  cou(-l.  6060c)  [J 

(|cos2a-|) 

0  «  1.135e  0o[cosO. 394  -o.0355cos2.394  -  0.08l8cos( -I.606  )1 

0  ^  1.135  0o  [l  +  0*0355  +  0.0818]  -  1.265  0O 

1  /inaX  -  (i.265)(0.033) 


*  0.042  rads 


Hence  it  is  seen  that  in  this  case  with  the  point  (a,q)  well  within  the 
stable  region,  the  nonlinear  coupling  of  the  modes  causes  an  amplifica¬ 
tion  of  about  26  per  cent. 


Next  consider  a  more  severe  shock  spectrum  for  the  same  pendulum,  so  that 
z0  ■  30"  and  0O  ■  0.083  rad. 


Then  q 
a 


- °  -  (2?(3°) _ 0.495 

Jt*  (10.1)'12) 

0.132  <  1  ,  as  bef  ore 
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a  +  q  =  0. 495  +  0. 132  =  0. 627  <  1 

Therefore  the  point  fall3  within  th*.  '  *b  .  region  of  the  Ince -Strutt 
diagram. 

p 

As  a  firct  approximation  'Y  =  a  =  0.132 
However 

— 3! _  »  (0  =  0.14 

2 (V2-  i)  2(0.132  -  1) 

Since  0.14  is  not  very  small  compared  to  0.132,  equation  (101)  is  not 
valid.  This  problem  would  necessitate  the  iterative  solution  given  in 
Reference  3-17  which  will  not  be  dealt  with  here,  however,  from  a 
practical  viewpoint  it  should  be  noted  that  the  amplification  factor 
becomes  greater  with  increasing  4,  for  the  same  value  of  a. 

Finally,  considering  a  third  example,  such  that 

a  =  0.6 


q  =  0.2 

zo  =  12" 

Then  a  +  q  =  0.2  +  0. 6  =  0.8  <  1  and  the  system  is  stable. 

The  first  approximation  gives  Y  2  =  a  *=  0.6,  and  the  second  approximation 

/y2  =  a  ••  °  =  0.6  -  (°*2)  =  0.65 

2(a  -  1)  2(0.6  -  1) 


Y  =  0.808 

/.  .y  =  A 


0.808<x  -  0,2  i  cos(2.8o6«- )  +  cos (-1. 19?  tr.  )\ 

4  [  1.808  0.192  j_ 

=  A  [cos  0.8080c-  0.0222  cos  2.808ot  -  0.261  cos(-1.192  <X  )J 

Then,  as  before,  A  =  - ^2 _ _  =  1.4  0n 

1-0.0222  -  0.261  ro 


.%  0  =  1.40oe 


(lcos2«.  -  £) 


[cosO.  508ot  -  0 . 0222cos2 . 808 ot  -  0.26lcos(-1.192ct)j 


‘ "  '  (^maxj 


=  (1.4)  jl  +  0.022CC  +  J.26.C1  0n 
max  L  J  u 

=  1.8  0O 
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This  represents  an  80  per  cent  increase  over  the  uncoupled  peak 
pendulum  angle.  However  it  must  be  remembered  that  the  actual 
maximum  will  be  less  than  this  value  and  in  the  event  a  more  accurate 
answer  is  needed,  the  «?tual  max...  m  may  be  calculated  by  standard 
principles  of  maxima  and  minima. 

3.8. 2.4  The  Effect  of  Damping  on  the  Behavior  of  the 
Elastic  Pendulum 


In  the  absence  of  any  energy  loss,  the  equation  governing 
the  motion  of  an  elastic  pendulum  given  by  previous  results  is 


d,  Z  .  +  (a  -  2q  cos  2a.)y  =  0;  where  2  Oc.  -  uijt  (102) 

0  «  el/2qcosoCy(a  j 


The  amplitude  of  motion  may  increase,  under  conditions  described  in 
Appendix  3.9F,  exponent ially  in  accordance  with  one  of  the  solutions 
of  tb®  equation  (102)  as  follows: 


y  =  eAOt  ^  2  /V'  +  1  COS  T(2  V+  l)ot  +  T2  Y+  ]1 

fy~  0 

^raal  >  0 
or 

y  =  e  S  2  y  +  1  cos  R2  Y  +  l)c<-  +  'V 2  /Y+  ll 

Y«=  0  „ 

•^real  ^  ® 

The  second  solution  may  be  omitted  from  the  discussion  since  it  vanishes 
with  time.  Consequently,  the  amplitude  of  motion  will  he  defined  by  the 
first  solution,  and  will  increase  without  bouaas,  unless  it  is  restricted 
by  certain  limiting  properties  of  the  system. 

In  case  dissipative  forces,  such  as  those  provided  by  a  viscous 
damper,  are  present,  then  che  governing  linear  differential  equation 
with  variable  coefficients  becomes 

2 

4  y  +  2$^  +  (r  -  2qcos  2 oc  )y  *  0  (1G3) 

dot2  dot 

where  8  is  the  rati®  of  critical  damping. 
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(104) 


Using  the  transformation 
y  ■  e*^au(  ot  ) 

equation  (103)  can  be  reduced  to 


2 

♦  (a  *  2q  cos  2  a  )u  ■  0  (105) 

doc  2 

where  i  ■  a  -  6  2 

Equation  (105)  Is  again  a  Mathleu  equation,  and  Its  significant 
solution  is  of  the  form 


u  -  e*a  1  2V+  x  cos  [W*  l)ot  ♦  ygy4  J  (106) 

where  Ju.  ,  ^  ,  V  now  have  new  significance  in  accordance  with 

the  new  definition  of  the  parameter  a.  As  a  consequence  the  solution 
of  equation  (103)  becomes 


y  -  •(A“  *  *^2*  +  !  cos  j(2Y+  i)a+  V2Y+  (107) 

where  2  Ot  ■  u)jt. 

If  6  ■  /I  ,  the  resulting  motion  is  neutral  and  not  influenced  by 
damping. 

If  8  >JL  ,  the  motion  is  stable  for  0  <  Ct  <  00  ,  since  the  amplitude 
will  decay  exponentially  to  tero,  as  ot  (t)  approaches  infinity. 

If  S  <M,  the  motion  is  unstable  for  0  <  ot  <  00  ,  since  the 
amplitude  grows  exponentially  with  time. 

The  presence  of  a  damping  term  in  the  governing  equation  of  motion 
enlarges  the  stability  region  of  the  Ince-Strutt  stability  chart, 
whereas  the  instability  regions  are  decreased.  Instability  regions  of 
lower  order  are  less  influenced  by  the  damping  than  the  instability 
regions  of  higher  order,  the  'atter  being  strongly  influenced  by  the 
damping  in  the  system.  Therefore,  because  of  the  residual  damping 
inherent  in  physical  systems,  the  instability  regions  of  higher  order 
becoste  unimportant  fora  a  pisctlcal  viewpoint. 


3-168 


SWC-TDR-62-64 


October  1962 


The  Mathieu  equation  for  systems  incorporating  damping  infers  the 
possibility  of  instability,  i.e.,  solutions  that  may  grow  without 
bounds.  Hence,  a  fundamental  difference  between  damped  linear  systems 
with  constant  coefficient?;  and  damp*,  linear  systems  with  variable 
coefficients  lies  in  the  fact  that  whereas  for  the  former  damping 
always  stabilizes  the  system,  in  case  of  the  latter,  damping  may  not 
always  stabilize  the  system  (Reference  3*19)  • 


Figure  3.8.7 

IBCE -Strutt  Stability  Chart  for  Damped  Systems 


Inspection  of  the  Ince-Strutt  stability  chart  for  rheolinear  systems 
(Figure  3.0*7)  reveals  that  a  large  amount  of  damping  is  necessary  to 
raise  the  tip  of  the  first  order  V-shaped  instability  curve  by  a 
amount.  Accordingly,  a  damping  ratio  of  10  per  cent  may  raise  the  tip 
of  the  instability  curve  from  a  ■  1,  q  ■  0  to  a  ■  1,  q  ■  0.2.  Com¬ 
paring  these  results  with  those  observed  for  linear  systems,  it  may  be 
concluded  that  Incorporation  of  viscous  damping  in  the  system  is  far 
less  effective  for  the  performance  of  rheolinear  systems.  Other  means, 
such  as  the  incorporation  of  nonlinear  elements  in  the  configuration, 
may  be  more  effective  in  stabilizing  a  rheolinear  system. 
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3.8.3  Three -Degree -of -Freedom  Planar  Pendulum 

3.8. 3.1  General  Discus, ~i  •  ,d  Equations  of  Motion 


K  *»  Axial  Spring 
v  Stiffness 

K_  *  Rotational  Spring 
Stiffness 

C.S.  =  Center  of  Spring 


Figure  3.8.8 

Three-Degree -of- 
Freedom  Planar 
Pendulum 


The  coordinates  of  the  centroid  are 
“x  =  Sx  +  £  sin  8  ■  Sx  £  8 


z  *  Sz  -  £  COB  9  -  sz  -  £ 


(108) 


If  H  and  V  are  defined  as  the  horizontal  and  vertical  spring  reactions 
at  the  spring  center,  then  the  equations  of  dynamic  equilibrium  yield 


-H 


mx  ®  mSx  +  m 


£  9  ■  -mg 


r-i  t  » 

-mg  -  V  =  mz  =  mSs  =  K..S,  (109) 

H  £  cose  -  V  £  sin9  =  HJ  -  V  £  9  -  Ic<(,  9  +  Kp9 
Eliminating  H  and  V  between  the  above  equations,  there  results 
Iq.G.  ®  ^  Kp0  *  -m  £  Sx  -  in  £  +  mSz  £  6  +  mg  £  6 
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**  »• 


dc.o.  +  *£‘)9  +  {Kp  -  mg£  )e  +  m£(sx  -  sze) 


However,  *  a  £  *  ^C.S. ,  tu^refore  the  equations  of  motion  in 

relative  coordinates  are 


m  mff  _  *  •*  •• 

«Sxr  +  y  sxr  ♦  £  ®  -  -“Xo 

«»  »<>• 

mSZr  +  Ky  SZj.  -  *tto 


(110) 


Ic  +  a  £  (SXr  -  sZre)  +  (Kp  -  mg  e  )e  -  m  e  (z0®  -  *>) 


where  S, 


sx  -  Xo 


®z  "  zo 


Simplifying  the  above  equations, 

••  .  **  »  _  •» 

?Xr  -  -  £  e  -  5  Sxr  ■  x° 

*  * 

s„ 


Ky 

-  —  S,  -  Zr 


IQ 


*  Ky 

Therefore  S„  -  Sz  8  ^  -  £  9  -  f  S  -  Xq  +  —  S  0  +  zo0 
*r  r  t  m  r 

Substituting  this  in  the  third  of  equations  (110) 

IC.S.®  +  m  £(-£0  -  fsXj.  -  szre  +  zo®) 

+  (Kp  -  mg£  )9  «  m  6(zoe  -  Xq) 


Therefore 

Ic#G/e  -  5  ^  SxA.  +  t  KySzj.9  +  (Kp  -  mge)0  -  0 
Dropping  the  index  r  for  convenience,  the  equations  of  motion  are: 
m(Sx  +  £9)  +  f  Sx  >-  -  mXo 

mSz  +  KySz  =  -  mz0  (111.) 

*C.G.0  -  £  f  sx  +  [Kp  +  e  (KySz  -  mg)]  e  -  0 
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U.lo«  the  notation  1^  -  a  3  ,  the  8et  of  equations  (ill) 

C.G. 

reduc*  to 


••  -  *•  g 

sx  ♦  l  ©  4  y  s 


x  “  -*o 


Ky 


S«  ♦  ■  -i- 

z  a  z  *0 


K  -  £ng 


-  £  .  -Lg  -^-3, 

r.  ■  ■? 


c.o. 


C.G. 


C.G. 


(112) 


Further,  making  the  following  substitutions, 


iv_ 

a 


+■ 


U), 


$ 


C.G.  m  £ 


-E-  -  s  .  g* 

£■ 


K  -  £  gm 

o  S  2 

JC.G. 


£  -  U>* 

l*  2 


Sx  ■  x,  and  St  ■  z 

The  set  of  equations  (112)  are  reduced  to: 

...  2  ••  ,  '• 
x  4  u>2  x  ■  -xQ  -  t  ® 


4  u> 


2  -  -tr 


e  - 


^22 

e  * 


u>«  #<: 

— f-  9z  -  tOp  © 

6*  2 


The  iapt  of  equations  (ill)  yields 

*■  2  -4*"  I 

e+  u),  (.  2  +  - — - — 


<4)j2 


z)  9 


U>„ 
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and  therefore 


x  +  (1  +  -pr  )  ^2 
C 


z  +  ^2.  *  "  "Eo 


4 


x  -  So)/  (— +  Jj-  z)  ©  -  -‘4 

1  0^2  e* 


(114) 


+  <*>1  ( 


2  t&X 


_1_  z)  9 


u) 


If  &  periodic  solution  of  the  fora  z  ■  z0  cos  j*)]t  exists  in  the 
z  direction,  then  equation  (114)  can  be  written  as 


x  + 


(1  +  )  cOp2  X  -  l  cO  ,2(  cos  «^t)e 

e*  e* 


e  -  °J2  x  +  a).2  (  . +  _^2_  cos  a),t)  0 

£#  1  co?  e* 


(115) 


Equations  (U5)  clearly  indicate  that  the  behavior  of  the  system 
is  controlled  by  a  pair  of  Mathieu’s  equations  whereby  it  may  be  concluded 
that  the  system  may  become  unstable  under  circumstances  involving 
critical  relationships  between  the  various  parameters  defined  by  the 
Ince -Strutt  charts. 


3.8. 3.2  Stability  of  the  Motion 

The  natural  frequency  uJn  of  the  system  as  dsfin-d  by 
equations  (115)  can  be  obtained  from  the  frequency  determinant,  as 
follows; 


-o>. 


+  (1  + 

-  8u)*2 

6* 

*2 

(-  o)n2  +  cO 2* 

e* 

2  ,  ,  2. 

+  ) 

- 

U)  j_ 

£* 

■  “>„2  * 

(Il6) 


0 


3-173 


SWC-TDR-62-64 


October  1962 


(a)22  .  (On2)  (  (u)2*2  -  <An2)  -  £-  Oin2  o>g2  .  0 
or 

«J,'  -  <0/  [(1  +  -|v>  <J22  +<J2*2  ]  ♦  "22  ■  0 

However,  6  a  <  <  1  for  small  eccentricity 

e*  52 

'C.G. 

Cc>n4  -  C0n2  (  co22  +  u>2*2  )  +  C022  ai2*2  -  0  (117) 


n 

In  the  above  equation  all  elements  except  cO  are  completely 
defined  by  the  geometry  of  the  system.  The  solution  of  equation  (117) 
yields  the  two  natural  frequencies  cOQ^  Bind  oJ^p  of  the  system.  For 
small  eccentricity. 


Hd=  <°2  “*  ^n2  "  ^2 


As  the  eccentricity  increases,  the  natural  frequencies  of  the  system 
become  closer  and  may  yield  a  resonance  condition  leading  to  an  unstable 
behavior  of  the  system. 

By  the  Ljapunov  theory  (Reference  3-20  )  the  system  is  stable  if 

a2  <  JjL/2(q  +  2)  J  2  (H0) 

.2 


where 


a  ■  2 


b  *  2 


_  atruin!  "]  _  0/  TT  zQ  f 

COS  - . -  +  COS  - — -  - - - > 

i  cO-^  J  e  * 

T  4trujrl  4tt  co  ?  “I  tTz0 

cos  - iii_+  cos  _ i±.  -  2( - — ) 

L  COi  ^  J 


q  -  l/2(a  -  b);  e* 


^O.G.  ;  CO, 


For  small  eccentricity 


CO 


nl 


CO, 


■G 


and  UJ 


ruJ 


cO , 


■1% 
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This  shows  that  the  natural  frequencies  of  the  system  are 
independent  of  the  input  z  and  depend  only  on  the  geometry  of  the 
configuration.  As  a  consequence,  the  trigonometric  quantities  in 
parenthesis  become  invariant  vitu  input  amplitude  z0  and  the 
eccentricity  £  ,  and  depend  only  on  uhe  stiffness  characteristic 
of  the  dynamic  system. 

3.8. 3. 3  Numerical  Example  of  Stability  of  a  Three -Degree -of; 

Freedom  System 


Given  i 
£ 
*v 

*P 
W 
,2 


10  ft. 

1  ft. 

25  lbB/in 

300  ft.  lbs/rad 

100  # 


r  -  1  ft* 


.  v  2  Jiy _  ^  (2^)(32.2)_(1 2±  m  96>6  sec"2.  .  9.84  sec  1 

*  *  ”  m  100  1 

u)2  *  f  -  -2^  -  3.22  sec-2 


4- 


1 

1 


1  ft 


m 


a  m  (300)  (32. 2)  .32.2  -  64.4  ft/sec* 

(1)(100) 


CO 


Jt 

e* 


1 


64.4  ssc 


-2 


From  shock  spectrum  (Figure  3.8.5,  page  3-1^3  )  for  ^0  *=  9*84  sec  , 
z0  ■  1  ft.  Then  the  frequency  equation  as  given  by  equation  (116)  is 

tO*  -  Ll)2  [(1  +  -£_)  U>*  +^2#2]  +  <^22“>2*2  *  0 

CO  4  -  tO  2  [d  +  IH3.22)  +  (64.4)  ]  +  (3* 22) (64. 4)  -  0 
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cd  ^  -  70.84  to  2  +  207.368  -  0 

n  n 


The  roots  of  this  equation  are 


Cd  2  - 
nl 

67.78 

u)  - 
nl 

r* 

3.06 

cd^ 

a  ■  2 

-  2 


Then  from  equation  (118) 

foos  £^S 1  +  cos  -  2fiL)  2 

L  ^  ^2  J  \  e*  /  2 

rc0s<2£H±i22>  +  cos  (2^)(8.22)].  gfolM 

L  (9.84)  (9.84)  J  l  (1)  J 

-  2  Qo. 4384  +  0.5300]  -  19.719  -  1.937  -  19.719  -  -17.782 

f  4lTU,nl  4TTU>n2"l  ^  /  tt  z0  \ 2 

L“‘ “  * “•  '  *{~) 

f  liLElil -J1)  .  (»1r)(e.gg)~l  J(  IT) (1)1 2 

2  L°"  (9-8UJ  *  ™  (9.W)  J  2{  (l)  J 

2  [^  -  0.6293  -  0.1392]  -  19.719  -  -  1*537  -  19.719  -  21.256 


b  »  2 


*  -  2(  *  b) 


17.782)  -  21.256 


} 


147.5 


a.*  «  (-17.782) 
2 


316.2 


||  (q  +  2)  |  =  ||  (147.5  +2)}  2  -  5587 

a2  ||(q  +  2)|2 


The  system  is  stable. 
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3*8.4  Elastic  Pendulum  -  Six-Degrees -of -Freedom 

The  solution  of  the  general  equations  describing  the 
behavior  of  the  six-degree-of-f'-'*4ora  pendulum  system  is  considerably 
more  difficult  than  that  of  th.  .hree-degret-of -freedom  system.  While 
an  indication  of  the  stability  of  the  system  may  be  obtained  by 
neglecting  some  of  the  eccentricities  and  reducing  the  problem  to  one 
of  fen-  or  three -degrees -of -freedom,  the  complete  solution  must  be 
undertaken  before  final  design  of  the  isolation  system  and  fixing  of 
rattlespace  dimensions- 

A  rigorous  approach  to  the  general  problem  would  require  that  the 
pendulum  motion  be  considered  as  spherical.,  its  position  being  defined 
by  the  two  angles  0  and  e  (Figure  3.8.9).  Although  theoretically 
feasible,  such  a  solution  is  extremely  complicated  and  for  most  appli¬ 
cations  can  be  simplified  by  the  following  restrictionj  without 
sacrificing  the  needed  accuracy. 

•  The  pendulum  motion  is  considered  to  be  planar  rather 
than  spherical,  i.e.,  ft  is  assumed  to  be  zero. 

.  The  pendulum  motion  is  restricted  to  the  xz  plane. 

.  Secondary  effects  are  ignored  by  letting  sin  0-0 
and  cos  0-1. 


Figure  3.8.9 

Coordinate  System  for  Six-Degree -of -Freedom  Pendulum 
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The  first  two  assumptions  limit  the  use  of  the  solution  to  those 
cases  in  which  horizontal  disturbances  occur  in  the  xy  plane,  implying 
that  the  pendulum  will  swing  in  the  plane  rf  the  disturbance.  While 
this  is  not  true,  the  deviation?  for  stro_. w  horizontal  shocks  are  of 
the  second  order.  It  may  be  noted  that  the  xyz  axes  need  not  be  the 
principal  axes,  so  that  in  any  problem  the  xy  plane  can  be  aligned 
vith  the  direction  of  the  horizontal  disturbance. 


If  there  is  no  horizontal  disturbance,  or  if  the  horizontal  forces 
due  to  the  shock  are  small  with  respect  to  those  due  to  eccentricities, 
the  direction  of  the  pendulum  motion  may  not  be  readily  apparent.  In 
these  cases  it  is  necessary  to  assume  a  direction  of  horizontal  motion 
and  check  for  a  maximum  response  by  repeating  the  calculation  for 
adjacent  orientations  of  the  xz  plane. 

The  third  assumption  implies  that  the  second  order  coupling  effects 
are  negligible.  To  determine  whether  or  not  this  will  be  the  case,  it 
is  necessary  to  employ  some  criteria-,  of  stability.  The  simplest  method 
is  to  reduce  the  problem  to  three -degrees -of -freedom  by  ignoring 
eccentricities  in  the  xy  plane  and  to  apply  the  stability  criteria  given 
in  the  previous  subsection.  If  the  system  configuration  exhibits  a  high 
degree  of  stability  by  this  test,  it  is  unlikely  that  the  neglected 
eccentricities  will  alter  the  situation  appreciably. 


With  these  approximations,  the  six  general  equations  of  motion  in 
matrix  form  are  as  follows,  their  derivation  being  given  elsewhere  in 
the  text. 
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The  pendulum  angle  0  is  defined  by  kinematic  relationship 


sin  0  *« 


x 


V, 


x2  + 


Tbe  [(f)  ,  [Bl  ,  and  [eJ  matrices  have  two  parts  each;  a  part  with 
coefficients  cj<,  bjj,  and  e^j,  which  is  the_nonpendulum  constant  part, 
and  a  part  with  coefficients,  c-y,  eij>  vh:ch  produce  the  ncn- 

line^  coupling  of  the  six  nonpendulum  coordinates,  with  the  pendulum 
angle  0.  For  0-0,  the  second  part,  i.e.,  the  time -dependent  nonlinear 
part  of  the  [c]  ,  DO  ,  and  DO  matrices  vanishes,  and  further, 
the  equations  are  then  identical  with  the  nonpendulum  equations  of  cases 
A  and  B  of  Section  3.5*5  .  Cases  C  and  B  incorporate  the  pendulum 

terms  for  the  same  examples  used  in  cases  A  and  B,  respectively.  However, 
this  analysis  is  limited  to  setting  up  the  equations  of  nonlinear 
coupling.  For  a  complete  solution,  the  input  must  be  known  in  time  and 
numerical  or  electric  analog  procedures  must  be  employed. 

3.8. 4.1  Linear  Isolators,  Ho  Eccentricities,  Pendulum  Action 
Considered  (Case  C) 

The  same  three  arrangements  of  linear  isolators  as  con¬ 
sidered  for  case  A  in  Section  3. 5. 5-1  considered  here  as  a  pendulum 
suspended  system,  the  center  of  symmetry  of  the  isolators  being  coincident 
with  the  center  of  gravity  of  the  isolated  mass.  As  previously  discussed, 
there  is  the  pendulum  angle  0  coordinate  to  be  considered  in  this  case. 

This  has  the  effect  of  making  the  Qf)  ,  p[]  ,  and  [XI  matrices  time- 
dependent  instead  of  constant,  and  Introduces  the  additional  problem  of 
solving  simultaneous  differential  equations  with  time-dependent  coef¬ 
ficients,  that  is,  rheolinear  equations.  As  previously  mentioned,  a 
simple  pendulum  oriented  to  oscillate  in  the  xz  pLue,  contains  a  nonlinear 
coupling  between  the  pendulum  angle  0  and  some  of  the  nonpendulum 
coordinates  x,  y,  z,  oc  ,  $  ,  and  'Y  .  Although  the  eccentricities 

are  zero  there  may  exist  a  linear  coupling  between  tne  nonpendulum 
coordinates,  since  a  finite  angle  0  may  destroy  the  symmetry  of  the 
isolator  arrangement. 

3. 8. 4. 1.1  Example  C-l:  Horizontal  Elastic  Elements  (knitted 

The  isolation  system  is  as  shown  in  Figure  3*8.10  • 

Let  K  =  axial  stiffness  of  each  isolator  (0  ■  0) 
a 

K  •  -  lateral  stiffness  of  each  isolator  in  the  direction  of  the 

x  x-axis  (0  -  0) 
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K  -  lateral,  stiffness  of  each  isolator  in  the  direction 
*  y  of  the  y- axis  (0  ■  0) 

Then  for  any  pendulum  angle  0,  the  stifincss  matrix  of  each  isolator 
is  given  by 

-  -  «.) 

o 


(K^cos2  0  K^x  sin20j 

[5]  ,  and  [B]  matrices  are 
computed  on  the  following  pages.  Any  approximations  are  performed  at 
the  end  in  each  case.  The  matrices  can  be  substituted  in  the  general 
equations  on  page  3.178  .  In  this  case  the  £Bj  matrix  is  zero,  hence 
the  linear  coupling  of  x,  y,  z,  ot  ,  ^  ,  and  T  is  not  encountered. 


K-  COB2  0  +  Kg  sin2  0  0 

l°l  0  ‘  0  ‘j, 

;  T1  (K*  • 

Based  on  these  values  for  c^ [cf]  , 


Figure  3*8.10 

Symmetrical  Elastic  Pendulum  without  Horizontal  Elements 
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3.8. 4. 1.2  Example  C-2;  Horizontal  Elastic  Elements  Inclined 
to  Axis 

The  arrangement  01  the  isolators  ie  as  shown  in 

Figure  3*8»11. 

Ka  -  axial  stiffness  of  each  vertical  isolator 

ir  .  .  lateral  stiffness  of  each  vertical  isolator 

J?v 

Kah  -  axial  stiffness  of  each  horizontal  isolator 
-  lateral  stiffness  of  each  horizontal  isolator 

For  the  vertical  isolators,  as  in  the  case  of  Example  C-l,  and  for  a 
pendulum  angle  of  0,  the  stiffness  matrix  of  each  .solato-  is  giv.u  by. 


(K,  coo2^  +  K  sin2; 

/V  av 


0  "  "  Kav^ 


-K„)  0 

•  c  ^ 


Figure  3>8.11 

Symmetrical  Elastic  Pendulum  with  Inclined  Horizontal  Elements 
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Isolator  I 
Nuinber 


>:j 


*31 

(rib21-r?bn) 


*32 

(i-jbjg-rgbig) 


“33 

(r^.i-gbij) 


._2«in20,„  , 

"s’""  fv"  av 


b  S?.'gl( 


.b|*i^(K/v-Kiiv) 

,K.v'  h«^(K.  -KJ 


fv'V 


b2^(KA-Kav)  .b»2i^(K,v-Kav) 

^2alngjj/„  >  ..ain20,„  ..  , 

o  V 


:Klv-K»v> 


f%v+^(Kj,/«'V'Kav8ln20) 

/2^v+b2(Kivc°a2^Kmvaln2|«) 

f%v+b2(K/,vco.2^K(iv.in^) 

J2Kfv4b2(Kjrvcoa2^K|iv.lna0'. 

<‘,2[Kf:icoa2(0.(i«)iK|lha1n2(0.^)]+2BJii24S:^(Kllh-Kjh) 

^B2{KB)1o°»2(O-^)+Kj,h«inS{6-0»)j 

i^jhc;oB2(e.0<)+Kah»lll2(e-?(»!}+2E(il-I!^‘^(KBh-Kfh) 

+B2|t(llhco»2(O-0*)+Kpholn2(S-|!S»)} 

,2f  2.  .  ,  2,  ,  1  Blng(O»0») 

i  Kfhcoa  (et0»)tKahBin  (0*|S»..N2Br'  r  ‘(Hih-K/h) 
2f  2,  2  , 

+  B  \rtBhCOB  (EX0«)+K|hBln  (0.0*  )f 

f ^?hco»2(  **  0*  )^KahBln2(CH>'  )j  <  ^  (K,h-Kih ) 

^B^KghCos2  ( ei  0* )  (  k :,h s i n  ( «H0« )  j 


e31 


4b 


’  2  (KjPv-xsvb  Oji-C-;  »33-lttfKjvHb  (Kpvcoa  ^K„vBln  0)}+2{f  ^  Kfh0OB  (e-Ji»)-HC-hBine(e-^')) 
.aln2(O-0«2,  ,  2(  2.  .  2  ll  r^c  ;  1-2  ?  -  •* 

<2BJ  -2  'Kair^hbB  j^coB  (e-0ii)-iKfh8ln  (6-0*)}J  *2\f  jltyhcoa  (O-0»)+^h8ln  (O-0»» 

.2B0£in24^-)-(Kah-Kijih)*B2{Kahcoee'{ei0*)-.KjfhBln2(^^)U 


2  2,  2^  2.1 

B  Kjh+b  (Kavcoa  0i Kfyflin  0) 
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For  the  horizontal  inclined  isolators,  when  0  -  0  the  stiffness  matrix 
of  each  isolator  will  be  identical  with  the  one  obtained  in  Example 
A-2  (Section  3.5.5.I.I).  It  is  «*■<•«  t'vX,  for  a  given  pendulum  motion 
of  the  center  of  gravity  of  the  isol^ed  mass,  as  defined  by  0,  the 

rotation  of  the  horizontal  isolators  in  the  xy  plane  is  given 
approximately  by 


0*  >  L.fr.„ ...  sin  2©)  0. 

2y 

Hence,  for  a  given  pendulum  angle  0,  the  stiffness  matric  for  isolator 
5  is: 

Kahcos2(©  -  0*)  +  Kj?hoin2(©-0»)  -  £1°2(°~^*)(Kah-K|h) 
[c]tf  -  -  ?-i?|i±^:)(Kah-Kfh)  K^hco82(0-0»)  +  KahBin2(o-0») 


0 


Similarly,  the  stiffness  matrices  for  isolators  6,  7>  and  8  can  be 
calculated  for  a  given  pendulum  angle  0.  The  [Cj  ,  [iQ  >  8,1(1  DO 
matrices  are  tabulated  on  the  following  pages,  the  approximations  in  this 
case  being: 

cos  (©  t  0»)  -  cos©  j  sin(©  +  0*-)  *  Bin© 

Here  again  the  [Bj  matrix  reduces  to  zero,  hence  the  linear-  coupling  of 

x,  y>  z>  *  >  Pi  and  Y  is  aot  encountered. 

3.8. 4. 1.3  Example  C-3:  Horizontal  Elastic  Elements  Parallel  to 
Both  Axes 

The  isolator  arrangement  consists  of  elements  in  the  x, 

y,  and  z  directions,  as  shown  in  Figure  3.8.12  .  Let: 

Kla  =  a*151  stiffness  of  each  isolator  oriented  parallel  to 
the  x  axis 

K,  «  «=  lateral  stiffness  in  y  direction  of  each  isolate- 

™  parallel  to  the  x  axis 

K. .  *  lateral  stiffness  in  z  direction  of  each  isolator 

parallel  to  the  x  axis 

K2a  b  axial  stiffness  of  eaoh  isolator  oriented  parallel  to 
the  y  axis 

Kg^x  ■=  lateral  stiffness  in  x  direction  of  each  isolator 
parallel  to  the  y  axis 

K 2\z  =  lateral  st.'ffness  in  z  direction  of  each  isolator 

to  y  axis 

Koa  =  axial  stiffness  of  each  isolator  oriented  parallel  to 
the  z  axis 
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"3/x 

K3fy 


lateral  stiffness  tn  x  direction  of  each  isolator 
parallel  to  z  axis 

lateral  stiffness  in  y  direction  of  each  isolator 
parallel  to  z  axi?. 


For  a  pendulum  displacement  measured  to  the  center  of  gravity  of  the 
isolated  mass,  isolators  9,  10,  11,  and  12  which  are  oriented  parallel 
to  the  z  axis  also  more  through  an  angle  equal  to  0.  However,  isolators 
4,  5,  and  8  undergo  an  angular  displacement  in  the  xy  piaae,  given  by 

P-4-*. 

y 

Any  rotation  of  isolators  2,  3>  6,  and  7  in  the  xz  plane  is  assumed  to 
be  negligible. 


y/ 

Figure  3.8.12 

s3®"*trical  Elastic  Pendulum  with  Parallel  Horizontal  Elements 


3-192 


‘'•'ll.**?**"*)  ,  -^.*31,-*).) 


SWC-TDR-62-64 


October  1962 


3-19^ 


3  fx  3a 


3-195 


SWC-TDR-62-64 


October  1962 


SWC-TDR-62-6^ 


Oc  aTner  1962 


3-198 


SWC-TDR-62-64 


October  1962 


The  stiffness  matrix  for  the  isolator's  oriented  parallel  to  the  z  axis 
is: 


Ccl 


0 


(K^cos^  -r  K^sin^ 


0 


sin20 


-  K,J 


3Jy 

0 


»-•  £ 


■  V 

0 


(K3Jfxsin20  +  K2&cob20  )J 


3 tx  5&' 

The  stiffness  matrix  for  the  isolators  oriented  to  the  y  axis  is: 


(K2jxc°s20*  4  Kgasin20*)  4  ®A|20(K£fx  -  Kga) 

t  ‘  K2a}  ^K2fx8in2^  +  ^a008^ 


'■J 


0 


0 


0 


The  lcJ  >  DO  ,  and  [^e]  matrices  have  been  evaluated  on  the  following 
pages  with  the  following  additional  approximations: 


sin0*  -  0* 
cos0*  ^  1 


In  this  example  a  linear  coupling  exists  between  the  coordinates  y  and  y 
due  to  the  asymmetry  introduced  by  the  pendulum  angle  0. 

3- 8. 4. 2  Linear  Isolators,  Eccentrically  Placed,  Pendulum 
Action  Considered  (CaseD^ 

The  same  three  arrangements  of  linear  isolators  as  for 
case  B  (Section  3»  5-5-2)  have  been  considered  with  the  center  of  symmetry 
of  the  isolators  being  eccentric  with  respect  to  the  center  of  gravity  of 
the  isolated  mass.  However,  in  addition  to  the  nonlinear  coupling  of 
the  pendulum  angle  0  with  the  coordinates  x,  y,  z,  «  ,  (J>  ,  and  y  , 

there  will  exist  a  linear  coupling  between  the  coordinates  x,  y,  z,  a.  , 
$  ,  and  V  themselves  due  to  the  eccentricities.  The  equations 
obtained  in  this  case  are  the  most  general  equations  for  an  isolated 
system  behaving  as  a  simple  pendulum.  The  equations  of  case  D  can  be 
reduced  to  those  of  cases  A,  B,  and  C  by  deleting  the  appropriate  terms. 

3. 8. 4,2.1  Example  L  i';  Horizontal  Elastic  Elements  Omitted 

The  isolation  system  is  as  shown  in  Figure  3 >8. 13.  The 
stiffness  matrix  is  identical  with  that  for  Example  C-l  (Section 
3*8.4. l.l)  and  hence  lias  not  been  rewritten  he.e.  The  values  of  the 
[BQ  and  jjfj  matrices,  obtained  by  the  standard  formulas,  are 
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derived  on  the  following  pages.  In  this  case,  in  addition  to  the  non¬ 
linear  coupling  of  the  pendulum  angle  of  0  with  the  coordinates  x,  y,  z, 
ot  ,  ^  ,  and  Of  ,  there  exists  a  1 ir  °r  coupling  of  the  coordinates 
x,  y,  z,  o£  ,  ^  ,  and  'v'  ,  among  x.;.;juselves.  The  approximations 

used  in  the  previous  examples  have  been  applied  here  in  setting  up  the 
QO  and  FE]  matrices. 


3. 8.4.2. 2  Example  D-2;  Horizontal  Elastic  Elements  Inclined  to 
Axis 

The  isolation  lystem  is  as  shown  in  Figure  3.8.1k  .  The 
isolator  stiffnesses  are  the  same  as  in  Example  C-2  (Section  3.8.4.1.2), 
however  the  values  of  r^,  r£,  r^  are  modified  to  include  the  eccentri¬ 
cities.  Thus,  the  CBj  and  “Ejmatrices  are  not  similar  to  the  £10 
and  [E]  matrices  of  Example  C-2.  The  evaluation  of  these  pB]  and 
DO  matrices  is  shown  on  the  following  pages.  Note  the  linear  and 
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nonlinear  coupling  after  the  additional  approximation; 
sin  (9  -  0*)  *=  sin  6 
cos  (R  -  0*-}  «*  jOS  9 


Figure  3*8. 14 

Unsymmetrical  Elastic  Pendulum  with  Inclined  Horizontal  Elements 
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3. 8. 4. 2. 3  Example  D-3:  Horizontal  Elastic  Elements  Par  all-.- i 
to  Both  Axes 

The  isolation  syotv.  ■  -  as  shown  in  Figure  3.8.15. 
The  isolator  stiffnesses  ore  similar  jo  the  stiffnesses  of  Example 
C-3  (Section  3-8.4. 1. 3).  The  presence  of  eccentricities  changes  the 
m  and  DO  matrices  which  are  tabulated  on  the  following  pages. 
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Figure  3-8.15 

IJnsjmmetrica.l  Elastic  Pendulum  with  Parallel  Horizontal  Elements 
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SECTION  3.0  NOTATION 
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ry 


0. 
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T 
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"ela’I-e  "tplaremen*  I'  K»il'*h  he  e leal If  atlffiieai 
hr  rate*  art  a  l.1  angca  atape 
Vol’api  nr  the  Maeing  >atterlea. 

I* air  r<  a  orlng  forrr  in  isolator,  tn  tlrir  ioi.  t, 
li»  *n  'in 1 1  ro  a  loi  of  laolatxl  run  abou*  an  axlu 
through  me  maxs  ‘enter  H  lr»  direction  .  Or,  element 
of  •‘.rat  moment  a*  ffmax  matrix  (constant). 

That  par  of  1, j ,  ditch  creates  non-linear  coupling 
with  "he  pendulum  ..Ode. 

*!rot  ,'wi'er'  o  itlfneaa  matrix. 


•  >J  [i 

*  araner  latii  l«>,gii 
C'oefflclen’  of  'arplng. 

oef  ulen  )  -Mitral  lamping 

traturlng  f.'rre  In  taolator  In  llraclnn  |  lue  lo 
a  unit  >.-fonvr  Ion  of  ie  laola'or,  t..  tlrectlon 
j.  ir,  e'eranla  of  a'l'fn»ei  matrix  (constant) 

That  par-  o'  cjj  \nlch  -rea-ea  nm-llnear  coupling 
with  the  pen'-il  m  mode. 

Ulffnena  matrix  of  an  taolator. 

•no 

Square-law  larplng  coefficient, 

’<rqilie|  ra* • leapace . 

The  peak  llxpiacemen-  Indicated  by  a  given  ehock 
apertnun,  ir.  tlreetion  J,  at  the  mode  frequency  alt. 

Peak  dlaplacenen  matrix. 

Tranafomat  ton  matrix  for  rota  Ion  of  carttalan 
coordinate  reference  ayatem. 

n/p.  A  enaracterlatlc  length. 

Resultant  monei’  of  reatorlng  Torce#  In  taolator 
about  an  axis  hrough  ’he  maaa  centroid  tn  direction 
l,  l.e  to  a  unit  rotation  of  isolated  maaa  about  an 
axla  through  the  maaa  centroid  In  direction  J. 
(ronatar.i  ' 

?  at  uort  of  «t  j  whlri.  creates  non-Une«r  coupling 
wft  lie  per.  til  urn  mode 

Second  momen  of  xtlffneax  matrix. 

■SW 

1‘eaultant  of  external  force  ac  Ing  on  a  body. 

ompornnt  of  reatorlng  force  1"  Mre-tlon  *. 

Component  of  reatorlng  force  tn  direction  y. 

Component  of  reatorlng  fore..  In  direction  »• 

Acceleration  cr  -cat’ 'ling  to  the  I'ouloaib  friction 
Tore*'. 

<teau  limit  reatorlng  force  through  the  C,0.  of  a 
cone*  rained  rlgtl  body. 

Force  applied  t nrough  the  C.Q.  01’  a  constrained 
rigid  body. 

Acceleration  due  to  gravity. 

N<>ndlmenalonallr.el  acceleration  of  Isolated  body. 
Maximum  value  nf  il 

Time  rn’e  of  c  .a  ge  of  moment  of  momentum  of  ran 
•e're  abot  '  a  fixe  l  potn*  O. 

Time  ra*e  or  -..ange  - r  mnmen’  of  mnmen* urn  .  f  maxs 
a'..)  '  "man  center. 

Nondlmena1ot.nl  lie  ■  •<]  are- law  lafipliw'  roeTlcten' , 


{Txx  )l1  IXx 

pyy)\i  lyy 

le.g. 

Ir,g. 

CO 

h 

K 

Ky 

h 

f 

I' 

L. * 

P 

a 

pv„ 

K 

M  x ,M*y ,M  '* 

M.  .M, 

M 

x-vr 


Moment  of  lner’la  abou’  XjXj  and  xx  axla  respectively. 

Moran*  of  Inertia  about  yjyj  and  yy  axla  respect Ively . 

/dement  of  Inertia  she  t  xji^  «td  it  axla  rsspsellvely . 

Maaa  moment  Of  Inertia  abo  1 »  ren  re  c'  gravity. 

Maaa  monent  of  Inertia  about  apring  attachment  polni 
on  the  ihaai. 

Maaa  moment  of  Inertia  matrix. 

Patio  of  the  aquare  of  • he  angular  freq.enclea 
correapondlng  t*  the  final  and  Initial  valuta  if 
stlffneai  of  bilinear  ayatem. 

3t  if  focal  of  spring. 

Artel  apring  «’*frneis. 

Rotational  apring  s'l.'fneas. 

Static  length  of  pendulum. 

Equivalent  length  of  alaple  pendulum. 

Nond Irena  tone .  vla'jua  lamping  coefflcier' . 

Maaa  o'-  rlgl  1  body. 

Nnnl lmenalonal  couli>xt  friction  ctiafflcien'  . 


Morient  of  the  reaultant  of  all  external  fo*cea  acting 
on  the  t>oiy  about  any  r’xed  point  0. 

Monent  of  the  rea  ltan*  of  all  external  for-ea  acting 
on  he  body,  abou’  maaa  centre. 

Momant  of  the  reaultant  of  all  extenal  forcea  acting 
on  the  body  about  x,y,l  axla  reapectlvely . 

Component  0  of  the  rex  tori  \g  moaenta  In  direction! 
at,  p  and  -v  re apact Ively. 

Matrix  of  conet  mint  momenta  developed  b>  the 
laolatora  oeca  xe  of  ahoch  transmit  i*d  to  the  cyxtcre. 

Angular  frequency. 

Aiigular  frequency. 


(v) 

N 


{•} 

lT) 

w 


o 


To 

Ti 


Normal  coordlnm'ea. 

Acceleration  matrix  in  normal  '■oonllnatee. 

Displacement  matrix  In  normal  coonilnatea. 

Coordinate!  or  taolator  attachment  point. 

Foal 'Ion  vector  of  control  I  In  an  Inertial  ayatrn  of 
reference. 

Peal  Ion  vector  of  "•n* raid  in  a  moving  reference 
ayaier-. 

Im-geat  expected  value  of  »  for  aca  lng  purpnaea. 

'oriplex  freq  c  lAj.ln.v  nimn 

tcceleratlo  of  ilrf’  ce  t rr  <1  maaa  li  a  fixed 
roordlna'O  Oyltrir. 

D  apiacement  matrix 

■ttaplaremen  mn'r'x  referrrt  o  .nert  lal  reference 

'latrl*  or  ground  mo*  1  »n  •<  aplarenem  . 

A'celrra  loi  matrix. 

Time 

Tu-atlo-  of  '.r  Input  waveform. 

Non!1m«  nolonalUe*  •  Ime. 

'  ra  I'an'  eegtorl  moment  aba  t  the  C.G. 

External  iv  mrplle.1  momen’ 
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Alge*r*le  ■>im  <f  all  "ylett"  f  laplmerw.Ta  up  to 
t‘me  p(v  il  Vf!, 

D.Bplaewren  In  relative  coordlna'ea. 

Haplaeenent  tf  absolute  rimrllnrst. 

Groml  not  loo  ItBpUcenen  . 

\ccelem  Ion  In  rela’I-e  coorllnaee. 
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Inpjt  velocity. 
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A  r-’er  accelera  Ion  of  bate  mot  lor, 
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APPENDIX  3 -A 

INVERSION  OP  A  MATRIX  -'POSED  OF 
POLYNOMIALS  BY  ELECTRONIC  DIGITAL  COMPUTER 


Electronic  digital  computers  are  capable  of  handling  numerical 
coefficients  only.  Hence  the  elements  of  the  matrix  to  be  inverted 
must  be  numbers  if  the  inversion  is  to  be  accomplished  on  an  electronic 
digital  computer.  But,  as  often  happens  in  practice,  the  matrix  to  be 
inverted  has  as  its  elements  polynomials  of  some  unknown  variable  quan¬ 
tity,  say  ’x'.  Then  the  inverted  matrix  will  also  contain  polynomials 
of  some  power  of  'x',  depending  on  the  size  of  the  matrix.  It  is  desired, 
then,  to  evaluate  the  coefficients  of  the  polynomials  of  the  inverted 
matrix.  If  the  coefficients  of  the  polynomials  of  the  original  matrix 
are  numbers,  then  it  is  possible  to  obtain  the  coefficients  of  the 
inverted  matrix,  also  as  numbers.  Since  this  operation  is  entirely 
numerical,  it  can  be  handled  by  an  electronic  digital  computer  aB  Is 
shown  by  considering  two  specific  examples  belov: 

1.  A  3  y  3  Matrix  Composed  of  First  Order  Polynomials 


Given  a  matrix 

H 


anx  +  bn 

*21x  +  b21 
a3ix  +  b31 


ai2x  +  b^ 
a^.-x  +  boo 

C.C.  C.&. 

+  ^32 


a13x  +  bl3 
+  ^23 
a33x  +  b33^ 


Where  ajj  and  b^j  are  numerical  coefficients,  and  x  Is  an  unknown 
variable.  Each  element  of  the  inverted  matrix  consists  of  a  co -factor 
of  the  matrix  pQ  divided  by  the  determinant  of  the  matrix  |x|  .  For 
this  particular  case  the  determinant  will  be  a  third  order  polynomial 
in  x  and  the  co-factors  will  be  second  order  polynomials  in  x  . 
Hence,  we  can  write 


DO 


-1 


anxlbn 

algx+bX2 

a13x+bl3 

ag^x+bgi 

»ggX+bgg 

agjx.bgj 

ia31x+b31 

a3’x+b32 

a33xlb33 

.1“ 


[gnxg+dux4eu 

!«»4#x2+Tx+5 

I  2 

jegjX  +d2]x' agl 

axl'/Sx^yx+S 

2 

C31X  4d31X4e31 
ctxL/3x2j-Trx+£ 


c12x  +lll 2^12 
«x^+  p,  x2i  7  x+  S 

cgg*  4dggx4e2g 

ax3+Sx2+7x+5 


c13x  +d13x4c13 
ocyt}+P  x^+Orx+J 
2 

cg3x  4dg3x4eg3 
«x^+/9  X2+7X+J 

c33*  +d33x^33 
x?nJ*i 
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Where  c-^,  X  ,  ft  ,  *(  >  and  %  are  numerical  coefficients.  The 

above  relationship  can  be  rewritten  as  follows: 

■1 


-  -i  -1 
,  x 


r 

"11 

a12 

a13 

bll 

b12 

_ 

b13 

- 1 

a21 

a22 

a23 

x  + 

"21 

"22 

b23 

a31 

a32 

a33_ 

> 

b32 

"33 

-V 

- 7 - T3 - — ■ 

X  x  J+ ft  X  +  7  X+  6 


f  cn 

°12 

c13 

411 

d12 

d13 

ell 

e12 

—A 
el3  i 

c 

C21 

C22 

c23 

x2  + 

d21 

d22 

d23 

x  + 

e21 

e22 

e23 

c32 

c33_ 

d3i 

d32 

d33_ 

131 

e32 

e33 

Or 


a  -1 .  f  h  *  •>  a } -l  -  ( fcJ *2  *  Ki  * +  w] 


The  problem  then__  is  to  evaluate  [c]  ,  [jd]  and  [e]  in  terms  of  the  numer¬ 
ical  matrices  [AJ  and  [b]  and  the  coefficients  x  ,  ft  ,  -p  and  £  . 


By  the  definition  of  an  inverse  matrix 

[w  51  4  ®]  j,AaAr„s  ( K  4  09  *  *  0  )  ]  -  ra 

M  Ip]  j<3  +  (&]  D>]  *  El  [q  )  x2  +  ( M  09  *  IS  El)  x  *  [b]  a 

=  [ayp+fi  x~+7  x+  f  J  jY] 

Equating  the  coefficients  of  similar  powers  of  x. 

[A]  [C]  =  «  [il  ;  [a]  [d]  +  [fl]  [c]  -  tl  [ij  ;  [b]  [d]  +  [A]  [e]  =1  [I]; 
[b]  .e]  «  s  [1] 

U6ing  the  first  three  of  these  equations,  since  the  fourth  one  is  linearly 
dependent  on  the  first  three,  we  obtain 


[a]  0  0 

icj 

[B]  [a]  0 

[D] 

= 

m 

M  [BJ  [Aj 

0 
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Then 


"n*’ 

■ 

VI 

" 

cSJ 

_ 

ft! 


o 


1 


This  last  equation  is  entirely  numerical  and  enables  the  computer  to 
evaluate  [Cj  >  LfiJ  >  and  [Ej  ;  the  numerical  coefficients  oc  ,  ft  ,  T  and 
b  of  the  polynomial  derived  from  the  determinant  of  xj  have  to  be 
evaluated  beforehand.  This  may  be  done  either  conventionally  or  on  a 
computer  depending  on  the  siae  of  the  problem.  A  method  for  determining 
these  coefficients  on  an  electronic  digital  computer  is  discussed  in 
Appendix  3.9B. 


2*  A  6  x  6  Matrix  Composed  of  first  Order  Polynomials 

In  basic  theory,  this  example  is  exactly  similar  to  the  previous 
^matrix^  thit  **  involveB  a  8”eater  amount  of  arithmetic.  Thus,  given 

all*+bll  a12x+b12  a13*+bi3  al4x+bl4  a15x+b15  a-^x+b-^ 

*21X+>J21  a22X+b22  a23X+b23  a24X+b24  *2?+b25  a26X+b26 

a31X+b3l  a32x+b32  a33x+b33  V+V  a35x+b35  e36x+b36 

%lx+b4l  a42x+b42  a43x+b43  a44x+b44  a45x+b45  a46XT'°46 

a5lx+b5l  a52x+b52  a53x+b53  a5*x+b54  a55x+b55  a56x+b56  \ 


a,  x+b  a,  x+b, 
61  6l  62  62 


a63X+b63  a64x+b64  V+b65  a66x+b66 


where  a±J  and  b^  are  numerical  coefficients  and  x  is  an  unknown  variable. 

ln  tb*a  =a8e  thl  determinant  of  fie]  will  be  a  sixth  order  polynomial  in 
x  ,  and  the  co-factors  of  [V]  will  be  firth  order  polynomials  in  x  . 


Hence,  writing  in  matrix  form, 
1 


K 


--1 


[W 


x  + 


1  " 


JB  *5  *  go  J> ,  rEj  x3 , 


- - - - - - - - -  ILXJ  .1-  T  X  -  IZJ 

ax°+/5  x?+  f  xH+  4xJf  (x?+  Xx+<t  [f]  x2  +  [g]  x  +  [h]] 

idiere  [A],  J5Q,  [c],  [d],  [e],  [pJ,  [g],  and  {h]  are  6x6  numerical 
matrices*  Then, 

{[A]  x  +  DU}  (is]  X5  +  [dI-J  X3  +  CfJ  X2  +  rcH  x  4  [Hi}  r , 

oc  x6+  ft  x5+  ?  x^+  £x3+  1  x2+  X  x+v  "  ^ 
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0r!  [*j  0  *s  *  (ca:  go  *  a  sa)  x?  *  ([*]  h  *  a  do  )a  * 

([A]  M  +  [B]  le]  )  --3  -  (LAJ  +  W  Da)  X2*  ([A]  HI* +  6]  lal) 

x  +  [b]  [h]  =  (ex^+  rx4+  gx^+ tx2+ Xx+7  )  [/] 


Then  comparing  the  coefficients  of  similar  powers  of  x, 

[A]  [c]  =  «[lj 

[Aj  03  +  [B]  [C]  -  fillj 

[A]  [e]  +  [B]  [D]  *=  *r[l] 

[A]  [P]  +  [Bj  [E]  -  S[ij 

[a]  TgJ  +  [b]  [f]  =  *flj 

[A]  [h]  +  [B]  [g]  -  A  [fj 

[b]  H  -  v[x] 


Taking  the  first  six  of  these  seven  equations, 


w 

0 

0 

0 

0 

0 

[Q] 

4U 

[Bj 

[A] 

0 

0 

0 

0 

03 

pi a 

0 

H 

La] 

0 

0 

0 

Le] 

41] 

0 

0 

Lb] 

M 

0 

0 

M 

“ 

sru 

0 

0 

O 

[B] 

[A] 

0 

H 

4ij 

_0 

0 

0 

0 

[B] 

[A] 

x 

_AK 

From  the  above  equation 

we 

can  obtain 

C 

,  D  ,  E  , 

p  , 

*  t 

fi  9 

* ,  < 

>  - 

,  and 

A 

acre  known. 

Or,  considering  the  first  three  and  the  last  three  equations. 


1  [A]  o  0  0 

Lb]  CaI  o  0 

o  [b]  [a]  0 

0  o  0  j.B[ 

0000 

0000 

u 


0  c" 

Gf 

r«ra 

0  0 

[D] 

A[x] 

0  0 

[E] 

4i] 

[A]  0 

H 

B 

[B]  [A] 

Lol 

03 

M 

L.  — J 

_aH 

The  choice  of  equations  should  he  such  as  to  make  the  large  square  matrix 
nonsingular. 
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APPENDIX  3-3 

EVALUATION  OF  A  DCTSFVir/Tg  COMPOSED  OF 
POLYNOMIALS  BY  ELECTRONIC  DIGITAL  COMPUTER 


A  computer  program  for  handling  a  polynomial  determinant  can 
accept  numerical  data  only.  Thus,  a  polynomial  determinant  is  solved 
lty  the  evaluation  of  several  numerical  determinants.  For  example,  a 
determinant  composed  of  polynomials,  as  follows: 


2  2  2  2  2  2  “ 

ans  +bn  a12s  +b12  a13s  +b13  a^s  +b])(  a15s  +b1=  a^s  +bl6 

2  2  2  2  2^2 

*21®  +b21  ®22s  +b22  ®23s  +b23  a24s  a25s  +b25  a?6s^b26 

”3l'Sl  vSs  vSs  ■»•*•*»  a36=2|t36 

2  2  2  2  2  2 

a4ls  +b4l  a42s  +b42  a43s  +b43  a44s  +b44  &k^s  +b45  a4gs  +b^g 

VHl  a52s2+b52  a53s2'hb53  a54s2+b  “  ‘  2 

2 


54  a55S+b55  a56s+b56 
*2222 
a62®  +b62  a63s  +b63  a64s  +b64  a65s  +b 


2  2  2  2 
La6l8  +b6l 


which  in  the  expanded  form  reduces  to 


As12+Bs10-)  CsVsVsVsV 

requires  for  its  solution,  the  evaluation  of  the  coefficients  A,  B, 
D,  E,  F  and  G.  Making  the  following  designations: 


1 

= 

row 

an 

a12 

a13 

al4 

a15 

al6 

2 

row 

a21 

a22 

a23 

a24 

a25 

a26 

3 

= 

row 

a 

31 

a 

32 

a33 

V 

a35 

a36 

4 

= 

row 

a4l 

a42 

a43 

a44 

*45 

a46 

5 

= 

row 

a51 

V 

a53 

V 

a55 

a56 

6 

row 

a6l 

a62 

a63 

a64 

b65 

a66 

7 

= 

row 

bll 

b12 

b13 

bl4 

b15 

bl6 

8 

* 

row 

j 

21 

b22 

b 

23 

b24 

b 

25 

Vo 

9 

row 

b 

31 

b32 

b 

33 

V 

b 

35 

b36 
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10  = 

row 

b4l 

cu 

-=4 

.O 

b43 

b44 

*45 

b46 

11  = 

row 

*51 

*52 

*53 

*54 

*56 

12  - 

row 

b6l 

*62 

*63 

*64 

*65 

*66 

Then  A  =  1,  2,  3,  4,  5,  6,  i.e.,  the  numerical  value  of  A  1b  giv^n  by 
the  value  of  the  numerical  determinant  composed  of  rows«l,  2,  3,  4,  5 
aud  C,  taken  in  that  order. 

Similarly,  B  =  (1,2,3,4,5,12)  +  (1,2,3,4,11,6)  +  (1,2,3,10,5,6) 

+  (1,2, 9, 4,5,6)  +  (1,8,3, 4, 5,6)  +  (7,2,3,4,5,6) 

i.e.,  the  numerical  value  of  B  is  given  by  the  sum  of  the  values  of 
six  numerical  determinants,  foT'd  by  the  combination  of  6  rows, 
numbered  and  taken  in  the  order  given  above. 

Similarly,  C  =  (1,2,3,4,11,12)  +  (1,2,3,10,11,6)  +  (32,9,10,5,6) 

+  (1,8, 9,4, 5,6)  +  (7,8, 3, 4, 5,6)  +  (7,2,3,4,5,12) 

+  (1,2,3,10,5,12)  +  (1,2,9,4,11,6)  +  (1,8,3,10,5,6) 

+  (7, 2, 9,4, 5,6)  +  (1,8,3,4,5,12)  +  (7,2,3,4,11,6) 

+  (1,2, 9, 4, 5,1 2)  +  (1,8,3,4,11,6)  +  (7,2,3,10,5,6) 

D  =  (1,2,3,10,11,12)  +  (1,2,9,10,11,6)  +  (1,8,9,10,5,6) 

+  (7, 8, 9,4,5, 6)  +  (7,8,3,4,5,12)  +  (7,2,3,4,11,1 2) 

+  (1,2,9,4,11,12)  +  (1,8,3,4,11,12)  -  (1,2,9,10,5,12) 

+  (1,8,3,10,5,12)  +  (7,2,3,10,5,1 2)  +  (1,8,3,10,11,6) 

+  (7,2,3,10,11,6)  +  (1,8,9,4,5,12)  +  (1,8,9,4,11,6) 

+  (7,8,3,4,11,6)  +  (7,8,3,10,5,6)  +  (7,2,9,4,5,12) 

4  (7,2,9,4,11,6)  +  (7,2,9,10,5,6) 

E  =  (7,8,9,10,5,6)  +  (7,8,9,4,5,12)  t  (7,8,3,4,11,12) 

<  (7,2,3,10,11,12)  +  (1,2,9,10,11,12)  +  (1,8,9,10,11,6) 

4  (7,8,9,4,11,6)  +  (7,8,3,10,5,12)  +  (7,2,9,4,11,12) 

4  (1,8,3,10,11,12)  +  (7,2,9,10,11,6)  +  (1,8,9, 10,5,12) 

4  (7,8,3,10,11,6)  4  (7,2,9,10,5,12)  4  (1,8,9,4,11,12) 

F  =  (7,8,9,10,11,6)  4  (7,8,9,10,5,12)  4  (7,8,9,4,11,12) 

4  (7,8,3,10,11,12)  4  (1,8,9,10,11,12)  4  (7,2,9,10,11,12) 

G  =  (7,8,9,10,11,12) 
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I 

I 

| 

The  evaluation  of  a  6th  order  numerical  determinant  by  computer  can  be 
achieved  by  the  following  formula .  (Aitken)* 

A  =  h  aij  (-1)1+<3  Ea2K(ot)|i:a3^(^fca^)pa5n(S)a6 

1=1  K=1  [*=1  |m=l  Wl 


a  = 

C-1)1+K 

when  K<  J 

OC  = 

1 

"'U 

K>  A 

01  = 

0 

"O 

II 

1 . 

1  >K, 

1 . 

(-D^ 

i  <  K, 

= 

(-1/ 

i  >K, 

> 

(-1/ 

1  ^  K, 

1  >J 

m 

f 

0 

S  =  K 

t 

i  = 

0 

1  =  J 

» 

s 

(-1)1™ 

m  =-i. 

m-:K, 

m>-  j 

i  = 

(-D1™ 

m  <  (, 

m>K, 

m  >-  j 

= 

<-Du" 

3 

A 

>• 

m<K, 

m<  j 

B 

(-Di+m 

m  >■  i, 

m^K, 

m<  j 

S 

(-Dm 

®  ^  h 

m>K, 

ra>-  J 

= 

{-Dm 

n>  >JL, 

m  *:  K, 

m  <  j 

K 

(-Dm 

m  <X, 

m  >K, 

m<  j 

= 

(-Dra 

m<X, 

m<  K, 

m  >  j 

= 

0 

m  =  i 

\ 

0 

m  -  K 

y  = 

0 

m  =  j 

s. 

-1 

n  >  p 

s  = 

+1 

n  <  p 

S  = 

0 

n  =  p 

p  =  l,2,3,k,5  or  6  but  5*  J,k,4,m,  or  n. 


*Aitken,  A.C.,  Determinants  and  Matrices,  Oliver  and  Boyd,  London,  1959 
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APPENDIX  3-C 

CONVERSION  OF  A  POLYNOMIAL  K'-  _SION  TO  PARTIAL  FRACTIONS 


One  of  the  problems  which  arises  in  the  solution  of  the  equation  of 
motion  of  a  coupled  six-degree-of-freedom  isolation  system  is  the  con¬ 
version  to  partial  fractions  of  each  of  the  36  elements  of  the  inverted 
6  by  6  frequency  matrix.  A  typical  element  of  this  inverted  frequency 
matrix  is  in  the  form 

Ab^  +  Bs^  +  Cs^  +  Ds^  +  Es2  +  F _ 

(s2+ a )(sd+ )(s2+ T )(s2+  £)(s24  E)(s-4  A) 


where  a  ,  /s  ,  ,  s  ,  £  ,  end  A  are  the  six  previously  determined 

squares  of  the  natural  frequencies  of  the  coupled  system.  It  is 
desired  to  convert  the  above  expression,  for  reasons  explained  elsewhere 
in  the  text,  to  the  following  form: 


s^h-K 


s2+fl 


d 

s2+  i 


+ 


e 

32U 


Equating  these  two  expressions,  we  are  left  with  the  relationship 


a(s~+ 

P ) 

te“+ 

T  , 

(,3“+ 

d  ) 

(.8-4 

E) 

-vb  (s2+ 

«) 

(s2+ 

*) 

(s2+ 

S) 

(s2+ 

t) 

+c(s2+ 

*) 

(s2+ 

p) 

(s2+ 

s) 

(s24 

*) 

+d(s2+ 

a) 

(s2+ 

/*) 

(s2+ 

*) 

(s2+ 

t) 

+e(s2+ 

a) 

(s2+ 

fi) 

(s2+ 

T) 

(s24 

S) 

+f(s2+ 

«) 

(s2+ 

fi) 

(s2+ 

*) 

(824 

S) 

(s2+  A) 
(s2+  A ) 
(s2+  A ) 

( s2+  A ) 
(s2+  A) 
(s2+  r) 


>  10 

=  As  + 


Bs8  + 


.  6 

Cs  + 


„  4 

Ds  + 


Esc 


+  F 


g 

Equating  the  coefficients  of  similar  powers  of  s  on  the  right  hand 
side  and  the  left  hand  side  of  the  above  equation,  we  obtain  six  equa¬ 
tions,  which  express  the  six  unknows  a,  b,  c,  d,  e  and  f  in  terms  of 
the  known  coefficients  A,  B,  C,  D,  E  and  F,  and  the  known  squares  of 
the  frequencies,  Qt ,  p  ,  >y  ,  S  ,  t  and  A  .  These  equations  can  be 
written  in  matrix  form,  as  follows,  and  can  be  conveniently  solved  on 
an  electronic  digital  computer. 
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Atl0«B>‘«C»VlH,«E»i<’  r  *  >  c  •  «  l 

, (7^81*  [^jr]  *  pTJj  |rf*e|>*A| 


•  a 


j  fl*y*6*t+X  j  (a*7*4*f*A) 


(a*/5«6*f*Aj  |a*£+7*f*Aj  ja*^*y*5+Aj  {a»j8+y*fi+e) 


b  I  B 


jay*o6*af*0(A  [o<£»ai5*af*ocA  |a/9*H7*ac*aA  (a/Sto^oafcaA  \ctfi*ay*a6*ae 
*y6*yt*yX  *y6*ye+yX  */36*fk*fi\  *fiy*fie*fiX  *fiy*J36+fiX  *fiy*fi6*fic  c  c 

+<5f*5A»fA)  +6f*6A*fA]  «6c*6A«cA)  -.yt *yX*  ca)  ♦yS+j’A+fiA)  ♦yfi+yctSf) 


\fiy6*fiyt*fty A  j«  y6*uyt*txyX  \afi6*afi€*afiX  [afiy*ajk*ttfi>.  [otfiytGtfifHafiX  (oj87+a86+a,i8c 

J)6X*fieX  *tx6e  *a£\*aeX  *a6t*<x6X*txeX  *otyc*ayX*aeX  *ay6^xyX*a6X  *ocy6*oi‘ye*ot6c  d  d 

*"f(x*y6X*yeX  *y6i+y6X*y(X  *fik+fi6X*fieX  *J3y(+fiy\*0tX  fiy6*fiyX+p6\  *fiy6*fiye*fiyt 
♦6fA)  ♦firA|  «6fA)  *7f  A]  *76  A|  *76cj 


[&y6e*fly&X 

*PytX*06t\ 

♦7«fA) 

[cxyfxnxyiX 
+ocy(X*<x6tX 
+  ySi  a] 

(oy56f*a^5A 

*afi(K*(x8(X 

♦>96eA) 

[afiyt+otfiyX 

*aficX*aytX 

+S7CA) 

lpfiy&+afiyX 

*afi6X*ay6X 

*0J6X\ 

pcytyfi*aBrf 

*aj35etotySe 

*jBy6tj 

BySrX 

iyt  cX 

«j86eA 

aftyO. 

aByti 

afirS  c 

•  Me 


f  f 
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APPENDIX  3-D 

INVERSION  OF  A  MATRIX  n^r  SEP  OF  BLOCK  MATRICES 


Several  conventional  methods  of  Inverting  a  matrix  consisting  of 
scalar  elements,  have  been  developed  recently  wiih  a  view  towards 
shortening  the  computational  time.  One  of  the  methods  frequently  used, 
involves-  the  inversion  of  a  matrix  by  blocks:  This  seduces  the  opera¬ 
tion  of  inverting  a  very  large  matrix,  to  that  of  inverting  several 
smaller  order  matrices.  In  this  case,  the  elements  of  the  matrix  are 
themselves  matrices  of  lower  orders.  Hence,  extreme  care  must  be  taken 
in  operating  with  the  partitioned  blocks,  since  these  cannot  be  treated 
like  scalar  quantities,  and  must  conform  with  the  laws  of  operation  oi 
matrices.  One  of  the  advantages  of  this  method  iB  its  ability  to  retain 
the  physical  significance  t-f  each  partitioned  block,  even  in  the  in¬ 
verted  form.  The  partitioned  blocks  may  be  all  of  equal  order  or  not, 
depending  on  the  nature  of  the  problem. 

Below  are  discussed  the  inversion  procedures  for  two  caseB  viz., 
l)  a  matrix  consisting  of  four  block  matrices,  and  b)  a  matrix  con¬ 
sisting  of  nine  block  matrices.  In  theBe  examples,  it  is  assumed  that 
the  blocks  are  all  of  equal  order.  The  same  principles  illustrated 
here,  can  be  extended  to  the  inversion  of  matrices  consisting  of  blocks 
of  dissimilar  order,  or  a  larger  number  of  blocks. 

1.  Inversion  of  a  Four  Block  Matrix 

Let  it  be  required  to  solve  the  following  set  of  equations: 

allxl  +  al2x2  +  a13“3  +  bllyl  +  b12y2  +  b13y3  =  pl 

a21xl  +  a22x2  +  a23x3  +  b21yl  +  b22y2  +  b23y3  =  p2 

a31xl  +  a32x2  +  a33x3  +  b3lyl  +  b32y2  +  b33y3  =  p3 

cllxl  +  c12x2  +  c13x3  +  dUyl  +  d12y2  +  d13y3  "  ql 

c21xl  +  c22x2  +  c23x3  +  d21yl  +  d22y2  +  d23y3  =  q2 

c3lxi  +  c32,l2  +  c33x3  +  d31yl  +  d32y2  +  d33y3  =  q3 

In  matrix  form, 

[A]  {x]  +  [B]  (y)  =  (pj 

DO  {x}  -  0  (y)  -  (q) 
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f  1]  DO  *  [Bil  H  ■  0 

[ci]  M  *  K1  O’]  -  0 

hm  *  w  ra  ■  ra 


Solving  the  above  four  equations,  bearing  in  mind  that  we  are  dealing 
with  matrices  and  not  scalar  quantities,  we  obtain, 

M  ■  [*]  -1  *  H  -1  M  LAl-1  tfl  La]  -1 

[Bi]  -  •  H  DO  ra  -1 

[Cx]  -  -  La]  -1  DO  M  -1 

px]  ■  H  'x 

Where  (a)  =  [ID]  -  D3  1XI"1  ES}  which  is  the  determinant  of  the 
original  matrix,  in  matrix  form.  It  may  be  noticed  here  that  it 
deviates  from  the  accepted  scalar  form  of  (AD-BC).  lt_  must  be  pointed 
out  here  that  the  inverse  exists  only  if  [A] and  L4l exist.  Then, 

Ta]  ®ri_1  p1  +  IXJ-1  K  CA]-1  EcJ  [a]'1  -M’1  EET 

EC]  raj  "L  -[A]  -1  PJ  ra  _1  w 
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2.  Inversion  of 
Given: 


a  Nine  Block  Matrix 


00  [x]  +  [LJ  [y|  +  M  {z  } 

M  {*}  +  H  [y]  +  K  [E  1 

[r]  {*}  +  [sj  (y)  +  &][*! 


M 

M 

M 


Or: 


[k]  [l]  DO 

14 

M 

i[n]  [p]  00 

[y] 

S 

[v] 

h  hj 

M 

H 

Required  to  find 

M 

M 

[Ml 

-l 

DO 

[p] 

H 

[*] 

[s] 

H 

Let: 

M  [B] 

DO 

03  M  00 

[d]  DO 

[f| 

B 

[»]  B  H 

_&]  M 

DO 

Jfl 

>J  fTl 

Then: 


0G 

BQ 

+ 

[B]  M 

4 

03  K  - 

DO 

la: 

W 

+ 

[B]  H 

+ 

[c]  [s]  - 

0 

[A] 

[Ml 

+ 

Lb]  DO 

+ 

[c]  ltj  “ 

0 

00 

IK3 

+ 

DU  [n] 

+ 

[Fj  [R1  = 

0 

DO 

[L] 

+ 

DO  ?! 

+ 

do  m  = 

m 

BO 

[M] 

+ 

00  [<0 

+ 

DG  LT1  - 

0 

LG] 

OG 

+ 

LhJ  [n] 

+ 

M  DO  - 

0 

[G] 

[l] 

+ 

DO  DO 

4- 

[Jl  [s]  - 

0 

60 

[m] 

+ 

[h]  DO 

+ 

w  m  - 

[I] 

-1 
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Solving  the  above  nine  equations,  and  bearing  in  mind  that,  the  opera 
tions  involve  matrices  and  not  scale":  q-n-v  Lties, 


M 

W 

H 

GO 

M 

PI 

ra 

M 

p] 


IX]-1  (h  *  {M  1X1  HI  *  (Id  0  -  -1  . 

(BE  -  DO)}  B  _1 

-  a-1  [do  H  ♦  foa  ra  -  m]  k  -1  a] 

[it]-1  ([l]  [»]  -  M)  H  -1 


a  p]-1  {[r]  DO  -  DO}  *  [«]  WJ  H 
W  0-1  M  *  [«0 


-1 


-  -  W  H 

■  p]  -l  ( H  M  -  I?]}  [-]  -1 

-  -  M-1[ r] 

H*1 


Where, 


M-  [ 

H  -  DO  DO'1  [«]}  -{[*]■  DO  El-1  w} 

[p]  -  DO  [KT1  [f1  {[»]  -  [»]  DO'1  M}] 

W  - 

{PJ  -  W  [t]'1  0}'1 

A 

ii 

M  {ra  -  M  DO'1  M] 

w  - 

[W  -  DO  W1  LJ  ,j}  w 

The  solution  exists  if, 


and  only  if,  M  \  ,  and  0KJ  ^  exiBt. 
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APPENDIX  3-E 

THE  ROUTH -HUI.V.'ITZ  STAj-..,.XTY  CRITERION  FOR  A 
SIX  DEGREE  OF  FREEDOM  LINEAR  SYSTEM 


The  frequency  determinant  in  Laplace  form,  for  a  six-degree-of' 
freedom  linear  system  can  be  written  as  follows: 

2,  12  10  8  6  ^  j 

D(s  )  =  a0s  +  a-|_s  +  ags  +  a^s  +  a^s  +  a^s  +  ag 

Then  the  conditions  that  all  the  roots  of  D(s2)  have  negative  real 
parts  (which  signifies  dynamic  stability)  are  as  follows*: 

1.  All  the  a's  in  the  above  equations  have  the  same  sign  (a 
necessary  but  not  a  sufficient  condition  for  stability) . 

2-  The  following  test  functions  Tj  are  all  positive  when  the 
equation  (d(s2)=o  is  put  in  such  a  form  that  a0  is  positive  (a 
necessary  and  sufficient  condition  for  stability). 


al  ao 

al 

ao 

0  1 

> 

0; 

To 

= 

>o;  T 

a3 

a2 

al 

d 

a3  “2 

3 

a5 

ak 

a3 

al 

ao 

0 

0 

al 

ao 

0 

0 

a3 

**2 

al 

ao 

>  0 

t5  - 

a3 

a2 

al 

ao 

a5 

ak 

a3 

a2 

a5 

a4 

a3 

®2 

0 

a6 

a5 

ak 

0 

a6 

85 

ak 

0 

0 

0 

a6 

>  0; 


o 


o 


■>  o 


ai 


a3 

a5 


The  above  conditions  when  grouped  together  give  the  following  complete 
criterion  for  the  stability  of  a  sixth  order  system. 


1.  All  the  a's  are  positive 

r  222  2  21 

2.  aj  aia2a3a4-aia4-a3ah+2aiaha5-aia2a5+a2a3a5+a5j 

*—  p.  2  2  2  3  3"| 

>  ag  >ia2a3-2aia2a5"ala3ai>+ala6+3aia3a5-a3j 

when  D(s2)  =  0  is  such  that  aD  =  1 


#Pipes,  Louis  A.,  Applied  Mathematics  for  Engineers  and  Physicists, 
McGraw-Hill  Book  Company,  New  York,  1950 
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THE  MATHIEU  DIFFERENTIAL  ..  .iJATION 
AND  THE  MATHIEU  FUNCTIONS 


The  general.  Mathieu  equation  is  represented  as  follows: 

y  +  (a  -  2q  cos  2  <x  )  y  =  0  (l) 

where  y  is  the  dependent  variable,  a:  i6  a  function  oi  'he  independent 
variable  with  respect  to  which  y  is  differentiated,  and  q  and  a  are 
the  constant  parameters  defining  +he  system  configuration. 

The  general  solution  of  the  Mathieu  equation  may  be  one  of  the 
following  three  types,  depending  on  the  relationship  between  the 
parameters  a  and  q. 

1.  A  periodic  solution  with  period  2  ir  S  where  S  is  an  integral 
number  greater  than  or  equal  to  2. 

2.  An  aperiodic  solution,  but  bounded  as  cc  - *•  •« 

3.  An  aperiodic  solution,  unbounded  as  ot - •“  00 

The  solutions  of  the  Mathieu  differential  equation  having  a  period 
IT  or  2  IT  consist  entirely  of  sine  or  cosine  terms,  but  not  a  combina¬ 
tion  of  the  two.  Furthermore,  if  one  of  the  solutions  is  even  then  the 
other  solution  is  odd,  and  as  such  two  independent  even  solutions  or  two 
independent  odd  solutions  cannot  occur. 

The  coefficient  (a  -  2q  cos  2  x  )  of  y  is  a  single  valued  periodic 
function  of  <x.  ,  having  a  period  TT  .  With  ult*  2<%,  the  above  equation 
may  be  regarded  as  the  representative  equation  of  moticr  of  a  conserva¬ 
tive  dynamical  system  having  a  variable  spring  stiffness  (a  -  2q  cos  2  k), 
the  variation  being  caused  by  a  driving  agent. 

Standard  solutions  of  the  three  general  types  for  equation  (l),  as 
explained  previously,  exist  and  have  been  set  up  by  Ince*  and  Strutt, 
whereby  the  entire  (a,q)  plane  has  been  divided  into  zones  of  stability 
and  instability. 


*Ince,  E.L.,  Proceedings  of  the  Royal  Society,  Edinburgh,  Volume  52, 
pp.  355-433,  1931/1932 
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The  Ince-Strutt  chart  (Figure  3-F-l)  i3  symmetrical  about  the  a 
axis  in  the  range  q  1.  The  significant  results  of  the  Ince-Strutt 
study  may  be  summarized  as  follows* 

1.  If  the  operating  point  (a,q)  lies  within  a  stable  region,  the 
two  linearly  independent  solutions  of  equation  (l)  are: 

y,  =  S  cm  C0S(M  4  “Y  ) 

r=  -  00 

(2) 

•o 

y?  =  E  C  cJLn(M+  'i)« 

r=—  M 

where^M  =  2r  or  2  r  +  1,  depending  on  whether  the  point  (a,q)  lies  on 
"khe  2n  or  2n  +  1  curve;  Cm  is  a  real  quantity  and  depends  on  a  and  q. 
All  solutions  of  the  above  type  are  bounded  and  therefore  if  (a,q)  lies 
in  a  stable  region,  the  resulting  oscillations  are  almost  periodic  and 
quasi-harmonic,  as  shown  in  Figure  3-F-2. 


Figure  3-F-2 

A  Stable  Mathieu-Type  Oscillation 
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2.  If  (a,q)  lies  within  an  unstable  region,  then  the  two  linearly 
independent  solutions  of  equation  (l)  have  the  nonperiodic  form: 


y 


1 


o 


fM  cos(M  oc  +  *rM  ) 


^2 


r=<> 


o 

J  M 


cos(m  « 


(3) 


where  f m  and  <V  M  are  real  constants  depending  on- a  and  q,  and  M  =  2r 

or  2  r  +  1  as  before.  The  quantity  M  is  a  real  and  positive  number, 
independent  of  the  initial  conditions  and  depending  only  on  the  para¬ 
meters  a  and  q  of  differencial  equation  (l). 


All  solutions  of  the  above  type  r  e  unbounded  and  therefore  if 
a,q  lies  in  an  unstable  region,  the  resulting  oscillations  will  be 
almost  periodic  ana  quao i-uaxmuiiic ,  but  unstable,  as  shown  in  Figure  3-F-3 . 


2  CL  < 


Figure  3-F-3 

An  Unstable  Mathieu-Type  Oscillation 
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3.  If  (a,q)  lies  on  one  of  the  bordering 
the  linearly  independent  solutions  of  equation 
following  forms  depending  on  the  order  o 


instability  curves,  then 
(l)  may  have  one  of  the 
curve  on  which  it  is 


located. 


mm 

y±  =  S- 


r=o 


GO 


y  =  C(q)  *  y1  +  f  ( <*) 
2 


2  r  +  1  depending  on  whether  point  (a,q)  lies 


in  which  case  H  «  2  r  or 
on  curve  or  2n  *  ,  }  C(q)  is  «  function  of  q. 


v,  *  7"  B  Bin  Ma 

yl  4_ i  m 

r=o  n 


y  =  S(q)  06  y1  +  g  (  *) 


(5) 


in  which  case  M  =  2  r  +  1  or  2  r  +2  depending  on  whether  point  (a,q) 
lies  on  curve  2*+i  or  2n+2;  S(q)  is  a  function  of  q. 

In  expressions  (4)  and  (5)  the  quantities  AM  and  B„  are  real  con- 
stents  deeding  on  a  and  q,  and  f(  *  )  and  g(«  )  are  periodic 
*“—4,ion-  it  -  fcsvdn a  the  same  period  as  y\.  The  period  of  y^  in'! 

if  the  representative  point  (a.q)  lies  on  curves  ^  or  2n+2  and  ^ 

. .  _  a  b  Npither  of  these  solutions  of  y. 

if  it  lies  on  curves  2n+i  or  2nfl*  neli;rier  OI  ^  1 

are  either  stable  or  unstable,  and  as  such  are  classified  as  neural. 

However,  both  solutions  for  y2  are  unstable  and  nonperiodic. 

For  small  values  of  q,  the  points  for  which  the  Mathieu  equation 
has  unstable  solutions  lie  in  the  neighborhood  of  the  abscissa  values 
of  a,  given  by 

„  „  (m-\2  (6) 
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(  A/  -  to W) soo 


Figure  3-  Ince -Strutt  Stability  Diagram 

Expanded  Diagram 


SWC-TDR-62-64 


October  1962 


or 


( 


2^o  )2 

-&r~ 


a  a 


OJ, 


2^0 

a 


(T) 


Therefore,  these  values  do  not  lie  at  multiples  of  the  natural  frequency, 
but  at  submultiples  of  the  natural  frequency,  and  lead  to  the  phenomenon 
of  sutuarmonic  resonance. 


An  inspection  of  the  Ince-Strutt  stability  chart  reveals  that 

1.  The  stability  curves  are  symmetrical  about  the  abscissa, 
i.e.,  the  a-axis. 

2.  The  crossover  points  of  the  stability  curves  lie  in  the 
neighborhood  of  the  abscissa  at  intervals  given  by  a  =  a?, 

m  =  0,  1,  2,  3>  . ,  for  small  values  of  q. 

3.  The  area  of  instability  decreases  with  increasing  a,  for  small 
values  of  q. 


It  may  further  be  mentioned  here  that  the  curves  g  are  even 
functions  of  q  whereas  the  curves  ^  are  odd  functions  of  q.  Hence 


2a 

d  n 

(4) 

=  aa 

2  n 

a 

(4) 

=  b 

2n*-l 

2n+l 

b 

(q) 

=  b 

2n 

2n 

On  an  enlarg-d  scale  the  area  in 
region  will  appear  as  shown  in  Figure 
solutions  of  the  Mathieu  differential 
behavior  of  the  solutions  in  terms  of 
indicated . 


(-<!) 

(-a) 

(-q> 


the  neighborhood  of  an  instability 
3-F-4,  where  the  tnree  types  of 
equation  have  been  included.  The 
the  parameters  a  and  n  is  clearly 


The  periodic  solutions  of  the  Mathieu  Equation  at  the  borderline 
between  stability  and  instability  regions  are  the  Mathieu  functions  and 
have  been  designated  by  a  special  nomenclature  related  to  the  boundary 
curves  a(q)  and  b(q). 


Thus,  associated  with  the  boundary  curve 
a  Mathieu  function 


a(q)  there  corresponds 
2n 
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Ce, 


2n 


7!  A„  ,  2  r  cob  2  r  t 


r=o 


for  curve  there  corresponds  a  Mathieu  function 

2n+l 


Ce, 


2n+l  = 


00 

2  r  +1  cos  (2  r  +1) 


Tr=0 


b(q) 


for  curve  iJ  there  corresponds  a  Mathieu  function 


Se, 


2n 


7~!  B2n  2  r  uin  (2  r  +  l) 


r=o 


for  curve  there  corresponds  a  Mathieu  function 

2ntl 


Se2n+1  “  12  B2n+1>  2  r  11  sln  <2  r  +1)  t 

r=o 

Pp  Se  Ce 

The  functions  2n  and  ^  are  of  period  IT  ,  whereas  2n+l 


and 


Se 

2n+l 


are  of  period  2  IT 


Since  the  presence  of  a  damping  term  in  the  Mathieu  Equation 
strongly  influences  and  greatly  reduces  the  extent  of  instability 
regions  of  higher  order,  it  is  usually  sufficient  to  investigate  only 
the  region  bounded  by  the  curves  a0(q),  b^(q),  and  a^(q)  of  the  Ince- 

Strutt  diagram.  These  expressions  have  been  computed  by  McLuehlac*  an 
given  as 

a1(q)  =  l+  q-  Bq-^q  -  3335  q  +  3^  <1  +  E(q  ) 

M*'  -i-q-^q+gjq  -  3333  q  -  335^  q  +  2U  ) 

The  curve  for  aQ(q)  is  unimportant  for  practical  considerations. 
Furthermore,  if  q  is  a  small  quantity 

*l(q)  =  a  -  q  =1 

B1(q)  =  a  +  q  =  1  (3) 


*McLachlan,  W.W. ,  Theory  and  Application  of  Mathieu  Functions,  Oxford 
University  Press,  London,  19*1-6 
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bg(q)  =  a+  l/l2  q2  =  4 
aQ(q)  =  a+  1 /-  qS  =  0 


(8-a) 


On  an  enlarged  scale,  the  above  region  has  been  shown  in 
Figure  3-F-5.  Returning  to  the  original  Mathieu  Equation  (l)  it  is 
obvious  that  if  q  *  0  the  equation  reduces  to  a  standard  second  order 
diii^rential  equation 


y  +  ay  =  0 

in  which  case  the  Ince-Strutt  diagram  reduces  to  the  e-axis,  i.e.,  the 
entire  region  along  the  abscissa  is  stable. 

By  the  foregoing  discussion,  if  q  is  increased  from  0  to  a  finite 
value  by  keeping  a  constant,  the  system  may  go  from  a  stable  condition 
to  an  unstable  condition,  stability  being  defined  by 

a  ±  q  <  1. 

Thus  the  inclusion  of  a  q  term  in  the  equation  of  motion  of  the 
system  may  result  in  an  unstable  behavior  before  a  stable  condition  is 
reached,  or  conversely  in  a  stable  behavior  before  an  unstable  condi¬ 
tion  is  reached,  depending  on  the  initial  location  of  the  operating 
point.  A  similar  condition  arises  in  keeping  q  constant  and  varying  a, 
as  shown  in  Figure  3-F-6. 

Of  practical  importance  is  the  solution  of  the  Mathieu  equation 
in  the  stable  region  bounded  by  the  stability  curve  b^  and  the  positive 
a.q  quadrant.  The  complete  solution  of  Mathieu's  equation  in  this 
region  in  given  by 

y  -  A  Ce  ^  (ot ,  q)  +  B  Se  ^  (  cx  ,  q)  (9) 

However,  in  practical  problems  dealing  with  chock  isolation  s jr  terns  y 
the  initial  conditions  are  such  as  to  disallow  a  solution  of  the  type 
B  Se/y  («  ,q)  which  is  a  sine  series.  Hence,  the  complete  solution 
in  such  cases  reduces  to 


y  -  A  Ce  ^  (  a  ,  q) 

where 

Ce  y  (  CL  ,q)  =  cos  ya.  -  1 


(10) 


cos(  Y  +  2) 
Yd  1 


cos( Y  -2) 
Y  -  1 


1  2 

+  32  4 


cnS(y  +  4)0C  cos( Y  -  4)« 
( Y+  l)(Y+2)  (Y-l)(Y-2) 


(11) 


Origin 
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A  is  a  constant  depending  on  the  initial  conditions,  and 


Y2  + 


5  /Y2+1 


2(,'Y2-1)  ;-,y2.i)3(724) 


(12) 


Equation  (ll)  is  valid  only  when 


2(  Y  -  1) 


<  < 


2 

V  , 


V  >  0 


(13) 


and  Y  *  m  +  £  as 

•m  =  a  positive 

(i  **  a  rational 

Thus  for  a  point  (a,q) 

is  seen  that  m  ■  0. 


shown  in  Figure  3*F-7 

integer,  which  may  also  be  zero 

fraction. 

in  the  stable  region  where  a  <  1,  q  <  1,  it 


Y  «  £ 

Y  can  then  be  determined  from  equation  (12)  if  the  condition  stipulated 
in  equation  (13)  is  valid.  It  may  be  mentioned  that  'Y,  as  given  by 
equation  (12)  is  single  valued,  and  the  value  that  is  obtained  gives 
the  solution  of  the  representative  Mathieu’s  equation  by  equation  (ll). 
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1+ .  1  Introduction 


The  fundamental  objective  of  .-h.  k  Isolation  is  to  convert  the 
motion  of  an  intolerable  shock  to  a  iorm  which  the  isolated  equipment  or 
personnel  can  survive.  In  Section  2.0  of  the  Design  Guide,  the  nature 
of  the  ground  shock  and  its  distortion  by  interactions  with  the  under¬ 
ground  structure  were  reviewed  and  the  environment  to  which  unisolated 
equipment  might  be  exposed  was  partially  defined.  In  Section  3-0>  the 
motion  conversion  characteristics  of  isolation  systems  were  studied, 
leading  to  methods  for  calculating  the  shock  environment  of  isolated 
equipment.  It  would  appear  t j  be  a  simple  matter  then  to  assess  the 
tolerable  motion  of  a  particular  item  of  equipment,  to  compare  it  with 
the  unattenuated  motion  of  the  underground  structure,  and  if  isolation 
was  needed,  to  rigorously  establish  the  required  motion  conversion 
characteristics  of  the  isolation  system. 

The  use  of  a  purely  analytical  approach  as  a  practical  design 
procedure  however  is  rendered  virtually  impossible  by  the  mechanical 
complexity  of  most  equipment,  by  a  lack  of  understanding  of  damage 
phenomena,  and  by  the  limited  information  available  on  the  nature  of 
the  input  shock.  While  these  problems  are  of  genuine  concern  to  the 
isolation  system  designer,  they  are  not  unique  to  systems  for  pro¬ 
tection  from  nuclear  blast.  In  few  problems  involving  shock  isolation 
is  an  exact  definition  of  the  input  or  the  precise  requirements  of  the 
output  known.  Thus,  many  of  the  techniques  developed  in  other  fields 
of  shock  isolation  dan  be  applied  to  this  problem. 

By  far  the  most  common  method  of  assigning  a  quantitative  value 
to  the  limiting  level  of  shock  an  item  of  equipment  will  tolerate.  Is 
by  exposing  it  to  an  environment  simulating  the  field  conditions.  The 
need  for  the  simulation  in  the  design  of  almost  all  military  equipment 
is  based  largely  upon  two  factors  which  are  almost  unique  (Reference 
4.  l).  First,  it  is  difficult  to  test  military  equipment  under  the  most 
severe  conditions  it  must  survive  in  service.  For  underground  facil¬ 
ities,  designed  to  resist  high  yield  nuclear  weapons,  full-scale 
testing  is  out  of  the  question.  Second,  equipment  is  designed  or 
selected  concurrently  with  design  of  the  facility  in  which  it  will  be 
installed.  Thus  the  decision  as  to  whether  or  not  the  equipment  is  to 
be  shock  mounted,  and  the  design  of  any  isolators  required,  must  be 
completed  before  tests  of  even  the  larger  subassemblies  are  possible. 

In  principle  (Reference  ^.2),  the  simulation  of  a  shock  environ¬ 
ment,  or  shock  testing,  is  concerned  with  the  reproduction  in  the 
laboratory  of  equipment  damage  analogous  to  that  occurring  In  the  fieM. 
The  effect  of  a  shock  motion  on  equipment  depends  not  only  upon  the 
characteristics  of  x.he  motion,  hut  also  on  the  properties  of  the  equip¬ 
ment.  The  shock  motion  occurring  as  a  result  of  a  nuclear  blast  is 
affected  by  many  variables,  and  the  characteristics  of  the  motion  vary 
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significantly  from  one  occurrence  to  another.  Thus,  a  laboratory  test 
is  required  to  simulate  not  a  single  defined  motion,  but  rather  any 
one  arbitrarily  selected  from  a  group  of  shock  motions.  The  test  must 
be  applicable  over  a  vide  range  of  equ^p  •  ..t  properties  as  well  as  a 
wide  range  of  shock  characteristics.  The  nature  and  severity  of  the 
test  must  be  such  that  any  possible  failure  that  would  occur  in  the 
field  should  have  first  occurred  in  the  laboratory  shock  test. 

Two  factors  complicate  the  simulation  of  shock  environments  in  the 
laboratory.  First,  only  the  gross  features  of  the  wave  form  can  be 
deduced,  since  a  detailed  time  history  of  the  shock  rarely  exists. 

Second,  a  test  machine  designed  to  reproduce  faithfully  the  waveform  of 
a  complex,  high-intensity  shock  would  be  very  expensive  to  construct. 
Thus,  to  define  the  environment  to  be  reproduced  in  the  laboratory, 
parameters  directly  relating  damage  to  shock  characteristics  must  be 
identified.  However,  there  has  not  been  formulated  a  rigorous  universal 
criterion  of  damage  nor  do  the  standards  now  employed  satisfy  all  of  the 
requirements  imposed  even  by  simple  theory.  Nonetheless,  the  designer  of 
isolation  systems  for  underground  protective  structures  has  no  recourse 
but  to  utilize  laboratory  results  to  guide  him  in  establishing  isolation 
system  output  requirements. 


It  is  suggested  in  Section  4.0  that  the  response  spectrum  be 
accepted  as  a  criterion  of  damage  for  equipment  with  one  stipulation. 

Thus,  the  damage  potential  of  the  input  shock  can  also  be  represented 
quantitatively  by  its  response  spectrum.  This  concept  is  not  a  new  one, 
having  been  described  frequently  in  the  literature  (References  4.2  and 
4.3),  and  employed  occasionally  in  establishing  shock  testing  requirements 
for  equipment  intended  for  use  in  underground  protective  structures.  Its 
lack  of  general  usage  may  be  due  in  part  to  the  fact  that  eases  can  be 
postulated  where  it  will  not  indicate  damage  potential,  and  that  in  these 


cases  its  prediction  will  be  nonconservative.  Despite  its  shortcomings, 
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to  offer  optimum  simplicity,  meaningfulness,  and  accuracy  within  the  limits 
of  the  present  state  of  knowledge  of  the  phenomena  and  capabilities  of 
testing  facilities. 


Once  the  response  spectrum  is  accepted  as  a  criterion  of  damage,  a 
ready  means  is  provided  for  establishing  the  need  for  shock  isolation, 
for  determining  the  required  output  characteristics  of  +*»  isolation 
system,  and  for  selecting  a  test  machine  for  verifying  the  tolerance  of 
the  equipment.  Sach  of  these  aspects  of  the  design  problem  is  discussed 
in  detail  in  this  section. 
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4.2  Damage  Criteria 

Despite  the  large  number  of  equipment  shock  testes  which  have  been 
conducted  in  laboratories  in  the  Uu.. ' -  .  States,  there  are  very  few 
experimental  data  available  of  the  type  which  gives  an  insight  into  the 
damaging  characteristics  of  shock  (Reference  4.1).  The  large  majority 
of  laboratory  tests  are  conducted  to  determine  whether  the  equipment 
is  constructed  in  conformance  with  the  applicable  specification,  that  is, 
it  is  a  "go  no-go"  type  of  test.  Either  the  equipment  survives  the 
specified  tests  or  it  fail3  to  do  so.  Very  few  tests  are  conducted  with 
a  systematic  variation  of  parameters  where  the  test  is  continued  to 
failure  and  the  duration  of  the  test  is  correlated  with  the  severity  of 
the  testing  conditions.  As  a  consequence,  little  is  known  about  the 
laws  governing  the  failure  of  equipment  subjected,  to  shock.  Until  a 
better  understanding  is  gained  of  the  basic  phenomena,  the  results  of 
laboratory  tests  in  their  present  form  will  remain  somewhat  less  than 
convincing. 

With  the  lack  of  a  complete  picture  of  the  damage  mechanisms,  it 
is  necessary  to  formulate  some  hypothesis  of  failure  in  order  to  provide 
a  rational  basis  for  establishing  test  procedures.  For  example,  one 
possible  assumption  is  that  the  probability  of  equipment  sustaining 
damage  as  a  result  of  shock  is  directly  related  to  the  maximum  stress 
experienced  by  the  equipment  during  shock.  Of  course,  this  criterion 
disregards  any  cumulative  damage  resulting  from  several  shocks.  Even  so, 
the  correlation  between  peak  stress  and  shock  parameters  is  not  a  simple 
one,  and  with  the  acceptance  of  stress  as  the  critical  damage  mechanism, 
the  shock  teBt  procedure  is  still  not  completely  defined. 

It  is  an  established  principle  of  mechanics  that  two  single-degree- 
of -freedom  systems  having  the  same  natural  frequency  and  damping  capacity 
will  respond  in  an  identical  manner  to  a  given  steady-state,  or  transient, 
excitation  (Reference  4.1).  If  the  excitation  is  of  a  nonoscillatory 
nature,  the  damping  tends  to  be  of  secondary  importance  so  that  systems 
with  the  same  natural  frequency  but  different  damping  characteristics 
tend  to  exhibit  approximately  the  same  response.  A  given  item  of 
equipment  thuB  might  be  represented  as  on  array  of  simple  systems,  the 
natural  frequency  of  each  system  being  equal  to  the  natural  frequency 
of  the  element  which  it  portrays.  If  the  peak  stress,  and  therefore  the 
peak  acceleration,  which  each  simple  element  can  survive,  is  plotted  as 
a  function  of  the  natural  frequency  of  that  element,  the  resulting  curve 
is  simply  the  response  spectrum  of  the  shock  that  can  be 

tolerated  by  the  equipment.  Any  shock  whose  spectrum  at  any  frequency 
exceeds  the  survival  spectre.'  *  the  equipment  will  cause  failure  in  one 
or  more  of  the  simple  elements.  For  equipment  which  can  be  represented 
in  this  manner,  then,  the  response  spectrum  constitutes  a  criterion  of 
damage. 
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The  limitations  of  this  approach  stem  from  the  fact  that  few 
pieces  of  equipment  can  be  represented  as  an  array  of  simple  elements 
in  parallel.  Most  structures  contain  a  large  number  of  elements  in 
sebies  or  elements  which  contain  more  W-r-  ne  mode  of  vibration.  In 
these  cases,  as  was  seen  in  discussing  the  responses  of  coupled  linear 
systems  in  Section  3.0,  the  response  spectrum  does  not  contain  sufficient 
information  to  define  the  peak  acceleration  in  any  coupled  mode. 

Further,  some  equipment  contains  elements  whose  elastic  properties  are 
nonlinear,  thus  two  shocks  with  identical  response  spectra  may  produce 
diff«_r^nt  stresses  in  some  types  of  equipment.  Therefore,  characteristics 
of  the  shock,  other  than  those  described  by  the  response  spectrum,  must 
also  be  reproduced  in  the  test  if  true  damage  potential  is  to  be 
simulated. 

The  most  significant  information  omitted  from  a  response  spectrum 
is  the  phasing  of  the  responses.  Since  the  relative  time  of  occurrence 
of  each  spectral  component  of  the  Knock  fixes  the  phase  relationship  of 
vibrations  in  the  various  modes  of  the  responding  element,  some  simulation 
of  the  phasing  must  be  reproduced  in  the  shock  test.  Of  course,  this 
implies  that  the  shape  of  tne  wave  form  produced  in  the  test  must  he 
similar  to  that  expected  in  service.  As  noted  earlier,  however,  the 
exact  wave  form  cannot  be  reproduced,  due  to  a  lack  of  knowledge  of  the 
wave  form,  and  to  the  large  expense  of  constructing  special  test  machines. 
If  a  general  type  of  wave  form  is  reproduced  in  the  test  machine  which 
not  only  has  the  gross  cnaracteristics  of  the  expected  shock,  but  also 
produces  the  same  response  spectrum,  the  arguments  against  the  use  of 
the  spectrum  alone  as  a  criterion  of  damage  can  be  reduced  in  relative 
importance,  if  not  in  number. 

In  summary,  to  base  equipment  ruggedness  levels  solely  on  spectral 
representation  of  the  shock  input  is  to  assume  that  the  equipment 
responds  as  a  system  of  uncoupled,  undamped  lineai  oscillators.  It  is 
also  to  assume  that  the  mechanism  of  damage  may  be  expressed  in  terms  of 
the  maximum  oscillator  response.  When  the  response  spectrum  is  coupled 
with  a  wave  form  of  the  general  shape  of  that  expected  in  service,  the 
above  assumption  is  not  invalidated,  but  only  becomes  less  important  as 
the  test  wave  form  approaches  that  of  the  service  shock. 
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4.3  Shock  Testing  Machines 


Since  it  is  necessary  to  simulate  in  the  laboratory  the  conditions 
to  which  equipment  may  be  exposed  in  +he  field,  it  is  essential  that 
the  shock  isolation  system,  designer  familiar  with  laboratory  equipment 
and  techniques.  First,  if  he  accepts  the  response  spectrum  as  a  critericr 
of  damage,  he  must  have  available  to  him  spectral  representations  of  the 
outputs  of  various  testing  machines  under  different  loading  and  operating 
conditions.  Second,  as  the  response  spectrum  alone  is  not  sufficient  to 
define  the  damage  potential  of  the  shock,  the  general  type  of  wave  form 
which  the  test  machine  produces  must  also  be  known.  And,  third,  the 
interaction  between  most  simulation  machines  and  the  items  being  tested 
makes  it  necessary  that  the  designer  have  a  clear  picture  of  the 
construction  of  each  machine  he  intends  to  use. 


The  following  discussion  of  shock  testing  machines  is  intended  to 
acquaint  the  isolation  system  designer  with  some  of  the  available 
equipment.  The  discussion  will  emphasize  those  machine  characteristics 
of  primary  importance  in  assuring  that  the  service  environment  is 
simulated  properly.  The  three  significant  features  of  the  output  of 
shock  testing  machines  which  wil'  be  presented  are  wave  form  type, 
spectral  distribution,  and  acceleration  impulse. 

4.3.I  Wave  Form  Type 

Several  wave  forms  generated  by  different  shock  testing 
machines  are  shown  in  Figure  4.3*1,  page  4  -  8.  Each  of  the  wave  forms ^ 
may  be  classified  as  being  one  of  three  general  types:  velocity  shock  (a), 
simple  pulse  (b  through  e),  and  single  complex  (f).  An  extensive  list  0 
machines  which  produce  each  type  of  wave  form  is  given  in  Reference  4.3; 
a  few  examples  are  listed  below: 

Velocity  Shock 

Drop  Tester  for  Shipping  Containers  (Reference  4.4) 

Drop  Tester  for  Airdrop  Delivery  (Reference  4,5) 

Inclined  Plane  Test  (Reference  4.6) 


Simple  Shock  Pulse 

Shock  Testing  Mechanism  for  Indicating  Instruments 

(Reference  4.6) 

Medium  Impact  Shock  Machine  (Sand  Drop  Table) 

(References  4.7,  4.8) 

Hyge  Shock  mester  (Reference  4.9) 

Barry  Drop  Table  (Reference  4.10) 
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Single  Comp.lex 

Navy  High  Impact  Shock  Machine  Lightweight  Devices 

(References  4.11,  4.12) 

jiavy  High  Impact  Shock  Machine  for  Medium  Weight  Equipment 

(References  4.12,  4.13) 

Shock  Machine  for  Electronic  Devices  (Reference  4.14) 


Time 

(a)  Velocity  Pulse 


(b)  Acceleration  Step 
Pulse 


§ 


Time 


(c)  Acceleration  Non- 
synmetrical  Tri¬ 
angular  Pulse 


§ 

•r* 


(d)  Acceleration  (e)  Acceleration  (f)  Acceleration 

Symmetrical  Tri-  Half -Sinusoidal  Complex  Wave  Form 

angular  Pulse  Pulse 

Figure  4.3.1 

Characteristic  Types  of  Shocks 


Note  that  except  for  the  acceleration  complex  wave  fora  (f),  all 
of  the  wave  forms  shown  yield  velocities  only  in  one  direction,  that  is, 
they  indicate  the  time-history  of  a  positive  velocity  change  but  do  not 
show  details  of  how  the  velocity  returns  to  its  initial  value.  This 
result  is  inevitable  with  machines  in  which  the  tevt  item  is  set  into 
motion  and  the  shock  produced  by  bringing  it  to  an  abrupt  stop.  Although 
the  complex  acceleration  wave  fora  shows  negative  accelerations,  its 
time  integral,  or  residual  velocity,  is  still  positive.  Machines  which 
produce  this  type  of  shock  can  therefore  be  classed  with  those  above. 
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4. 3. 1.1  Wave  Form  Distribution  Introduced  by  Test  Item 

The  wave  form  generated  by  a  shock  machine  is  influenced 
by  frequencies  characteristic  01  < -  .  item  being  tested.  The  effect  of 
the  equipment  may  be  appreciable,  particularly  if  the  weight  of  the  item 
is  near  the  upper  limit  of  the  machine  capacity.  The  test  item  may  act 
as  a  dynamic  vibration  absorber  (Reference  4.3),  and  if  it  is  relatively 
heavy  may  reduce  the  response  spectrum  to  a  minimum  at  the  entire sonsnce 
frequencies.  If  the  test  shock  is  increased  to  raise  the  low  points  of 
the  spectrum,  the  part  may  be  easily  over stressed.  Considerable  Judge¬ 
ment  is  thus  required  in  interpreting  the  test  results. 

4. 3.1.2  Wave  Form  Distortions  Introduced  by  Testing  Machine 

The  wave  form  of  a  shock  produced  by  a  testing  machine  may 
be  modified  significantly  at  frequencies  characteristic  of  the  machine 
itself.  This  affect  is  1  sauced  as  the  rigidity  of  the  machine  itself 
increases  but,  in  nearly  all  testing  equipment,  some  frequency  ranges 
will  be  amplified.  It  is  essential  that  the  critical  frequencies  for 
each  machine  are  known  and  that  care  is  taken  to  avoid  using  machines 
whose  frequencies  are  near  the  natural  frequency  of  the  test  item.  In 
this  respect,  it  is  important  that  the  method  of  attaching  the  equipment 
to  the  test  machine  is  given  specie!,  attention  to  ensure  that  resonances, 
with  either  the  machine  or  the  equipment,  are  avoided  in  the  mounting 
structure. 

4.3.2  Response  Spectra 

In  view  of  these  extraneous  vibrations  imposed  on  the  basic 
motion  of  the  test  machine,  it  is  evident  that  the  wave  form  actually 
produced  in  a  test  will  differ  from  the  relatively  simple  shapes  shown 
in  Figure  4.3.1,  page  4  -  8  .  In  most  cases  the  differences  will  be 
even  more  evident  if  the  response  spectra  of  the  two  wave  forms  are 
compared.  Resonances  in  the  machine  elements  can  usually  be  detected 
by  peaks  in  the  response  spectrum  of  the  shock;  the  spectrum  will  show 
dips  at  the  natural  frequencies  of  the  test  item. 

Calibrations  of  testing  machines  are  generally  performed  with 
rigidly  attached,  deadweight  loads.  Thus,  the  vibrations  of  the  machine 
elements  will  he  evident  in  the  calibration  spectra.  Modification  to 
the  spectra  due  to  the  reaction  of  the  test  item  may  be  evaluated  by 
comparing  the  calibration  spectrum  with  that  of  an  actual  test  of  the 
item. 


4. 3. 3  Acceleration  Pulse 

The  total  duration  of  shock  produced  by  most  standard 
testing  machines  is  much  shorter  than  those  generated  in  the  ground  by  *■ 
nuclear  explosion.  For  example,  the  total  duration  of  the  motion  of  a 
soil  particle  at  the  ground  surface  due  to  a  1000  psi  overpressure  from 


4-9 


SWC-TDR-62-64 


October  19o2 


a  10-megaton  weapon  is  about  2.5  seconds  (Figure  2.2.4,  page 2-8)* 
dilation  of  shocks  produced  by  test  machines,  on  the  other  hand,  rarefy 
exceeds  a  few  hundred  milliseconds. 

It  is  evident  from  the  wave  forms  of  Figure  4.3*1  that  test 

r 

accuracy.  As  far  as  is  known,  there  is  no  standard  testing  machine  which 
will  generate  a  complete  wave  form  such  as;  a  Type  I  or  Type  II,  but  o  y 
that  portion  which  includes  the  velocity  rise. 

In  this  Section,  several  of  the  standard  shock  testing  machines  used 
most  frequently  in  validating  equipment  for  underground  protecUve 
(structures  are  described  in  some  detail.  Many  other  machines  are 
available  however,  and  each  isolation  system  designer  should  prepare  and 
maintain  a  comprehensive  list  of  such  machines  and  their  significant 
characteristics. 

4.3.4  Maw  High  Impact  Machines 

A  number  of  shock-testing  machines  are  in  current  use,  their 
eristics  varying  widely  in  accordance  with  the  requirements  of 
particular  applications.  These  testing  machines  have  J«en  de^sad  in  a 
Variety  of  ways.  Some  machines  have  been  developed  entirely  on  an 
empirical  basis ,  others  by  a  rather  superficial  interpretation  of  field 
data,  and  others  by  a  fairly  elaborate  interpretation  of  field  data. 

Modern  concepts  of  shock  testing  began  with  World  War  II.  The 
earliest  of  modern  shock-testing  machines  was  the  direct  outcome  of 
excessive  damage  in  British  ships  as  a  reauxi,  ox  ZL „tiv 

German  mines.  This  was  a  critical  problem  and  «  solution  was  urg  y 
demanded.  As  a  consequence  of  this  experience  with  German  ^ine^  the 
British  had  a  relatively  large  quantity  of  damaged  equipment  available 
for  studv.  This  was  the  only  available  measurement  of  shock  severity. 
Because  of  wartime  conditions  and  the  .urgency  of  the  problem,  there  was 
no  time  available  to  make  measurements  of  the  nature  and  severity  of 
the  shock.  As  a  solution  to  the  problem,  the  British  devexoped  in 
nurely  empirical  manner  a  shock-testing  machine  that  we.«  capable  of 
causing  dLage  substantially  similar  to  that  resulting  tram  Gennan  mines. 
This  machine,  designated  the  High  Impact  Shock  Testing  Machine,  was 
subsequently  adopted  by  the  Bureau  of  Ships  of  the  United  States  Navy 
S' S  sSn  in  extensive  use,  with  only  minor  changes,  to  test  equipment 
intended  for  ultimate  application  aboard  ships.  More  recently,  the 
machines  £ve  been  used  to  simulate  other  environments  which  can  be 
described  by  a  single  shock  of  complex  shape. 


4-10 


SWC-TDR-62-64 


October  1962 


4. 3. 4.1  High  Impact  Shock  Testing  Machine  for 
Lightweight  Equipment 

The  High  Impact  Bhoi.i,  '  esting  Machine  for  Lightweight 
Equipment  (LWHl)  (Reference  4.4),  illustrated  in  Figure  4.3.2,  lias  an 
anvil  A  which  is  struck  on  the  back  side  by  the  pendulum  hammer  C; 
alternately,  the  anvil  is  rotated  90  degrees  about  the  vertical  axis  and 
struck  oil  the  end  by  the  pendulum  hammer.  The  drop-hammer  B  can  be 
made  to  strike  the  top  of  the  anvil,  thus  providing  principal  shock 
motions  in  the  third  orthogonal  direction.  The  weight  of  equipment  tested 
on  this  machine  is  limited  to  250  pounds,  although  weights  up  to  400  pounds 
may  be  authorized  in  some  instances. 


Figure  4.3,2 

High  Impact  Shock  Testing  Machine  for  Lightweight  Equipment,  Intended 
Primarily  for  Testing  Naval  Ship-Borne  Equipment.  (Reproduced  from 
Reference  4.4) 

In  the  conventional  rethod  of  conducting  a  test  (Reference  4.16), 
the  equipment  is  attached  to  the  anvil  plate  by  means  of  a  mounting 
adapter  specified  for  the  particular  equipment.  The  impact  of  the 
hammer  on  the  anvil  plat’  excites  transient  vibrations  in  the  anvil 
plate  and  mounting  adapter  which  are  then  superimposed  on  the  over-all 
motion.  As  the  natural  frequency  of  the  adapter  plate-equipment 
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assembly  is  a  function  of  the  weight  of  the  equipment,  the  transient 
vibrations  introduced  into  the  equipment  will  vary  with  the  equipment, 
weight.  The  variation  in  natural  frequency  of  one  of  the  mounting 
adapters  is  shown  in  Figure  4.3.3  as  a  function  of  supported  load.  Mote 
that  the  natural  frequency  of  the  mount i. .  adapter  decreases  as  the 
equipment  weight  increases  since  its  stiffness  remains  substantially 
constant.  The  data  shown  in  the  Figure  are  for  hammer  impacts  to  the 
anvil  plate  in  the  back  direction.  Similar  results  should  be  expected 
from  hammer  impacts  in  other  directions. 

'"he  four  mounting  adapters  used  with  the  LWIII  machine  are: 

Mounting  Adapter 


Type 

4A 

Bulkhead  mounted  equipment 

4C 

Deck  platform  mounted  equipment 

6D 

Electrical  indicating  switchboard  instruments 
and  other  panel  mounted  equipment 

6e 

Electrical  controller  components  (fcontactors, 
resistors,  relays,  et  cetera) 

A  typical  time -displacement  record  for  the  TtfjfT  machine  is  shown  la 
Figure  4.3.4. 

Shock  spectra  for  the  5 -foot  hammer  drops  with  4A  and  4C  mountings 
have  been  measured  by  Dick  (Reference  4.15)  for  various  equipment  weights 
and  are  presented  in  Figures  4.3.5  through  4.3.12,  Although  the  spectra 
for  hammer  drops  of  less  than  five  feet  were  not  given,  an  indication 
of  the  magnitude  of  their  effect  is  given  in  Figure  4.3.13.  The  spectrum 
for  the  3-foot  drop  overlays  the  spectra  for  greater  drops  at  the  higher 
frequencies.  The  author  reports  that  this  scries  is  typical. 

The  experimentally  determined  average  velocities  of  the  anvil  plate 
under  various  conditions  of  operation  have  been  taken  fro®  wave  form 
records  such  as  that  of  Figure  4.3.4  and  are  shown  in  Figures  4.3.14 
through  4.3.16,  page  4-19,  for  hammer  impacts  applied  at.  the  back,  side, 
and  top  directions,  respectively  (Reference  4.l6).  Each  Figure  shows  the 
average  velocity  expressed  in  inches  per  second  as  a  function  of  height  of 
hammer  drop.  The  average  velocity  decreases  as  the  weight  of  the 
equipment  under  test  increases,  and  increases  as  the  height  of  hammer 
drop  increases. 

The  maximum  acceleration  measured  at  the  center  of  the  Type  4A 
mounting  adapter  under  various  conditions  of  operation  is  shown  in 
Figures  4.3.17  through  4.3.19*  These  data  have  also  been  reproduced 
from  Reference  4.16,  The  impacts  were  from  the  back,  side,  and  top 
directions,  respectively.  EacL  Figure  indicates  the  maxi  mum  acceleration 
expressed  as  a  multiple  of  the  acceleration  due  to  gravity,  as  a  function 
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Mounting:  4A  Plate 
Specimen  Weight:  26l  lbs 
Drop  Height:  5  ft 
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Figure  4.3.7 

Shock  Spectra  for  Navy  Lightweight  High  Impact  Machine 
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Mounting:  4A  Plate 
Specimen  Weight:  3^9  lbs 
Drop  Height:  5  ft 
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Figure  4.3.8 

Shock  Spectra  for  Na  y  Lightweight  High  Impact  Machine 
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Mounting:  4-A  Plate 
Specimen  Weight:  5?  It 
Drop  Height:  5  ft 


Figure  4.3.9 

Shock  Spectra  for  Navy  Lightweight  High  Impact  Machine 


Figure  4.3.10 

Shock  Spectra  for  Navy  Lightweight  High  Impact  Machine 
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Mounting:  4C  Plate 
Specimen  Weight:  26l  lbs 
Drop  Height:  5  ft 


Figure  4.3.H 

Shock  Spectra  for  Navy  Lightweight  High  Impact  Machine 
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Mounting:  4C  Plate 
Specimen  Weight:  339  lbs. 
Drop  Height:  5  ft 


Figure  4.3.12 

Shock  Spectra  for  Ha^y  Lightweight  High  Impact  Machine 
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Figure  4.3*13 

Shock  Spectra  for  Lightweight  High  Impact  Machine 
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k. 3. 4.2  Hlph  Impact  Shook  Testing  Machine  for  Medium  Weight 
Equipment 


The  High  Impact  Shock  Testing  Machine  for  Medium  Weight 

SsSbS  ^s^ed^olest^ui^n^  logeSe^h  S's^rS^ 

Ss sswM  =5T  =**•  - 


SWC-TDR-62-64 


October  1962 


FiKure  4.3.14:  Average  Velocity  of  Anvil  Plate:  High  Impact  Shock 
Testing  Machine  for  Lightweight  Equipment;  Hammer  Impact  at  Buck 


Height  of  Hammer  Drop  (Feet) 


Figure  u.3.15:  Average  Velocity  of  Anvil  Plate:  High  Impact  Shock 
Testing  Machine  for  Lightweight  Equipment;  Hammer  Impact  from  Side 


Height  of  Hammer  Drop  (Feet) 


Figure  4. 3.16:  Average  Velocity  of  Anvil  Plate:  High  Impact  Shock 
Testing  Machine  for  lightweight  Equipment;  Hammer  Impact  from  Top 
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Figure  4.3.20 


High  Impact  Shock  Testing  Machine 
for  Medium  Weight  Equipment 
(Reference  4.4) 


attached  directly  to  the  rigid  anvil  structure.  They  are  attached  to 
a  group  of  Gteel  channel  beams  which  are  supported  at  their  ends  by 
steel  members,  which  in  turn  are  attached  to  the  anvil  table.  The 
number  of  channels  employed  is  dependent  upon  tne  weight  of  the  load 
and  is  such  as  to  cause  the  natural  frequency  of  the  load  on  these 
channels  to  be  about  60  cps.  The  hammer  can  be  dropped  from  a  maximum 
effective  height  of  5*5  feet.  It  swings  around  on  its  axle  so  as  to 
strike  the  anvil  on  the  bottom,  giving  it  an  upward  velocity.  The 
anvil  is  permitted  to  „ ravel  a  distance  up  to  3  inches  before  being 
stopped  by  a  ring  of  retaining  bolts.  The  machine  is  secured  to  a 
large  block  of  concrete  which  is  mounted  on  springs  to  isolate  the 
surrounding  area  from  shock  motions. 
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The  displacement-time  diagram  shown  in  Figure  4.3.21  was  obtained 
from  measurements  made  directly  on  the  anvil  plate  and  does  not  include 
the  superimposed  vibration  of  the  type  .'V  a  in  Figure  4. 3*3  f°r  a 
mounting  adapter  of  the  High  Impact  Testing  Machine  for  Lightweight 
Equipment. 


Time  -  Milliseconds 


Figure  4.3.21 

Typical  Displacement-Time  Record  for  Anvil  Plate; 

High  Impact  Testing  Machine  for  Medium  Weight  Equipment. 
Maximum  Upward  Travel  =  1  1/2  inches 

(Height  of  Hammer  Drop  =  1  foot; 

1680  lb.  Load  on  Anvil  Plate) 
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The  required  length  of  the  hammer  drop  and  initial  up  travel  of 
the  anvil  table  for  the  MWHI  machine  is  shown  in  Figure  4.3.22. 


Group  Number 

Number  of  Blows 

Anvil  Table  Travel,  Inches 

1 

2 

3 

II 

2 

3 

III 

2 

1-1/2 

Total  Weight  on  Anvil 

Table,  Bounds: 

Height  of  Hammer  Drop 

_ (ggejl _ 

250  -  1,000 

0.75 

1*75 

1*75 

1,000  -  2,000  * 

1.0 

2.0 

2.0 

2,000  -  3,000 

1.25 

2.25 

2.25 

3,000  -  3,500  * 

1.5 

2.5 

2.5 

3,500  -  4,000 

1.75 

2.75 

2.75 

4,000  -  4,200 

2.0 

3*0 

3*0 

4,200  -  4,4oo 

2.0 

3*25 

3*25 

4,400  -  4,600  * 

2.0 

3*5 

3*5 

4,600  -  4,800 

2.25 

3*75 

3*75 

4,800  -  5,000 

2.25 

4.0 

4.0 

5,000  -  5,200 

2.5 

4.5 

4.5 

5,200  -  5,4oo 

2.5 

5*0 

5*0 

5,400  -  5,600  * 

2.5 

5*5 

5*5 

Note  1:  Total  weight  on  anvil  table  is  the  sum  of  equipment 
weight  plus  weight  of  mounting. 

Note  2:  The  height  of  hammer  drop  shall  be  measured  by  means 
of  the  existing  markings  on  the  scale  of  the  machine, 
no  corrections  being  made  for  the  added  anvil  table 
travel  for  the  blows  of  groups  T  and  II. 

»  ■  "  *  '  '  '  '* 


Figure  4.3.22 

Required  Hamer  Drop  and  Anvil  Table  Travel 
for  MWHI  Machine 

Response  spectra  of  the  shock  motions  generated  during  the  test 
have  been  measured  by  Dick  and  Blake  (Reference  4.17)  and  are  given 
in  Figures  4.3.23  through  4.3.26  for  equiprent  whose  total  weight  is 
indicated  thus  (*)  in  Figure  4.3*22. 
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Group:  I  *n  jjj 

Drop  Height:  1.0  2.0  2.0  ft 

Table  Travel:  3.0  3.0  1.5  in 

Specimen  Weight:  lllg  lbs. 

Total  Weight  on 

Anvil  Table:  1858  lbs. 


Figure  4.3.23 

Class  A  Test  Spectra  for  Navy  Medium  Weight  High  Impact  Shock  Machine 


Group:  I  n  HI 

Drop  Height:  2.0  3.5  3-5 

Table  Travel:  3.0  3.0  1.5 

Specimen  Weight;  3386  lbs. 

Total  Weight  on 

Anvil  Table:  4424  lbs. 


ft 

in 


Figure  4.3.24 

Class  A  Test  Spectra  for  Navy  Meaium  Weight  High  Impact  Shock  Machine 
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Group: 

I 

II 

in 

Drop  Height: 

2.5 

5.5 

5.5  ft. 

Table  Travel: 

3.0 

3.0 

1.5  in, 

l  Specimen  Weight:  4423  lbs. 

I 

|  Total  Weight  on 
|  Anvil  Table:  5391  lbs. 
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Figure  4.3.25 

Class  A  Test  Spectra  for  Navy  Medium  Weight  High  Impact  Shock  Machine 


Group: 

I 

II 

III 

Drop  Height: 

1.5 

2.5 

2.5  ft 

Table  Travel: 

3-0 

3.0 

1. 5  in, 

Specimen  Weight:  2051  lbs. 

Total  Weight  on 
Anvil  Table:  3026  lbs. 


Figure  4.3.26 

Class  A  Test  Spectra  for  Navy  Medium  Weight  High  Impact  Shock  Machine 
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The  1  performance  of  the  Shock  Testing  Machine  for  Medium  Weight 
Equipment" is  further  indicated  by  these  parameters  (Reference  4.16). 

.  Average  velocity,  mean."red  from  "  wave  form 
records  sucti  as  given  in  Figure  4.3*20. 

.  Maximum  acceleration,  occurring  approximately  at  the 
moment  of  hammer  impact  and  also  obtained  from  the 
wave  form  record. 

The  average  velocity  expressed  in  inches  per  second  is  shown  as 
a  function  of  the  height  of  hammer  drop  in  Figure  4.3.27  for  various 
weights  of  equipment  mounted  on  the  anvil  plate.  The  average  velocity 
decreases  as  the  weight  of  the  equipment  decreases,  an.-:  increases  as 
the  height  of  the  hammer  drop  increases. 

The  maximum  acceleration,  measured  at  the  moment  of  hammer  impact, 
is  shown  in  Figure  4.3.28  for  one  particular  test  item  weight  of 
2400  pounds.  The  maximum  acceleration  is  seen  to  increase  as  the 
height  of  hammer  drop  increases. 

4. 3. 5  Medium  Impact,  Variable  Duration  Shock  Testing  Machine 

Shortly  after  the  end  of  World  War  II,  it  became  evident 
that  the  effects  of  mechanical  shock  are  important  to  air-borne  equipment. 
Consequently,  a  machine  for  conducting  shock  tests  on  air-borne  equipment 
was  devised.  The  maximum  acceleration  and  fundamental  period  of  the 
shock  produced  by  this  machine  were  based  upon  an  inspection  of  the 
time -histories  of  acceleration  measured  on  certain  aircraft  during  rough 
landings.  The  acceleration  values  thus  determined  were  increased 
arbitrarily  to  a  higher  value  to  represent  the  maximum  acceleration 
anticipated  during  the  most  severe  landing  for  which  equipment  protection 
was  desirable.  From  the  acceleration  and  frequencies  found  on  the 
landing  records,  an  acceleration  pulse  for  shock-testing  purposes  was 
specified.  This  is  the  familiar  pulse  defined  by  maximum  acceleration 
of  30  g  and  duration  of  0.011  second  which  is  recognized  by  essentially 
all  designers  of  air-borne  equipment.  One  testing  machine  commonly  used 
to  create  such  a  shock  is  the  sand  drop  table  shown  in  Figure  4.3.29.  It 
consists  of  a  drop-table  whose  fall  is  arrested  by  dropping  into  a  sandbox 
which  forms  the  base  of  the  machine.  An  adjustable  nuitsr  of  blocks, 
attached  to  the  underside  of  the  table,  penetrate  the  sand  and  determine 
the  magnitude  and  duration  of  the  stopping  acceleration.  A  refined 
30-40  grit  sand  is  used  which  must  be  carefully  maintained  as  to  depth, 
packing,  and  surface  condition  if  consistent  results  are  to  be  obtained. 

The  machines  are  made  of  several  different  sizes  so  that  different 
load  ranges  can  be  accommodated. 
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figure  4.3.27:  Average  Velocity  of  Anvil  Plate:  High  Impact  Shock 
Testing  Machine  for  Medium  Weight  Equipment 


Height  of  Hammer  Drop 

Figure  4.3.28:  Peak  Acceleration  of  Anvil  Plate;  High  Impact  Shock 
Testing  Machine  for  Medium  Weight  Equipment.’ 

Load  on  Anvil  Plate:  2400  lbs. 
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Figure  4. 3-29 

»  jj  t  -„0^+  Variable  Duration  Shock-Teat  lug  Machine, 

lor  TWWng  Air-Borne  Equipment. 

/box  of  Sand  Arrests  Downward  Motion  of  tne  Carriage. 

(Reproduced  from  Reference  4.2  )• 

- ««  -Mfis  ~-6  ssrjxs.'sssr 

the  150-pound,  and  j?  lRht  of  the  equipment  load  and  dead 

tests  with  these  ^=hin”?  ^d  1200  pounds,  respectively, 

weight  is  kept  con®^.a*  iess  than  20  pounds  where  the  pulse 

0  „I£KL  of  iff.  «  performed  on  .  »cM».  «.!« 
lead  rather  than  sand  as  an  arresting  material. 
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The  three  principal  variables  which  determine  the  maximum  amplitude 
of  the  acceleration  and  the  duration  of  the  pulse  are: 

.  Combined  weight  of  elevator,  dead  load,  and 
equipment  being  tested. 


.  Number  and  arrangement  of  blocks. 


.  Height  of  drop. 

Response  spectra  for  the  motions  of  the  150-400  pound  and  1200-  pound 
machines  have  been  computed  from  test  data  by  Crete  (Reference  4.18)  and 
are  presented  here  as  Figures  4.3*30  through  4.3-33-  The  shaded  areas 
indicate  a  ‘Dana  which  includes  95  per  cent  of  the  data  points  gained  from 
tests  on  eleven  machines  using  10-,  11- ,  and  12-block  configurations  and 
13-  and  25-inch  drop  height". 

Calibration  curves  taken  from  Reference  4.8  for  the  three  machines 
are  shown  in  Figures  4.3-34  through  4.3.36.  The  accuracy  of  the  curves 
is  estimated  in  the  Reference  as  being  within  plus  or  minus  15  per  cent. 

In  Figure  4.3.33  the  maximum  acceleration  in  gravities  is  given  as  a 
function  of  height  of  drop  in  inches  for  various  block 
The  duration  of  the  shock  in  milliseconds  is  indicated  in  the  Table 
presenting  the  block  data.  It  may  be  noted  that  for  a  given  height  of 
drop,  the  impulse  in  inch-seconds  increases  slightly  as  the  peak 
acceleration  is  decreased. 


The  calibration  curves  for  the  150-pound  machine  are  shown  in 
Figure  4.3.34,  also  for  several  block  configurations.  Here  the  tota^ 
impulse  decreases  with  decreasing  acceleration  at  the  high  drops,  but 
increases  with  decreasing  acceleration  for  the  low  drops. 


4.3.6  Plastic  Pellet  Drop  Tables 

A  close  control  of  simple  pulse  shapes  can  be  obtained  by 
the  use  of  drop  testing  machines  employing  shaped  lead  pellets  instead 
of  sand  as  the  means  of  arresting  the  downward  motion  of  the  carriage. 
A  typical  machine  (Figure  4.3.37,  page  4-35)  embodies  a  freely 
falling  table  similar  to  that  of  the  Variable  Duration  Sand  Drop  Table 
described  in  Section  4.3.2.  The  platform  to  which  the  equipment  is 
attached  is  cast  from  aluminum  and  designed  to  have  the  greatest 
possible  natural  frequencies  consistent  with  the  over-all  dimensions. 
The  impacting  surfaces  sure  of  hardened  steel. 
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Figure  4.3*30 

Range  of  Response  Spectra  for  13-Inch  Free  Fall 
of  150  -  400  VD  Machine 
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Figure  4.3.31 

Range  of  Response  Spectra  for  25-Inch  Free  Fall 
of  xpO  -  400  VD  Machine 
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Figure  4.3.32 

Range  of  Response  Spectra  for  13-Inch  Free  Fall 
of  1200  VD  Machine 


Figure  4.3.33 

Range  of  Response  Spectra  for  25-Inch  Free  Fall 
of  1200  VD  Machine 
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Vigure  3.  3J4 

Saud  Calibration  Curves  for  20  lb. 

High  Impact  Variable  Duration  Shock  Machine 
(Reference  4.8) 
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Figure  4. 3,  35 

Calibration  Curves  for  150  Lb 
iium  Impact  Variable  Duration  Shock  Machine 
(Referee  ce  4.8) 
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Figure  4.3.37 


Shock  Testing  Machine  for  Applying  the  Pulse 
Shown  in  Figure 

A  lead  Pellet  Arrests  Downward  Motion  of  the  Carriage. 


The  gross  characteristics  of  a  wave  form  typical  of  that_ 
produced  by  the  machine  of  Figure  4.3.37  is  shown  in  Figure  4.3. 
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Figure  4.3.38 

Sawtooth  Time-History  of  Acceleration 
Produced  by  Lead  Pellet  Drop  Table 
of  Figure  4. 3. 37 


The  use  of  a  test  shock  with  a  sawtooth  wave  form  has  an 
advantage  in  that  its  response  spectrum  is  relatively  uniform  over 
a  wide  frequency  range  with  no  extreme  values  which  would  discriminate 
for  or  against  equipment  with  certain  natural  frequencies  (Reference 
4.3).  This  form  of  excitation  provides  a  satisfactory  test  for  many 
types  of  shock  environments  where  it  is  required  that  the  shock  spectrum 
rise  to  a  maximum  value  within  the  first  100  cps  and  remain  constant 
thereafter.  The  amplitude  and  duration  of  the  pulse  may  be  modified 
by  changing  the  dimensions  of  the  pellet. 

When  velocity  changes  larger  than  can  be  achieved  by  a  free- 
falling  carriage  are  required,  some  machines  are  constructed  so  that 
the  carriage  may  be  accelerated  downward  by  other  means  than  gravity. 

4.3.7  Inclined  Plane  Testing  Machine 

A  shock-testing  machine  involving  a  freely  falling  table 
inherently  produces  only  an  upward  acceleration  pulse  when  the  motion 
of  the  table  is  arrested.  It  is  common  practice  to  orient  the  equipment 
in  several  different  positions  on  the  table  to  attain  several  directions 
of  shock.  There  are  certain  limitations  and  inconver  iences  to  such  a 
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procedure  if  the  equipment  is  large  or  if  it  contains  components  which 
are  sensitive  to  the  direction  of  gravity  forces.  A  more  feasible 
method  of  obtaining  horizontal  Bhock  is  to  attach  the  equipment  to  a 
carriage  that  is  adapted  to  mr>v<*  hr  zontally  with  a  predetermined 
velocity,  and  to  be  arrested  by  im^ct  with  a  fixed  structure.  For 
example,  the  package -testing  machine  illustrated  in  Figure  4.3.39 
embodies  a  carriage  adapted  to  run  down  an  inclined  track  under  the 
influence  of  gravity  forces  and  impact  an  abutment.  A  similar  result 
could  be  obtained  by  suspending  the  platform  as  a  multifilar  pendulum 
and  swinging  it  against  a  wall. 


EUD  VIEW 


Figure  4.3*39 

Conbur  Shock-Testing  Machine 
Intended  Primarily  for  Testing  Packages  Items 


4. 3. 8  Hyge  Shock  Tester 

A  machine  developed  within  recent  years  (Reference  4.9) 
employs  the  energy  of  a  compressed  gas  to  create  a  force  whose 
magnitude  as  a  function  of  displacement  can  be  predetermined.  A  typical 
device  of  this  kind  is  .  hown  in  Figure  4.3*40,  page  4  -  38  .  The 
pressure  in  the  lower  chamber  is  greater  than  that  in  the  upper  che 
but  prior  to  operation  the  upward  force  exerted  on  the  thrust  column 
is  less  than  the  downvard  force  because  of  the  smaller  area  exposed  in^ 
the  lower  chamber.  As  the  pressure  difference  is  increased,  the  upward 
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force  becomes  greater  than  the  downward  force  and  the  ring  seal,  which 
prevents  the  pressure  of  the  lower  chamber  from  acting  over  the  entire 
bottom  area  of  the  piston,  breaks-  Thevp  •;<?  then  a  sudden  increase  in 
the  upward  thrust'.  The  shape  of  the  acceleration  pulse  experienced  by 
the  thrust  column  and  its  load  is  determined  principally  by  orifice 
sizes  and  metering-pin  shapes.  A  liquid  usually  is  used,  as  shown,  in 
the  region  surrounding  the  metering  pins;  the  liquid  is  forced  through 
the  orifices  by  the  gas  pressure  of  the  accumulator  and  is  involved  in 
the  pulse-shaping  mechanism.  Acceleration  pulses  of  many  shapes  can  be 
made  by  proper  design  of  the  metering  pins,  consideration  being  taken  of 
the  mass  of  the  load.  Some  models  have  a  maximum  thrust  output  of 
10,000  lbs.,  and  for  small  loads  can  provide  sustaining  accelerations  up 
to  300  g  for  a  stroke  of  about  6  inches.  The  nature  of  the  metering  pin 
inherently  limits  a  testing  machine  of  this  type  to  cho-k  motions  having 
relatively  long  strokes. 


-TEST 

SPECIMEN 

TCP  GAS 
CHAMBER 


THRUST 


RIM  SEAL 

IOAO  PISTON  — 
SEPARATES 
GAS  TRCM 
CONTROL 

fliRU 


ACCELERATION 
ML  1 E  RiNG  P<N 


f  accumulator - 

STORES  VOLUME 

or  gas  which 

MINIMIZES 
EXPANSION 
H  RATIO  WHEN 
S3  LOAD  PISTON 
MOVES 


F.igure  k.  3.^0 
Hyge  Shock-Testing  Machine 
(reference  I.9) 
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4. 3*  9  Improvised  Tests 

All  '’urrently  used  sbo«*-+-«ting  machines  have  capacity 
,  ■  „„„ .no_r  of  auite  limited  vt.^ht  and  size.  For  example,  the 

mavhimm  weight  of  equipment  that  can  be  teBted  on  the  machine  previously 
inscribed  is  5600  pounds.  This  weight  limitation  naturally  raiBes  the 
of  "eating  heavier  equipment.  A  suitable  test  may 

L  provided  proper  attention  is  given  to  an  adequate  velocity 

«rt;  properly  d..lg»l  — »  to 
+  n-r  +h»  eauirment;  and  precautions  to  ensure  repeatability 

^convenient  tor  apSlyin*  .  horl.ont.Uy  oriented  shock  motio. i  is 

lllu.tr.ted  In  Fleore  4.3.41(»)s  It  consists  of  . 

which  constitutes  a  platform  upon  which  the  equipment  (phantom  outiinj 
is  mounted.  The  platform  is  displaced  as  indicated  uy  the  dotted  lines 
^Stted  to  swing  again-,  a  rigid  wall,  a  cushioning  element  A 
be  in?  interposed  to  control  the  nature  of  the  deceleration.  Ainethod 
for  achieving  an  analogous  result  for  a  vertically  wiented  shock 
V)V  the  Naval  Ordnance  Laboratory,  is  illustrated  m 
Figure’ 4  3  41(b).  It  consists  of  two  platforms  and  an  interposed  linkage 
Sth  light  springs  for  maintaining  the  platforms  parallel  and  normal 
separated  The  equipment  (phantom  outline)  is  attached  to  the  upper 
platform^  the^entire^assemhlyis  lifted  by  an  overhead  «ane  and  dropped 
Jroa  a  predetermined  height.  Cushioning  elements  C  are  interposed 
between  the  platforms  and  the  linkage  ensures  that  suen  cushioning 
elements  engage  the  upper  platform  in  a  repeatable  manner. 

The  requirements  for  improvised  tests  may  be  determined  by 
plotting  the  spectrum  for  the  field  service  condition.  Then  the  height 
of  drop  should  be  selected  so  that  the  free-fall  velocity  ^  time  of 
impact  is  approximately  the  greatest  value  of  the  spectrum  as  read  on 
th? velocity^scale.  The  characteristics  of  the  arresting  means  must 
then  be  chosen  so  that  the  maximum  acceleration  experienced  by  t 
equipment  is  equal  to  the  acceleration  asymptote  of  the  spectrum  at  its 
high-frequency^ end.  TO  meet  both  of  these  requirements  simultaneous 
necessitates  that  the  tests  be  carefully  controlled. 
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4.4  Equipment  Shock  Tolerances 


Tf  the  shock  response  spectrum  is  -ployed  as  the  primary  criterion 
If  the  sh°CK  rc-ponse  *  equipment,  or  the  decision  to 

°f  c£  bc  mde  on  thf  basis  of  a  comparison  of  the 

spectrum  of  the  service  shock  vitb  that  of  a  test  shock  vhlch  the 

service01  shock  successfully*  If  rot,  isolation  must  be  provided. 

Rarely  has  the  model  and  make  of  the  equipment  been  determined  at 
..  J^finthe  design  where  the  decision  whether  or  not  to  isolate  the 
the  stag  _  it.  usual  procurement  procedure,  the  entire 

ix?jLsrz.% 

require  that  a  specially  designed  unit  be  constructed. 

A  further  complication  arises  from  the  lack  of  a  comprehensive  bog 

SoSSfrinS  ^.1SiSS%«is  Kl  Reasonable 

rarely  defined  by  its  response  spectrum.  In  any  case,  th. 
widely  scattered. 

As  an  initial  step  in  assembling  shock  test  data  on  the  type  of 

tabulated  in  this  Section.  Each  Table  presents  the  resets  of  a  single 
shock  test  and  lists: 

.  the  general  description  of  the  equipment 
.  the  test  machine  employed 
,  the  test  conditions 
.  the  number  of  items  tested 
.  the  test  specification 

the  test  report  designation  or  issuing  agency 
,  the  results  of  the  test. 

The  spectrum  of  the  shock  which  the  equipment  survived  °*' f*iled  ‘"“J;hen 
be  determined  by  relating  t.ie  shock  machine  and  test  conditions  to  the 
spectra  appearing  earlier  in  this  Section. 

The  Tables  are  far  from  complete  in  considering  all  classes,  types, 
and  size s  of  equipment  the  facility  engineer  might  use.  Further,  the 
variaSons  in  JolSance  level  of  the  same  type  of  equipment  produced  by 
different  manufacturers  may  be  sizable.  Nevertheless  i  s  ope 
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the  tabulation  will  be  of  assistance  to  the  isolation  system  designer: 
illustrating  how  such  test  information  may  be  interpreted  and  applied 
to  his  specific  problem;  and  providin.t  v"~  'ith  a  gross  indication  of 
the  tolerance  level  of  equipment  in  those  -a.se s  where  the  various 
manufacturers  have  not  conducted  shock  tests. 
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4.4.1  index  tn  Equipment  Teat  Tables 


Electronic  Equipment 
Antennas 

Frequency  Standards 

Oscilloscopes  s 

Oscilloscope  Components  (Transformers,  Chokes) 

Time  Comparator  Systems 
Tubes,  Travelling  Wave 

Mpphanical  Equimtrt 

Diesel-Generators  (see  under  electrical  equipment) 
Fans 

Fasteners,  Anchor 
Frame,  Diesel  Engine 
Gages 

Heat  Exchangers 
Motor -Pump  Sets 

Pumps  (see  also  motor -pump  sets) 

Shielding,  Sprayed  Lend 
Valves 

Electrical  Equipment 

Batteries 
Battery  Jars 
Brush  Holders 
Bus  Transfer  Unit 

Chokes  (see  oscilloscope  components) 

Circuit  Breakers 

Contactors 

Controllers 

Diesel-Generators 

Fittings,  Encapsulated  Potted 

Fuse  Boxes 

Gear  Motors  ,  .  , 

Motors  (see  also  motor-pump  sets  under  mechanical 

ev.uipment) 

Motor -Generators 

Panels,  Alarm,  Control,  and  Indicator 

Plug  and  Receptacles 

Rectifiers 

Relays 

Resistors 
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Electrical  Equipment  (Continued)  Page 

Switchboards  4-56 
Switches,  Limit  4-56 
Switches,  Rotary  4-57 
Switches,  Rotary  Snap  4-58 
Switches,  Toggle  4-59 
Switches,  Miscellaneous  4-59 
Temperature  Elements,  Thermistors  4-60 
Transformers  (see  oscilloscope  components)  4-45 
Voltage-Sensitive  Elements  4-60 
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qbusul  fiucnmnii  rcn  utiwi,  ?  2  typaa  at-6 93,  t  n>#  99V 

va  *#  reported  on. 


type  ApproxSaat*  Taat 

Walfnt  fljvlroiwant 

_ L21 _ 

AnUiuu  30  1,  3  Md  3 

Ft.  fl.'nps 


“faat  fcatwr  TMt  Report  Raault  Vypa  oT 

fecbtaa  Taatad  Spaclf  lnawau  Daa If  nation  Pallur* 


Navy  $  <<1U8<901B 

Ltffll  ><C  Mounting 

•hock 

Behlaa 


Mar*  I  aland  Faaaad 

RavShlpYd 

**05*1-61 


nuwptcy  ctardard 


oarntL  DBCRIPIIOI:  Modal  103AR  fraguaaay  atandaurd 


Modal  65.3  i.  3  and  5  Ra*y 

103AR  ft.  aid*  uau 

1  aad  3  ft.  U»<k 
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RavShlpYd 

(3  ft. top) 

Aaaaably 

5569- 5C 

vti  daaafad 

OflCXUOSCOFI 


CBBU1  DBCRirnoVi  1.  Type  AR/lW-105  oaellloaoop*  with  plu« -In  unlta. 

2.  Motel  ItoAN  oacllloacopa  with  dual  tract  aarpllflar. 

3.  Typa  AVr/UM-105  oacllloacopa. 


1  98 


2  7? 


1,2,  1  ft. 
and  2,  3, 
and  **  ft. 
blow* 

Iron  back 
and  aldt 
and  froa 
top 

*ry 

LWW 

Shock 

Miablna 

1 

MIL-  8-901 B 
**c  Mounting 

Mara  I a land 

RavShlpYd 

1006-60 

Pasaad 

1,2,  3  ft. 

and  2,  3, 
and  **  ft. 
blowa 
fraa  back 
and  aid* 
and  froa 
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Ravy 

VJK1 

Shoe* 

1 

fflL-T-9*»5 

4C  Mount inn 

“ar#  I a land 
RavShlpYd 

2365-59 

Paaaad 

1,2,  and  3 

2,  3,  and  k 

1,  2  and  3 
ft.  blowa 

Ravy 

LWHI 

Shock 

Mae  hi  it* 

1 

MIL- s-9011 
wc  Mouatlnfl 

Mara  Ialanl 
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Pa* aad 
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OBOUL  DBCRXITIOR;  The  oaopopaot*  coaalatad  of  oaa  traaafomar 
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yi«  COMPARATOR  BT8TBH 


GSIBUL  DBSCRimOK:  1.  Tine  comparator  ayttm  ft?*'i-i7‘'>9SS  vlth 
frequency  divider  f^ial  1164A. 

.'  Tlx:  mpartior  -w  MP-K-17-999  A/B 
ccapootu:  with  rUj-lO*R  a oop*  aari  725  AR 
power  euppiy . 

j.  Frequency  dlvldar  and  cloak  nodal  . 


Ttj* 

Approilaat# 

Wa'tht 

Cb) 

fact 

IkvlroaMi 

Taat 

fethlaa 

Mwber  feet 

Teated  Specification 

Report 

Dee Ignat lor 

fteeult 

Type  of 

Failure 

1 
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1,  2  and  3 

ft.  drops 

Vvy 

Shoe# 
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2  KIL-S-901B 

4C  Mounting 
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2 
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Cathode 
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cm 

210 

1,  3  mad  5  ft. 
drop 

Bevy 
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■Shock 
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115V  DC  so tor.  Tba  aaoocd  uaad  a  115-V  AC  no lor.  hotn  fans  -* *  for 
refrigeration  avl  both  war*  tested  vltb  povar  on. 
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60 

1,  3.  and 

5  ft.  drop# 
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Shock 
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1  JAM-P-151B 
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failed 

•aae  Flat* 
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U5-V  DC 
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Shock 
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Failed 

ran  Blade 
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rAflrwwa,  .awhor 


OMUUL  DMCMITIOR: 


me  anchor  fastener*  «i  anted  of  an  assembly  of  eaole  aang*r* 
lengths  of  caDle  attached  to  a  et#el  plate  b/  •««  of  a  perforated 
surface  plat*  and  adhesive. 


trp* 


Approximate 

Weight 

(lb) 

10 


Test 

BDVirOOMDt 


1,  3  *nci 
5  ft.  d mp* 


“Test  tatwr  T**t  Mport 

MaehlM  Toted  Bpeclflcetloa  Designation 


Type  of 
Failure 


Marjr  1 

LMHJ 

Shock 

Machine 


m^s-fou 
Mountlac 
ffot  Mentloaeg 


Mare  Island  Felled  (See 
Report  00  5  ft.  *>te) 
1202-60  drop  beck 


NOTB:  Separation  of  3/***  Inch  cable  at  the  point  of  the  V  . 


FHAMI  DIlgB.  Kill 


omil  OMCUFfTOR : 


M  eculaaeat  coaeleted  of  a  diesel  eaglae  frame  with  tv*  eylladrinel 
utiifi  aad  bearing  cep  a**«blles.  A  bar  of  rolled  .  teel  vae  laaerted 
ata  the  erne*  shaft  position  to  *l*ul*te  the  aoe*  of  the  crankshaft. 

■hi.  vs*  a  slnal*  throw,  type  FV-9A  dieaal  aaglM  fr*»*  «ad*  of 


FV-9A  ^56« 


2.0,  3.5,  aad  M«I  1  ML-S-901 

3.5  ft.  blow*  Shock 

Mac hi a* 


»  5C1017&2  F****d 
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0  SURAL  DBJCIOPTIOa ; 


The  filter  Me  madel  MW>  give#  a  elanal  wh*n  air  filter*  should  h*  ••meed, 

S  m  tol?AMl4Mtor  w  w  the  Bevy.  The  Raw,  al«,  -on.ld.r^ 
u*1m  a  fegnehelle  gag*  to  indicate  when  a  filter  required  el  easing.  The 
politer  Mi  tea  alack  dlaphrsM  for  Musing  elemeets,  the  polntere  are 
attached  to  the  dlaphra^  by  llakagee.  Two  bra»e  teeed  pressure  control#  for  air 
conditioning  control  equipment  were  also  Is  ths  available  report*. 
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drop 
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Machine 
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Mli-8-9018 

60  Mounting 

ASTI A -AD 

1601*58 

railed 

£.*h  Blow 
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(2) 

Pointer 

6.6 

1.  3  aad  5 
ft.  drop 

Ravy 
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Shock 

Machine 
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60  Mounting 
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Failed 
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Control 
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4.6 

1  and  3  ft 
drop 
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Cover  Slip 
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Kaob 

Saople  8 

4.4 

j'ft.  drop 

tetlre  front  hoaalag  of  the  gage  five  eff  nag  fell  to  the  floor. 

Indicator  needle  broke  off,  Miul  bar  w.wtfng  needle  juaped  its  bearing*,  and  the  nsgnet  broke. 
»:  On  the  first  blow,  the  Indicate  railed  u  nd lent#  properly. 

Oa  the  fifth  blow,  the  :nuae  arrestor  points]'  felled  to  Indloate  pro^rly. 

After  calibration  and  repair  oJ  a  crack  1  -  nose,  the  equlM«»t  passed. 


Ill 
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hat  ccrjjcr, 


anraui  MdCMPTK*:  A  l*bor»tory-d*valoy*d,  MUMOQlta,  baat  «nh*nf«r  MUI  a*da  to 

all  arl  at*  tb*  of  ualatalBlag  catiafaatory  aublaat  tauparaturo 

for*  oloet mole  oqulpaut  abc***.  Rami  vaaaxla.  TM  but  aicncj^ara 
Mar*  flliad  with  ^vt*r  -j-t  -v  <*  aback  tut. 


Up* 

Approalaata 

Weight 

Ob) 

- Kit 

tovlroaueat 

- KZi - 

Mcehlaa 

!1 

Tcct 

Specification 

JUport 

Oaalgnatloa 

■“TKuTC — 

of 

Pcllur* 

Kaat 

Kcchaagar 

73 

1,  3  aad 

5  ft.  drop* 

Ra*y 

UW 

tboak 

Nubia* 

1 

NlL*i*$Cl& 

bA  Nouatlag 

notarial  Lab 

IT  RavChlyYd 

5bbl*3 

Pc  a  cad 

mdtow  ajp  nwrc 


OBIBUL  DMCjUmOMi  Klaras  report*  w*rr  r*»ltw4  00  aotor*  tad  puupa.  It  1 1  fc-»t  aoaraalaat 
for  Ua  »qul)Ma«t  to  b*  broke*  A  owe  Into  thru  elaaa If I «**•*«*  by  weight. 

Tb*  aquljunt  mu  t*«t«d  ntaali«  ui  it  1  etaadatill  during  alt*  rut*  blovc.  The 
firat  of  tbaaa:  0*300  lb.  and  UXaa  la  tba  rollout**  atulM»t: 


I 


Tba  Mit  rar*  U  tha  300-600  «Uaa: 


II 

Tb*  fiaal  t ***9  uuulatad  of  tboaa  rryorta  rc*l 

III 


1. 

2. 

3. 

b. 


1  by  JO  rtr- 

3  by  250  am 
54  Wo* 

2  bp  2  sy 


cloaa-aouplad  centrifugal  M  aad  P 
aloe*- coupled  centrifugal  N  ud  P 
aloca*aouplcd  aaatrlfugal  HuiP 
clo***cowlad  tautrlfugal  M  aad  P 


1.  3  by  100  gp  alo#*- coupled  o*atrirv*al  Hud  P 

2.  13  by  165  gyu  aloe*- coaled  eautrirugal  HudP 

3.  5  by  be©  cya  tloe***ouyl*d  aaatrlfugal  HudP 

b.  10  by  125  gyu  cloaa-aouplad  aaatrlfugal  HudP 

by  600  *lo**-ooM>iad  dgtrlfljjal  M  end  t 


OSaboraftOClb.  atcaa : 

1.  15  by  100  on  *  cloaa- eoupl*d  caatrlfUgal  M  cod  P 

2.  23  *  230  am  cloaa- acu»l*d  out  rifted  <mlP 


0-  300 


1,  3  ud  5  bevy  b  R.D.  6633 

ft.  dray*  MQ 


AflTLA-AJD 

201017 

201031 

anuu* 

201016 


11  joo-600 


1,  J  Md  3  levy  3  ■•!>•  6633 

ft.  drop*  MdC 

toou 

ihiUM 


300977 

301019 

An  203b  36 

Alt  201020 
201016 


III 


600 


.75,  1.75, 
•ad  1.75  ft. 


Rtinnk 

IbeUM 


2  I.D.  6633  AO  201076 

201077 


b  Pueed  (1) 


b  reread  (2) 
1  Pel lad 


Pbaitd 


rjtm\ 


(1)  Cm  tba  3-faatOaat  bloc,  tba  5  by  50  am  uotor  ud  puap  auaUlaad  pamaaaut  dcfoiuatloa  of 
tha  abaft  to  blad  duriag  toUtloa. 

(2)  Oa  tba  1-feat  frost  blow,  tba  an  tor  of  tha  5  by  bOO  gpu  bo  tor  <iad  ywy  auatalaad  *l*otrlo*l  diufa. 
All  of  tb*  a  bo**  waya  bed  to  ba  aodlftad  for  vhlpplag  cctlo*  of  tb*  ovuhaaglag  at  tb* 

puup  houatng. 


29 


2575 


0BTBUL  DBSCPimOb:  1. 


A  poaitlv*  dlaylfcfaaaat,  eoaaUat  d*Hr*ry,  nut  t>p*,  hydnultc  s*m 
Mltb  a  rum  fluid  dallrary  rat*  of  P.b  0PM  at  1200  ryu. 


1  aad  3  ft 

Aroya 


1.25,  2-25 
•ad  2.23  rt. 
drop* 


2.  A  100  KP  to  tor  aad  wlUbl*  ruuotloo  ***r  u  tba  yrl*  ---r. 
It  too  «u  a  bydraulle  yayi  aad  mu  uad  at  a  yowar  pup  with 
a  d*ll**ry  r*t*  of  192  0PM  at  1100  yal. 


Tba  a*ul|aaat  mu  rvuala«  aad  at  a  ataadatlll  during 


MWHZ 

Shock 

Mcehlaa 

Navy 

Mm 


MIL* P-17669 
be  touatlag 


AJHA-AD 

‘7761b 


ASTIA-AD 

159766 


alterant*  blou. 

PM11 ad 

Puaad 


Kuchina 


Moutlag  laa* 
fntUnd  oa 
3  ft.  Vartlaal 
11  or 


4-W 


f 

I 
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IMP  ■QPD OO 


GHOUL  DOOimoai  The  tjpe*  or  eethori'  '  afield lag  (WflMl  vltB  lead  were  rev l*v#4  the 
flrot  m.  c*  *,  »'  at  lead  tai  tkt  aeeoad  eat  hod  wi  hy  tuning 

l!»  the  load. 


fyv 

Approx  latte 
Weight 

(lb) 

- *~i\ - 

"fcsl  1 

Hehlte 

itWr 

tooted 

— Kit - 

Specif loot lot 

Report 

Boalguitloa 

Re cult 

_  fype  of 

Pol  lure 

Opnyed 

n.es 

1,3,  end 

5  rt.  crop* 

Bevy 

LWHI 

Shock 

Pit  chine 

1 

KTUS-901B 

AA  SdMtatlng 

Nero  I* lead 
BcvthlpTd 

1*35-39 

Polled 

Rclrllae 

Crmtk 

Of  Bond 

BUTted 

1A.0 

1,  3*m 

J  ft.  drop* 

1 

MIL-*- 901k 

4A  Mcnjntlag 

fund 

VALV 

0 OCTAL  DHCBZPTiai:  1. 

2. 

i. 

Two  Mil  ml vo*. 

A  rotor  ml  vo. 

Two  1/2  Itch  peckltoo  mlvoc  it  eleeed  pooltloe. 

A  proewur*  cuctrol,  dltphmjp  oporotoi  tlr  pilot 

actuated  typo  X  mlvc  •  eorreapoad*  to  1  Bevy  typo  I,  Boric*  1J0, 
Cite*  B  mlvo 

■til 

Velvet 

2-1/2  loch 

6  Itch 

00 

JO 

1,  3  Mi  3  ft. 

Crop* 

■tvjr 

urn 

Shock 

Neehlae 

2 

WL-S-901B 

AA  Mounting 

Merc  Iileod 
BevSklpTd 

A035-6i 

Poeeed 

to  tor 

Vale* 

V 

1,  3  Mi  5  ft. 

Crop* 

Hey 

LVX1 

■bock 

NuUm 

1 

WL-S-901B 

Aa  Notating 

More  lalttd 
HovShlpTd 
3106-61 

Footed 

hikliH 
»o.  1  end 

Bo.  2 

35 

1,  3  Mi  3  ft. 

Bevy 

LWHI 

Shock 

Neehlae 

2 

Honan 

Browning  Co. 
(Plr«  ui 

N.U1  lloitl 

Mw  ting) 

Hr#  Ialuvt 

BtvShlpYd 

IA7B-6O 

Footed 

Pilot 

Valve* 

Alut  Steel 

10* 

1,  3  Mi  3  ft. 

Hvy 

lwki 

Hook 

2 

WL-S-901B 
(Notated  In 
?«?<•»> 

ABTIA-AD 

106139 

Posted 

Machine 


•  ktlMlW 


4.49 
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E.CTRICU  JSSSXSSS 


amUL  1. 

2. 

3* 

6. 

5. 


Three  ujplH  or  tn«  Hu*  4?  Hrt.  0  allver  oxide  -  iluc-alttaUne 
i«*o«4«r>  typ*. 

Tw  eanplet  0.  the  Mil*  39  Hod.  0  lUvir  Oilde-ilnc-iikallM 
■  icowUry  type  In  the  dry  charge  condition. 

Two  preproduct  ion  eenplea  of  battery  39  Murk  0. 

Two  preproduction  taaplee  of  battery  Mirk  42  Hxt.  0  of  the 
•liver  oxide-tine  iIUUm  xecoadary  type. 

Two  production  taplu  of  torpedo  propuielon  battery  Mark  41  Mod.  1. 


SIS-' 

mESSiV 

Teat 

flavlroBBaat 

- ¥*Tt - 

Maehlnn 

Haber  fwt 

Teaiad  Specification 

Report 

Deilsnatlon 

Reeult 

Type  of 
failure 

Nark  47 

210 

155Q 

21- Inch 

Air  uun 

»  WUB- 16955 

ASTIA-AD 

101822 

felled 

Top  Cover 

Be«l  Palled 

iHrfc  39 

29-4 

50  0  for 
0.05-MC 
Duration 

21- Inch 

Air  dun 

2  MIL-B-16955 

ASTIA-AD 

99715 

Pee  eed 

Mu*  39 

fr*p  re¬ 
duction 

30.75 

0 

500  for 

0.05  aec 

Dur«t  u«A 

a -inch 

Air  Gun 

2  «UB-l6y55 

A5TXA-AD 

96344 

fa*  ted 

Mu*  42 

64.0 

100  0 

200  0 

for  0.04-«ec 
Duration 

Torpedo 

Cylinder 

?  WL- *-17346. 

AST1A-AD 

IO8996 

Petted 

mi*  4i 

18.5 

50  0  for 

0.05  ate. 
Duration  Not 
Maatloivad 

Buah- 

Clevlte 

Torpedo 

lattery 

Hiunt 

2  MIL-N-17  34fiA 

AJTIA-AD 

151664 

fteeed 

ICTBWU.  DBSCMrnOk!  1.  Two  laBlneted  t»rd  rubber  Jare  with  type  U«-4?  elawmte. 

2.  PMr  herd  rubber  Jare  with  eonceve  exterior  botu* 

ud  with  type  VW-45  exlde  type  elmate. 

3.  Two  perwall  plywood)  >ra  with  exlde  typ«  5350  I 

ilenti, 


Laalaated 

111*  miouir 

92 

1,2,  3,  4 

Navy 

Shoe* 

NaehliK- 

2 

«*-5W7 

vntaQ 

UB-5B 

066832 

Pitied 

Coaoave 

90 

1,  2,  3,  4 
and  5  ft.  drope 

Navy 

mou 

Shock 

Naahlne 

4 

*■-5*17 

»0699 

OB-5C 

O66032 

fitted 

feraall 

Jar* 

79 

1,  2,  },  a 
aad  5  ft.  drop* 

■•vy 

Hffll 

2 

«-5B17 

XO609 

066832 

failed 

(Shock 

Iteehlne 


•uatelned 
SI  14b  t 
Crncke 


MUCH  ■OLDCTP 

UBIBIAL  EOCRIITIOf :  The  DC  Bniahholder  1>  or  the  reectlon  die  eext  holder  type. 

Tbe  enter lei  la  alualnue  bronte. 

DC  2  J-200fi  ft. -lb.  Navy  1  1707  AJfTlA-  AD596J4  Pawed 

Bruih-  ehocka  LVII 

bolder  B*»c4 

Machine 
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omul  D*C*rrrf-“'  1.  Typo  AK'-A*  doolfltod  to r  auUawtli  or  aoaual  oporatloa 
(A  iCO/150  AM/,  *U0  rolta  AC,  3  phaao,  60  oyola. 

2.  Typo  AW-A3  twit  roted  «t  150  AJ»,  UO  woita,  3  »*»•«, 

60  tyoloa,  tor  autowatla  or  mmml  efontloo. 


Rii - 

tp«aif laatloa 


'"Report  "" 

D*a legation 


ABT-A2  100* 

L  *► 


WL-I-901B 
kA  MMiatiH 


AJTT-A3  150* 


KXI-A-901* 
4A  NDUBtU* 


OHHDUL  DBBCRIPTIOR:  1.  Rory  Typo  AQB,  3  polo,  Mtt  oaporo  froao,  500  wit  AC,  250  wit 
DC  unit* 

2.  A  typo  A0A-A250  broakor  with  a  160  aapar*  trip  unit. 

3.  A  1600  taper*  froao  alto  with  o  2  polo,  250  V.  DC  brookor. 

k.  A  2000  upon  alao  typo  ACB. 

5.  Typo  ALB-1  circuit  broakoro-olncl*  polo,  50  o«poro  froao  alao, 
125  volt  AC-DC  ualta. 


too  A)C  *»9«5 


16O  AKT  25* 


1600  AMP  323 

2000  AMT  tOO* 


50  AMP  0.5 


1,  J  **4  5  ft.  JU*y 

drop*  IVKL 

Shock 
Machine 

1,  3  and  5  Ft.  S=yy 

drop*  LVHI 

Shock 


0.75,  1.75 
and  1.75  ft. 
drop* 


1,  3  tad  3  ft.  fc*y 
drop*  LWO 

Shock 
Mach in* 


KII/-B-901 
U  Mount Inc 


AJTIA-AD 

foiled 

Tbt 

207199 

5  ft. 

Brookor 

Roar 

Tripped 

AJTIA'AD 

filled 

Saadi* 

lbl256 

5  Ft. 

Mowed  Proa 

Vert. 

Clotod  Portion 
to  Opon  Foa. 

A5TIA-AD 

*•35115 

Pa a nod 

ASYlA-AD 

Polled 

Tho  Broakar 

20612T 

(5  ft. 

Tripped 

ASTIA- AD 

67250 

Pa**od 

OMUL  DUC'Mirnot; 


1,  3  and 
5  ft.  drop* 


Type  1  PR-630  coataetor  unit,  3  polo,  600  unvote ,  kaO-wolt, 

AC,  3  pteao,  60  eyelo,  alio  6  contactor. 

Too  tanporature  actuated  unit*  of  tho  intacrai  bulb  typo 
provided  with  3/k-loeh  awl*  pip#  flttlnc*  for  lnaortlon  Into 
pip*  flttlnc*  1»  aoprlco. 

1  KIL-S-901  AST1A-AD  P****d 

hA  Noun  tin*  \  39911* 


M3US-901 
*»A  Mount Inc 


Polled 
5  ft.  Roar 


ROTO:  (!)  Bond  Inc  of  the  aonaltiv*  ela*#nt  of  th#  Bulb  typo  teaporotur#  avltch. 
■Batlnatod 
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nomca* 


Two  ayaai  bo  tor  oaatroUor  at  25  if,  50  A»,  »0  wit, 

3  rSrtt.  e-  Aovtla  throw  OMlaetor,  on 

4  ovorioai  •  .•#  otart  ud  atop  taittona,  apoaA 

MXIWWC,  U<  **tft  k  Hiirt. 

|U«  i,  um<  tha  11m  a  tartar  U«l|Md  for 
2  or  3  wiro  aoatrol. 

iMaaally-aparataA,  ••root  U*  11m  Mtor  aUrtor  nU4  *t 

7-i/a  »,  Uo  won*,  3  M**«i  60  «f»  *c. 


Tn* 

AfKMlMtO 

tfalakt 

- Kn - 

BrrlroPMfit 

Taat 

MMtlM 

“TGCf - Kit 

TOatoA  Syaalf laatloo 

•ayort 

DaolgMitloa 

TETiun - 

frt"  ** 
fh  U  uro 

*5  0 

90 

i.mn 

ft.  Oroya 

>•*7 

(hook 

NacklM 

1  NXL-t-901 

U  Manat 

ASTU-AD 

>5071 

PaaaoA 

7-1/*  «r 

c? 

1,  3  •*»  5 

ft.  Araya 

■ovf 

LMU 

Shook 

NMhlM 

1  MIL- §-901 

%A  MMBt 

AfffZA-AD 

672*12 

PmooA 

NUMBll? 

OyarotoA 

12 

«.  3  5 

ft.  Aroya 

M 

LMU 

>aM«* 

1  NXL-t-901 

U  NMht 

AJT1A-AC 

56169 

FoaaoA 

DIM.  Oa«A30M 

onm 

MWTIOii 

1.  TW*  opal*  6  ajrala  Alaaal  oaglM  uA  0  Alroaft 

Arlvo*  do  KW  «oaa  rotor. 

1  Mir  atroka  1  ayal*  Alaaal  aaglM  iat  a  2.5  »• 

115  wit,  AC,  60  070)0  **Mrotor. 

3.  Aa  air  oooloA  aaat  ilmiwm  Alaaal  ob«1m  Alroetly 

60 Of 

3777 

1  aaA  3  ft. 

Arof* 

1! 

1  MtL->-'  01 

AITXA-AD 

206925 

MloA 

(3  ft. 
to) 

id 

2.5KW 

>3> 

1  aJ«A  J  ft. 

AMH 

**•7 

ML 

1  MIL-1  *901 

ABfIA-AS 

201091 

Falla* 

(Jft 

toy) 

(2) 

5W 

<*1 

1  a*  J  ft. 

Awya 

•»»» 

met 

Book 

1  MIL-Mt* 

AT»-aoMto7 

felloA 

(3  ft. 

t *y) 

Craca  ia 
n/ntail 

■watt 

»ahlM 


■OTM;  (1)  Cwakoi  fljrwhMl  hawala*  wri  non  atwaWal  feme*  to  U*  riwt  ot  •*>**•• 

(2)  txtraw  ■* — r  t*  tho  Mwatlay  paA  aa*  ffcot  Mpport. 


Hmp»t 


M  lU/O  MffMUUi  pwmw  horrtor 
<*i«lit*l  for  kallM  (MOB  Jft)- 
fppo  Ml  rottoi  mtlac* 

*sr  %*  balltoit  (■«•  5«7). 


MUU/O  6 


1,  i  o»A 

5  ft.  arvya 


1 


MIL- >-9011  Mr*  XoloaA  h»M* 

4A  NMt  ■awfhlpTA 

5931-59 


:Uu  31 


1.I1M  >twy  4  KUMOU 

«  fl,  Aropa  U«x  *  rnmt 

Shook 
MChlM 


Nut  IalaaA  PUHl 
RawylhlVY* 

>307-59 
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msmox 

omML  DMCMFROP:  A  tuk  Indicator  fueebox  (MOM  >©7 ) 


Appro xlan to 
J*l*kt 

_ mi . - 

— - 

Airlrauaaat 

7:t 

MmMlUm 

"TSE- 

f5*t«a 

fact 

Spool fleetloo 

Report 

Deolcaatloa 

““Kszn — 

tjrpa  o^' 
Folium 

Tank 

30 

I,  3  t*d  3  ft. 

Mar? 

i 

K3i-*-901> 

Mara  Inland 

faoood 

WlMtor  drop*  LOTI  kA  Mount  MevfhlpYd 

**>«*  2715-59 

NMhiM 


'leer 

Motor 


Q«AA  HMOP 


aanAL  DBCPZFTIOP:  (Jeer  bo  tor  for  helicopter  lift. 


23*  aotor 

1*  3  M*  5 

Mary 

1 

MXL-1U901D 

Mar*  Island 

fan  oad 

ICO  fouocutlcs 

ft.  drop* 

WW 

AA  Mount 

Ma««hi|>ra 

Chock 

MeHleo 

0A»*i-6o 

MP1CM 

caiMAL  DUCUFTlOPi  Mwnl  report*  wn  reviewed  oat  tkaa  irwpri  Into  oh  of  Uo  power  elum. 

O-gW  Clou 

1.  W,V*l  V  DCh«7lt»«  actor. 

2.  15/10  XF  f  Ucv  AC  ho  tor. 

)  13  Iff.  210V  DC;  Itoy  A  eervlee  typo 

A.  17.5  iff,  WOV  AC,  olr  conditioning  eonpreeaor  ho  tor. 

5.  2)  Rf  500  V  DC,  hydraulic  power  plant  oh  0563  eufaaarlae  aotor. 

.a-jog  cu“ 

1.  JO  O,  250V  DC,  klak  rr*«w«  olr  (a^mior. 

2.  30  Iff,  355/250 V  DC,  hl#h  preacwr*  olr  M^mior  aotor. 

MK1,  HK2,  HK3  «jtor*. 

3.  33  IF,  500V  DC  actor  for  a  trio  puc*  on  M563  cuknarlne*. 


0-25  IF 

302-625 

0.75,  »  73 
and  1.75 
ft.  drop* 

Novj 

Mwn 

Slw.ck 

Machine  • 

3 

l.D.  66a 3 

US  5*7000 ’ 
AD  200996 
tc  ;A(2) 
5i6j2 
ADP010A2 
US  50* 
1609 

26-55KF 

11*9-1727 

1,  2,  and  2 
ft.  drop* 

h*I 

MflQ 

teoek 

MachUo  • 

3 

N.D.  66d3 

AD  205025 
AD  201026 

US  5AA1 

xi  609 

K»W!  (1)  At  150  aotor  failed  one  0.75  focl-beek  clow.  The  bruab  rl«l<*  Odette  arofc#  loot* 
froa  to*  laeuletUg  rla*  on  the  homing  of  tbe  aotor. 


•  All  aottr  trp*«  tented  oa  Pnvjr  Ptffll  ihoil  aaehia**. 


OBI  KM'  DjCSCFimOD :  1. 

2. 

60  XV  260/120  volte,  re,  turbina 
250XV,  AC  3  pn*ao  60  ipe  ohlp'o 
3.5  exciter. 

driven  Genera t.,-. . 
eervlee  «#n*r*tor  with 

6c*v 

2100 

1.25,  2.?3 
and  2.23 
ft.  blew* 

Saty 

Mffll 

Shock 

Machine 

1  P.D.  6683 

KB5  Paaoed 

C-2526-2 

25c  XV 

3965 

1.75,  2.75 
and  2.75 
ft.  blown 

Kavp 

•Mil 

Shock 

1  N.D.  6663 

na  c-2593  railed 

find  Bracket 
Fractured 

Machine 
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MOTOR  OPfUTOW 


OMSiftL  DSCUHBM.  1. 


2. 


3. 


i.Mrw,  •>(  •  .•ter  and  1  W-bbO  wilt  AC 

arte?  for  Htu.,  ala*  is  tfclp*  nnrvica  dli'‘ 
Unyiiu'K*  equlpn»s<<  . 

2.6  KV,  56  vtut  DC  |iM(iUr  end  )  UP  bbO  volt  AC 
Motor  alao  for  ship*  nervlen  dial  telephone  equipment. 
25ICVA,  120  rolt  ••Mrs tor  and  JO  IF  220  volt  battary. 


Tjroe 

Appn»laata 

faat 

Taat 

Machine 

hatar  Teat 

Tented  Spaciflaatloa 

Report 

Denljnatlon 

fteiult 

l.Mcw 

315 

0.75,  i«75 
and  1.75 
blova 

Navy 

MflU 

Shock 

Mntklaa 

1  N.D.  66k  j 

US  501 

1609 

Panned 

2.fKV 

501 

0.75,  1.75 
end  1.75 
blown 

Pawy 

MVKI 

Shock 

Machine 

1  N.D.  66S 3 

US  JXX 

1603 

Panned 

25XVA 

1320 

1,  2  and  2 
ft.  blown 

Nary 

Mna 

Sheet 

1  MIL-8-901 

BH  5AKX 

1609 

AD  SOlObO 

Panned 

?ums 

0BMRAL  bMCMIPIIOS:  l.  Air  easier  alara  nyntnn  relay  panel. 

2.  Type  1-52  alara  panel. 

3.  Aft  remote  control  pane,  for  naln 
hydraulic  puepe  and  nccum  So.  1  aad  2. 

B-5*f 

Air  Snapler, 
Alara 

Sampler 

10 

1,  3  aad 

5  ft.  blown 

Sary 

LWHX 

Shock 

fechlite 

1  HIL-8-90H 

bA  Mount 

Mira  Inland 

NavthlpYd 

2751-59 

Panned 

Tyya 

**52 

Alew 

11 

1,  3  and 

5  ft.  blown 

Navy 

LMHI- 

Shock 

fechlae 

1  MXL-8-901B 

bA  Mount 

ASTIA 

AD206035 

Panned 

Control 

120 

1,  3  and 

5  ft.  blown 

Savy 

LWC 

Block 

1  HXL-8-901B 

bA  Mount 

Mara  Inland 

NavthlpYd 

2750*59 

Fan  rad 

Pal .ur* 


PUT.  AJ P  MCT1CU 

OBIBUL  DBJCRIFTION:  1.  3’ contact  piu*a  with  3-ooataet  rncnptaelen  with  trlpia 

conductor  oablt.aed  rated  at  1$  nape. 

2.  3-tan  aap  plug#  and  3-tan  aap  raeaptaalaa.  Meeeptanlen 
ara  In  water  tl*ht  drawn  brans  eacloaure. 

).  Two  bo  aap  plu*a  and  raaaptaelaa  1*  water  tl*bt  drawn 
braaa  nacloaurea. 


15  AMP 

2* 

1,  J  and  5 
ft.  drop# 

Navy 

IMhl 

Shock 

Machine 

1 

KIL-B-901S 
bA  Mount 

ASTIA- AD 
66539 

Pained 

10AMP 

2.25 

1,  3  and 

5  ft.  arc  pa 

Nary 

LWN1 

Shock 

Machine 

J 

NIL-8-901S 
bA  Mount 

ASTIA  AD 
6653b 

Placed 

bO  AMP 

3.6 

1  and  3  ft. 
drop# 

Navy 

LtfRI 

Shock 

Machine 

2 

WL-a-90iS 
bA  Mount 

ASTIA- AD 

8653b 

Pal lad 
(3  ft. 

back) 

U) 

NOTES: 

(1)  The  pin*  bacnaa  wnd*ad  a4ala«t  the  racnptacln  In  nuch  a  way  that 
roaovai  wan  vary  difficult. 

•  Intimated 
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OBBAL  DBCRmiOBi  Typa  A  Mlmlun  rtetiflar  penal  for  beUery  charging,  designed  for  50°  C. 

antlant  uaperetura  and  Is  rated  at  kkoV,  3  pbaee,  60  cycle  Input  vltb  2-6  Aap  DC  output. 


Tf* - 

Apprcilaata 

■eight 

(lb) 

Taat 

Mavlromwnt 

Taat 

Machine 

lhabtr 

Taatad 

Taat 

Bpaclflcatlon 

Report 

Da  a  tarnation 

RouTT 

. ;  -enlMi 
Aaotlflnr 

lflo 

1,  ?  and  5 
ft.  lropa 

Davy 

lwsz 

Shock 

Machine 

1 

WL-K-15736 
( Biuxheed 
Mounted) 

A5TIA-AD 

”551 

Paaaad 

HCAT6 

GBBAL  MClumCK:  Many  raporti  OB  relay*  war*  reviewed.  The  following  la  only  a 
briar  daaeriptlon. 

The  type  ZAC  tlM  overcurraot  relay  eonalata  of  an  Induction  dlak 
0 p«r»  1  in#  aaclianlaa,  a  sat  of  aingla-pole  eonUtta  tad  a  <Ui*t  tight 
a boat  ateei  aacioaura.  It  la  uoad  to  trip  a  circuit  breaker  vtea  over- 
currant  coed  It  loo*  occur. 

2.  Tba  aualllery  releya  oonalatad  of  a  aolanold  oparatlns  ip«t  and 
plunger  which  la  croaa-oooaactad  to  tba  contact  aaanabllaa. 

3.  five  bull  a  tin  130  auxiliary  control  ralajr  ■  froa  15Q-UO  volte  AC  ao!i 
voltage. 


1AC 

1.5 

1,  3  aad  5 
ft.  drop* 

■ary 

l.VHl 

Shock 

Macblna 

1  KXL-t-90) 

60  Mount lag 

AITIA-AD 

111803 

Haaad 

Auxiliary 

AS>Ut 

k 

1,  3  and  5 

ft.  drop* 

IU»y 

LWM1 

Shock 

Mi  china 

8  MU.-S-901 

6*  Mounting 

AfTU-AD 

139796 

2  failed 
(Back  and 
top. 3  and 

5  ft.) 

Bornally 

Cioaad 

Contact# 

Opened 

Control 

1.3  to 

1,  3  and  5 

ft.  dropa 

■aay 

LVHI 

Shock 

Macblna 

5  66« 

6i  Mount  tsg 

Material 

Lab 

BY  BavghlpYd 

5225-1 

Fellad 

(All 

Blown) 

a: 

■0TB:  (1) 

Malfunction  of 

tna  alactl leal  contact*. 

•  Salinated 

SCBISTCM 

QB0BUL  DBCAimoii  1.  fixed,  accurate,  vlra  wound  realatcra  fro* 

10-3750  K  obata. 

2.  Variable  auhnialature  raalatora  froai  ±<a>  1 ,000.000 

wire 

3* 

30  impact  a 
at  50  O' a 
with  0.012 

■to.  duration 

■ary 

LWKZ 

Shock 

Michlca 

1152  Battalia 

Maanrlel 

Inatltuta 

Signal  Corpe 

r-wjarr  2006-A 

Facced 

Miniature 

2* 

30  Upacta 
at  50  O'a 
with  0.012 
■ao.  durattun 

Savy 

iwa 

Shock 

Machine 

to  Battalia 

Manorial 

Inatltuta 

Signal  Copra 
*■« tant  P006-A 

feeaed 

h 


r  r 
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tolflfct 

. 

tariwwta 

AUm 

100* 

1.)mO 

M#UlM 

■frlaUts* 

ft.  knyi 

10  LlM 

109 

1,  Jwl 

Al«m 

J  ft.  ix«M 

•  btl«M 

••  As  4stMU4  u  (tot^ru* 


OMW. 

Micro  20*  1,  J  5 

•"Itob  n.  him f 

»  1.  Jill) 

ft.  Urn 

Msrt  6  ao*  l,  jwl) 

ft.  U«n 

•Ittlart* 


all  ail  f  ail  ail  ail 
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1. 

t. 

3. 

5  HL-»*QU  AflTU-A)  ftoMi 

6 utatt^ 


viMtom. 

o»wiAi 

•r  «*•  imiij 
.'.IN  itrwlt 


]  IWW  urn-u  tat 

ta  Mi«  i*jwt 


l  MI-M01A  AWIA-A*  hUN 

it  WotUg  im# 


Wta  iUik«rtU»  Wo  M,  II  tot  iNIkW  OM 
UaU. . |  WHO. 

ta  DltJQ  Itaw  UMt  MU  1.  MM  w  on*  » 

wo  H  UO  otto  AC  IT  IJO  Mb  K. 

Wo  A  wit  i  1IMI  MttaUa. 
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U*  JtMtt 


„  I  a  u  lUUUn  nui7  nl»>»  flute  mUM  Wllm  «a  tt*f» 


VZZZ*  urn  tm  2010  raw  »l.«or  mi*. 

JE5  of  uTfon^lMV  HJfl.  MJFJi  J- BJT5  fUT,  teiMte. 


t.  nfft  Mtb  or  UH  w-wmw  +  i  — * 

fc,  Om  Mtli  of  rotary  MltlfcH,  VH  MJWO  *M  32J&5- 


'..V- 

iaifiisml 

Toot - 

M*lao 

►-rt  or 

Toot* 

toot 

•poolfloatlon 

Boport 

DoolMotloa 

K^rr 

Typo  of 

P*l  iuro 

KUUlurt 

USi - 

5 

1,  )a*  3  ft. 

Blow 

M»P 

LMQ 

Mo* 

HMklM 

6 

N1L-B-901I 
tA  Mouatlaf 

AfTIA-AD 

ait**. 

Mil* 

(1) 

•tiitur 

«5W  ■* 

JJUO 

0.5 

1.1*5 

UMl 

Mvy 

Lun 

Mo* 

MaMM 

6 

WL-t-9Cl> 

611  NMMtUs 

WA*U 

2071*9 

3  typo 

2J51-5 

mu* 

(5  ft.  **) 

3  tr* 
ajuo 

pMM* 

Moft 

Coapl'otoiy 
re*  t* 

Mlt* 

»jn 

3-3» 

1,  J  ut  5  ft. 

tlavo 

■»*» 

Lwn 

Me* 

NuBlao 

9 

HIL-S-901B 

60  MovatUf 

*afu-;a 

wnw 

roil* 

(5ft. 

Bo*) 

Distort!  oa  of 

OaApoaoato 

um 

wun 

•UlklO 

3.7-- 

0.0j» 

*•3 

1,  3  0*  >  ft. 

blew* 

fcn 

LMD 

Mo* 

M*1 a* 

2 

taut-901* 

7C  Non*  las 

ASTU-AB 

•077*8 

Pom* 

umy 

1.6 

mm,  U> 

n.  .ten  «.  .Jo.*.*  n~  «te  «•“ 

*t«k  tte  Mil.  te  1l.f1 

ooal . 

•  Wal4bt  t*  —*». 
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SOSBL  B2HSL  g*£ 


ommi  DMCKzmo*  !  i. 


3- 

4. 

5. 

6. 

7. 


9. 

10. 


HTN  60  Air,  450V  AC,  SJOV  DC,  Tjrya  4WJU  *»»«  Nw»M 
WU17  ib«%  ev.  - 

Aim  60  AW,  4>(<v  'JOV  DC,  Tyya  rr—1  ftouptad 

roUry  avitabea. 

Stm  10  AMP,  120V  AC  rot*i7  tvp  avltahtypa  1MJA1.  TT0T 
km  30  Air,  500V  AC,  2507  DC,  Tjrya  30*3*  kM  Mounted 
rotary  tup  evltchee. 

km  10  AMP,  120V  AC,  Ty»»  1WJJU  .  TTVt,  front  MUitk 
for  hmi>  vtu  oandiaa. 

Three  M«k  of  tyy*i  200X311  mM  20M6T1  200  AIT,  WU17  mp 
ivlUki  tkt  tn  i*m1  novated. 

Ona  t/ye  91740-A5  HlUk  ui  one  typ*  91741-A5  avntta.  Doth 
are  nlaUture  roU«7  avttihea  for  Interior  in—iilaallon  equlpaant 
Modal  a  CA-54,  CA-55  Ml  CA-56  rotary  to  wn  avltahee  for  *'l«h 
altitude  uaa. 

Tan  m»3ry  evltchee  of  noc-mmuatlo  coeutruttlon  vara  review*. 

"0"  ring  iroora. 

Pour  0  pualtlca,  25  eaetloe,  mUtlpol#  rotary  *v4tche§. 


fya* 

Approximate 

VaUlit 

(»t>) 

Taat 

fevlrumeat 

Taat 

Machine 

tabar 

Taited 

Taat 

Ipaclflktloa 

■a  port 
Dnai^mtijl 

""Jiawut 

*ypa  or 
failure 

6»3Al 

(*»•• 

Mount ad) 

7.6 

1,  3  and  5  ft. 
blova 

■avy 

LVX1 

Shock 

Maahlna 

7 

WL-1-9011 

4A  Mountl* 

AfTIA-AD 

129390 

Pneaed 

61X3A1 
(Pm Ml 
ktouoted) 

5.9 

1,  3  and  5  ft. 

blova 

■avy 

LVH1 

Shock 

Machloa 

7 

MIL*  1*9011 

4a  Mounting 

A1TIA-AD 

129 J®9 

Paaeed 

11XJA1 

lUttli 

0.75 

0.5 

1,  3  m*  3  ft. 

blova 

■avy 

iwrr 

Shock 

Machloa 

7 

IGL-I901I 

4a  Mounting 

AffTA-AD 

129300 

htaead 

JM3» 

2.1 

1,  J  and  5  ft. 
blova 

■vvy 

LUI i 

Shock 

Maeblhu 

7 

MIL*B*901I 
kA  Mounting 

A0TIA-AD 

129366 

Paaaad 

11x311 

1,  3  a»»  5  ft. 

blova 

■avy 

lw 

Ihoak 

Maabloa 

7 

KIL-*-yoia 

4A  MNMUf 

A0TU-AD 

206102 

PimM 

200X3X1 

2O0X6F1 

1* 

1,  J  and  5  ft. 
blova 

fcay 

LVtl 

IMahlae 

2 

NIL-1'901 

4C  Mount  Iki 

■n-1367 

■metrical 

Taat  lag  Ub 
Portaovtk, 
i.h. 

Paaaad 

91740- A5 

91741 -A5 

1.5 

1,  3  Ml  5  ft. 
blova 

■ary 

LWU 

■hock 

feehlae 

2 

MXL-1'9016 

4A  Mounting 

aTTIA-AD 

214227 

Fallal 

Furoeleln 

lyaaar 

Fracture! 

CA-34 

CA.55 

CA-56 

2 

2 

5 

200 

■avy 

LWIfl 

Shock 

Mchlaa 

3 

JAI-S-44 

AIWA- AT 

Paaaad 

Roa-ktacMtle 

7* 

1,  3  Mi  5  ft. 
blova 

■avy 

lv« 

■hock 

MaehlM 

10 

MIL- 1-9011 

6C  taunting 

A0TIA-AL 

209967 

Failed 

Mount lh0 

Plata 

Suckled 

A-384-5WA 

7* 

1,  3  and  5  ft. 
blova 

Si»7 

lwu 

Shock 

MaehlM 

*■ 

MIL-1-9012 

60  Mount Ida 

ATI-195747 

Paaaad 

Multlpola 

7a 

1,  3  Md  5  ft. 

blm 

■avy 

LWU 

4 

WL-1-9011 

60  Mounting 

An-210276 

Paaaad 

Shock 

Machine 


•  letlaated 
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switch*.  TOOQLi 


attBRAL  Mcnrnoi'  l.  Ilgi.-een  •  toggle  cvitebee,  type  T210k,  are  aloleturlied 
tvs  circuit  ■*. .  .11M  dealgaed  for  um  In  application*  vbart  panel 
•paw  la  at  a  pranlun. 

2.  tort  ro«nmtaJ -proof  aultlpole,  auHlpoeltloa,  toggi*  evltch. 


•  3.  20  different  type#  of  tatflc  evitebee. 


TfJ* 

Approxlnate 

Weight 

Teet 

ferlrowent 

Teat 

Machine 

— B Sw — 

Tteted 

Set 

Specification 

he  port 

DcalgMtloe 

Seeuit 

tyj*  of 

Failure 

T210k 

0.5* 

T5C 

■avy 

LWX 

Shock 

MM  h  1>« 

10 

JAS-S-23 

ASTIA-AD 

111723 

raeeed 

tovlroanor.t 

■ftH*5" 

toltek 

0.2k 

fOO  for 

0. 5-9.7  mo 

Duratloa 

Ury 

lwki 

Shock 

toehlae 

1 

A*-lL-t>2 

UL-126 

AS- 5- 20C 

ATI-9673? 

Failed 

MuateuUr. 

Open lag  of 

Coot- cu* 

Toggle 

Kite  he* 

0.5  ca. 

1,  3  «d  5  ft. 

biove 

fc*y 

20 

NIL-I-901S 

6C  tounUfig 

ASTIA-AD 

21k2?5 

Failed 

Shock 

Machine 


•  btlMtM 


gtfITCHa  MSCBJASKOT 


OBHSAL  DflSCHDTIOl:  1. 

2. 

3. 

k. 

5. 


Five  tenperuture- operated  neater  avltehe*  and  aU  preeaure- 
ope rated  automatic  neater  cvitebee. 

1  -  a tapping  evltch,  20  VAC,  Type  53-2. 

6  evltcbee  each  of  typee  DC-k  (15  AW  at  125/250  VAC) 

S3- 20k,  Sl-k  (10A  at  125/250  VAC)  «3*k  (2.5*  5*  »t 

125/250  VeC,  and  7  type  02-lOk  evltcbee  (10A  at  125/250  VAC), 
ko  hi  age  roller  lead  type  aenaltlee  evltcbee  SS07A10,  SS07A20, 
B807M0,  and  8S07S70. 

Tm  aenple  preaaurv  proof  IMC-7NC  evitchea  vara  eceoMpllehed  by 
uae  of  a  pboapbor  broue  diaphragn.  They  were  plsrccd  ant  50  ft. 
soldered  to  a  bra**  actuator  rod. 


Tanpereture 
and  Preeaure 
Operated 
»v' tehee 

2.2 

1,  3  and  5  ft. 
biove 

■ary 

LWM 

iuock 

Machine 

11 

MU.-S-901 

6z  Mounting 

ASTIA-AD 

36005 

Faaeed 

Stepping 

»*itcn 

5* 

1,  3  ead  5  ft. 

JUry 

LWH 

Shock 

Machine 

* 

MIL-9-901B 

61  Mount tn* 

AJFT1A-AP 

59337 

railed 

Can 

POread  Out 
of  Foelt'o*. 

B3-2Ck 

B?-10e 

1* 

each 

1,  3  and  5  ft. 
blova 

■ary 

IWHI 

Shock 

Machine 

0 

«L-b-90iB 

6E  Mounting 

ASTIA-AD 

k0f09 

Felled 

(1) 

Holler 

eef 

3 

each 

1 ,  3  and  5  ft. 
biova 

S«vy 

IWHI 
a  hock 
Machine 

32 

M1L-S-901A 

6  t  Mounting 

ASTIA-AD 

•i6C5 

Paaaed 

Praaaure- 

Proof 

9.0 

1,  3  and  5  ft- 
blova 

Navy 

bWHI 

2 

M3L-8-901I 
k  A  counting 

ASTIA-AD 

Failed 

Dlepkraipa 

Revealed 

Umi  i warn. in* 

Shock  UMikafe 

Machine 


NOTE:  (1)  Trnnefer  oontacte  of  each  evltch  aedc  contaot  vith  the  romally  open  contact  of  lta  reapeatlvc  evltch. 


•Catlaatea 
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TC-  '•flW.i  -T  rrt 

ODIVlb  DUCKimOi;  Tuc  alasaat#  wars  tlM  disk,  bawl,  or 
rod  ibapa  typo. 


la a tod  Ipat if iaatloc  Daalgaatloa 


102  PR  a*’  C  fligrai  Corpo 

Bo.  59 -fiJ/  Frojaet 

2006- A 


t'allur* 


•  B*tUwU4 


vouAoi  »— mvi  gjawg 

QBtVL  DKHimOl;  00  ijirlataa  voro  tat  tad.  TW  apaolaaaa  d If farad  from  cm 

oaotbor  la  Batarlal  (plaatte,  gloat,  or  o*tal),  ahapa  (tubular  or  dlak), 
ia4  aouatlag  (by  aoldtrl*,  alaaplag »  or  bottlag)* 


Klwaata  Balov  1  •  30  lapaata  Bavy  00  Battalia  Stgaal  Oorpa  Paaaad 

at  30  O'a  LWU  Material  Projaat  Bo. 

each  lapaat  Bbaak  laatltuta  2006-* 

appltad  for  Mtablaa 

6  to  12 
allllaaa. 


■  Batlaatad 
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t . 5  Human  Shock  Tolerances 

4.5.I  Introduction 

In  the  operation  of  most  underground  protective  structures, 
there  are  some  functions  which  demand  the  presence  of  human  beings.  Thus, 
the  tolerance  of  human  beings  to  shock  becomes  a  subject  of  importance  to 
the  isolation  system  designer  in  determining  the  attenuation  requirement 
oj  areas  housing  personnel.  For  this  application,  human  shock  tolerance 
is  defined  broadly  as  the  level  of  shock  which  a  person  may  withstand 
without  impairing  his  ability  to  perfonn  essential  duties.  In  some  eases, 
the  critical  level  of  shock  may  be  that  which  produces  injury  directly, 
and  in  others  that  which  causes  the  man  to  fall  do'-n,  indirectly  exposing 
him  to  injury.  Implicit  in  the  shock  tolerance,  then,  is  the  mode-01- 
f allure". 

Most  of  the  later  underground  protective  structures  are  designed  to 
withstand  ground  shocks  of  sufficient  strength  to  necessitate  shock  pro¬ 
tection  for  all  personnel.  Thus,  the  personnel  are  exposed  most 
frequently,  not  to  the  complex  motion  of  the  ground,  but  to  the  nearly 
sinuaoidal  damped  oscillation  of  the  isolated  platform  or  other  support¬ 
ing  device.  Further,  the  basic  design  criteria  for  many  facilities 
specify  that  the  personnel  shall  be  assumed  to  receive  no  warning  of 
attack  and,  therefore,  may  be  occupied  by  any  of  their  normal  functions 
at  the  instant  the  shock  occurs. 

The  environments  to  which  the  tolerance  of  human  beings  is  of 
primary  interest  to  the  isolation  system  designer,  then,  are: 

,  Tolerance  to  motion  typical  of  ground  (shock) 

.  Tolerance  to  motion  typical  of  soft  shock  isolated 
platforms  (low  frequency  vibration) 

In  each  case  significant  parameters  are  the  degree  of  support  provided 
the  personnel,  the  direction  of  motion  and  the  warning  time. 

To  date  there  have  been  no  tests  of  human  subjects  designed  specif¬ 
ically  to  determine  their  tolerance  to  shock  in  environments  typical  of 
those  encountered  in  underground  protective  structures.  It  is  necessary 
therefore  to  draw  heavily  on  results  obtained  for  other  applications. 

The  principal  limitations  of  the  experimental  data  presently  available 
are: 


The  conditions  of  -estraint  used  In 
generally  more  extensive  than  those 
personnel  in  underground  protective 


obtaining  the  data  were 
permitted  by  USAF  for 
structures . 
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.  The  characteristics,  including  direction,  of  the  applied  acceler¬ 
ation  usually  deviated  considerably  from  those  expected  in  under¬ 
ground  protective  structures , 

.  The  subjects  were  prepared  to  resist  shock. 

.  The  definitions  of  tolerance  used  by  different  investigators 
varied  from  perception,  through  anxiety  to  unbearable  pain.  None 
reviewed  considered  incapacity  as  the  survival  criterion. 

4.5.2  Basis  for  Design  in  Existing  USAF  Facilities. 

Both  experimental  and  analytical  data  on  which  to  base  human 
shock  tolerances  lor  existing  underground  protective  structures  were  and 
still  remain  extremely  limited.  Although  the  operating  oonruand  ma.y 
define  qualitatively  the  mode  of  failure,  the  translation  of  this  cri¬ 
terion  to  peak  permissible  accelerations,  frequencies  and  other  signi¬ 
ficant  parameters  of  the  motion  must  rely  heavily  on  opinion. 


In  the  Figure  4.5.1,  the  maximum  accelerations  for  personnel  areas  are 
shown  for  several  weapon  system  facilities. 


Maximum  Acceleration  in 

Personnel  Areas,  r 

Vertical 

Horizontal 

Atlas  Silo 

1.5 

0.125 

Atlas  Control  Center 

M  t .  t  mounted  to  reduce  ground  shock 
without  impairing  operational  ability” 

Titan  II  (Criteria) 

3.0 

1 

3.0 

(initial  Design) 

2.4 

0.5 

(Revision) 

0.5 

0.5 

Minuteman  (Criteria) 

1.0  (down) 

3.0  (up) 

1.0 

(Design) 

0.5 

0.15 

Figure  No.  4.5.1 
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Although  the  natural  frequencies  of  the  personnel  support  systems 
are  not  indicated  in  the  table,  in  all  cases  they  are  less  than  one  cycle 
per  second.  Similarly,  the  mode  of  "allure  in  all  cases  is  based  on 
impairment  of  operational  capabill.,  of  all  personnel,  some  of  whom  may 
be  standing  unsupported  and  may  be  unprepared .  The  downward  trend  in 
peak  accelerations  believed  to  be  necessary  to  achieve  the  desired  pro¬ 
tection  is  clearly  indicated  by  the  differences  between  those  specified 
by  early  design  criteria  and  those  used  in  final  design  of  the  Titan  II 
and  Minuteman  facilities. 

It  should  be  noted  that  all  the  suspension  systems  indicated  are 
pendular  and  that  the  maximum  horizontal  acceleration  is  fixed  more  by 
the  practical  aspects  of  the  pendulum  design  than  by  a  human  shock 
tolerance . 


In  this  subsection  sen"  of  the  studies  on  which  the  final  design 
values  for  the  Minuteman  facility  were  based  are  discussed  briefly. 

4.5.3  Summary  of  Applicable  Human  Tolerance  Studies 

Murfln  (Ref.  4-19  )  at  Space  Technology  Laboratories  was 
one  of  the  first  to  attempt  to  apply  the  results  of  existing  work  in 
human  shock  tolerances  to  the  special  environments  encountered  in 
underground  protective  structures.  He  found  the  most  pertinent  data  to 
be  those  of  Ziegenruecker  and  Magid  (Ref.  4-20  ),  who  determined 

the  tolerance  of  seated  subjects  to  vertical  harmonic  vibrations, and  of 
Eiband  (Ref.  4-21  ),  who  reported  the  results  of  similar  tests  where 
the  shock  input  was  a  trapezoidal  acceleration  pulse. 

The  significance  of  Eiband' s  work  to  this  application  is  that  it 
establishes  tolerance  limits  to  shocks  which  might  be  considered  as 
representative  of  the  ground  motion.  In  all  tests  the  seated  subject 
was  well  supported  with  lap  and  shoulder  straps.  For  tests  in  which 
the  direction  of  the  acceleration  was  headward,  the  subject  was  furthei 
protected  by  a  soft  leather  cushion  and  for  tailward  accelerations  he 
was  given  a  lap  belt  tie-dewn  strap.  The  chair  in  which  the  subject  was 
seated  was  structurally  rigid  and  was  attached  firmly  to  the  floor .  The 
subject  was  given  a  warning  20  to  30  seconds  prior  to  the  test.  The 
acceleration  pulse  was  roughly  trapezoidal  and  was  described  by  three 
parameters:  rate  of  onset,  duration,  and  magnitude . 

A  few  of  Eiband 's  results  are  presented  in  Figures  4.5.2  through 
4.5.5.  In  Figure  4.5.2  tolerance  to  headward  acceleration  is  shown  as 
a  function  of  the  magnitude  and  duration  of  the  acceleration  pulse.  It 
may  be  noted  that  the  limiting  acceleration  to  avoid  any  injury  is  or.lv 
about  l6  g'o  even  though  the  subject  is  well  supported.  If  the 
personnel  are  seated  unright,  ground  shock  accelerations  in  this  direc¬ 
tion  can  result  either  from  a  Type  II  ’wave  or  fran  the  acceleration 
portion  of  the  airblast- or  cratering-induced  (Type  l)  waves. 
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Figure  4.5.  3  shows  the  tolerance  to  tailward  acceleration  as  a 
function  of  magnitude  and  duration  of  the  acceleration  pulse.  Here  the 
peak  tolerable  acceleration  is  reduced  to  'bout  10  g's  in  the  area  of 
interest . 

Similar  data  were  obtained  by  Eiband  for  spineward  and  steraumvard 
shocks  and  are  shown  in  Figures  4.5*4  and  4.5. 5.  For  these  cases  the 
peak  accelerations  were  increased  to  about  45  and  35  8’s  respectively. 
Thus,  by  facing  the  subject  in  the  dixection  from  which  the  strongest 
ground  shock  is  expected,  some  increase  in  tolerance  can  be  achieved. 


Tolerance  curve s  for  conditions  of  less  than  optimum  restraint  will 
most  certainly  be  well  below  those  shown  in  the  Figures.  The  accelera¬ 
tions  reported  were  those  measured  on  the  test  seat,  not  at  the  body 
location  which  determined  tolerance.  The  effect  of  rate  of  onset  of 
acceleration  was  not  clear-cut. 


For  spineward  accelerations,  Eiband  noted  that  the  absence  of 
thigh  straps  lowered  the  tolerance  level  shown  in  Figure  4.5*4  by  a 
factor  of  about  2.5  to  3.0,  and  all  exposures  above  18  g's  were  intol¬ 
erable.  The  benefits  of  thigh  straps  were  attributed  to  their  prevent¬ 
ing  headward  rotation  of  the  lap  strap,  which  if  held  on  the  pelvis  will 
apply  the  major  portion  of  the  accelerating  force  to  the  pelvic-girdle 
instead  of  the  soft  abdominal  region.  Shoulder  straps  were  used  in  both 
instances . 


Voluntary  tolerance  to  stemumward  acceleration  is  believed  to  equal 
uiat  for  spineward  acceleration,  although  stemumward  test  exposures  were 
not  as  severe  in  magnitude  or  duration  as  for  the  spineward  tests .  Again, 

maximum  ux’airit  wat»  appixca#  wcjic  out  ucau  - - * 

"whiplash"  would  likely  be  a  limiting  factor  for  tolerance  to  rapidly 
applied  eternumvard  acceleration.  The  feet  and  thighs  should  be  re¬ 
strained  to  prevent  the  feet  from  flying  up  or  back  behind  the  seat, 
causing  the  subject  to  rotate  toward  a  slouching  position  and  the  accel¬ 
eration  force  to  be  applied  to  the  spine  instead,  of  the  pelvis. 


No  tests  were  recorded  for  acceleration  applied  from  either  sideward 
direction. 

For  the  Minuteman  facilities  in  which  Murfin  was  principally 
interested,  Eiband1  s  results  were  not  applicable,  since  not  only  were 
the  tolerable  accelerations  exceeded,  but  also  Minuteman  criteria  did 
not  permit  artificial  supports  to  be  used.  The  data  of  Ziegenraecker 
and  Mag id  were  then  examined,  since  the  harmonic  oscillations  they 
employed  in  their  tests  approximated  more  closely  the  motion  of  a  shock 
isolated  platform.  However,  here  again,  the  subjects  were  seated,  given 
warning  of  the  shock,  and  provided  varying  degrees  of  support  . 
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Figure  4.5.3 

Tolerance  to  Tailvard  Acceleration 
as  a  Function  of  Magnitude  and  Duration  of 
Impulse  (Reference  4.22  ) 
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Figure  4.5.4 

Tolerance  to  Spineward  Acceleration 
as  a  Function  of  Magnitude  and  Duration  of  Impulse 
(Reference  4.22  ) 


Figure  4.5.5 

Tolerance  to  Sternumward  Acceleration 
aG  a  Function  of  Magnitude  and  Duration  of  Impulse 
(Reference  4.  22  ) 
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The  tolerance  limits  of  a  seated  human  being  to  short  duration 
vertical  harmonic  vibration  are  shorn  in  Figure  4.5.6  as  a  function  of 
frequency.  The  indicated  accelerati  uc  -re  those  which  the  subjects 
refused  to  tolerate  further,  although  reference  4-22  suggests  that  the 
curve  must  be  considered  the  borderline  beyond  which  physical  tissue 
damage  occurs  in  a  relatively  short  time.  Also  shown  in  the  figure  are 
the  exposure  times  in  seconds  at  the  corresponding  frequency.  The  subjects 
were  strapped  in  an  airplane  seat  with  seat  belt  and  shoulder  harness. 


Figure  4.5.6:  Peal  acceleration  at  various  freqiencies  at  which  subject! 
infuse  to  tolerate  farther  a  short  _  (-co .  a...  5  '-luiuies )  to 

vertical  vibration.  The  figures  auove  the  abscissa  indicate  the  exposure 
time  in  seconds  at  the  corresponding  frequency.  The  shaded  area  has  a 
width  of  ore  standard  deviation  on  either  side  of  the  mean  (lC  subjects). 

(R«f  4-20  ).  _ 

The  accelerations  given  in  Figure  4.5.6  must  be  used  with  caution, for 
even  though  the  subjects  were  partially  supported,  their  extremities  were 
still  free  to  flail.  Williams  (Ref.  4  -  23  )  points  no  the  danger  of  not 
providing  enough  restraint  for  the  extremities  and  notes  that  injuries  in 
aircraft  and  car  accidents  frequently  stem  from  whiplash,  flailing  of 
extremities,  dislodgment,  crushing,  falling  and  impact  .-gainst  sharp  objects, 
rather  than  high  acceleration. 

Despite  the  value  of  these  investigations  in  providing  tolerance  dat. : 
on  seated  and  restrained  subjects,  these  conditions  cannot  be  accepted  ill 
some  protective  structures,  for  example,  those  of  the  Minuteman.  Insofar 
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as  the  magnitude  of  accelerations  transmitted  to  the  various  parts  of  the 
body  are  concerned,  some  very  qualitative  indications  may  be  obtained  from 
transmission  curves  such  as  those  obtained  by  Dieckmann  and  by  Radke  (Ref. 
4.24  and  4.25)  and  shown  here  in  Figure-  '•  ,>.7  through  4.5.9.  These  figures 
indicate  the  ratio  of  acceleration  transmitted  from  an  oscillation  table 
to  various  parts  of  the  subjects  body.  Data  are  given  both  for  seated  and 
standing  subjects  and  for  horizontal  and  vertical  oscillations. 


Figure  4.5.7:  Transmission  of  longitudinal  vertical  viv~tion  from  table 
to  various  parts  of  body  of  seated  human  subject  (after  Dieckmaaa). 


In  an  effort  to  establish  some  broad  guidelines  which  might  be  used 
as  a  basis  for  design  in  the  Minuteman  project,  Crede  (Ref  4-26  ) 

considered  analytically  a  highly  simplified  model.  The  problem  is  an 
extremely  difficult  one  to  formulate  mathematically.  Injury  to  the  subject 
is  mo3t  likely  to  occur  as  a  result  of  his  losing  balance  and  falling 
rather  than  from  excessive  axi’l  strain.  Further,  falling  it3elf  may  not 
produce  injury  unless  a  critical  part  of  the  subject  strikes  a  rigid  or 
sharp  object. 
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Figure  4.5.8:  Transmission  of  vertical  vibration  from  table  to  various 
parts  of  the  body  of  a  standing  humar  subject  (Reference  4.24  ),  data 
for  transmission  to  belt  from  Reference  4.25. 


Figure  4.5.9:  Transmission  of  transverse,  horizontal  vibration  from  table 
to  various  parts  of  sitting  and  standing  human  subject  (Reference  4,24). 
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Other  factors  whose  effects  are  equally  difficult  to  evalute  ait 
the  feedback  throu.gfl  both  voluntary  and  involuntary  muscular  reaction,  the 
direction  of  line  of  action  of  the  acceleration  force  through  the  subject's 
center  of  gravity,  and  the  initial  p^si.:  -  .  and  motion  of  the  subject. 

Despite  these  formidable  obstacles  to  analysis,  design  data  were 
needed  urgently.  Crede  portrayed  the  subject  as  a  simple  undamped  mass¬ 
spring  system  supported  by  a  platform.  He  then  postulated  that  injury 
would  be  sustained  by  the  subject  if  he  lost  contact  with  the  platform, 
fireae  first  considered  a  case  where  the  platform  was  accelerated  suddenly 
downward  at  some  constant  value  less  than  one  gravity.  He  then  showed  that 
if  the  downward  acceleration  exceeded  one-haif  gravity,  the  peak  amplitude 
of  the  relative  motion  of  the  subject  and  the  platform  would  exceed  the 
static  displacement  of  the  subject;  ergo,  the  subject  would  fall  down. 

As  a  second  case,  Crede  assumed  the  platform  was  supported  by  an 
elastic  element  from  a  roof  whicn  was  accelerated  suddenly  downward.  He 
then  calculated  the  relative  motion  of  the  subject  and  the  platform  and, 
assuming  the  natural  frequency  of  the  subject  to  be  in  the  order  of  or 
larger  than  10  "IT  radians  the  second  (ref.  .22  ),  showed  that  the 
natural  frequency  of  the  platform  is  limited  by  the  following  relation¬ 
ship  if  the  subject  is  to  remain  in  contact  with  it: 

*  ?„ 

where  cj  =  natural  circular  frequency  of  platform,  rad/sec. 

c 

g  =  acceleration  due  to  gravity,  feet/sec^ 
v0  =  initial  downward  velocity  of  the  roof,  fps. 

It  is  evident  that  the  natural  frequency  of  the  platform,  as  computed 
by  the  above  equation,  will  be  very  low  for  many  practical  installations, 
and  in  the  Minuteman  facilities  a  slightly  higher  value  was  used  in 
design.  It  would  be  remarkable  indeed  in  view  of  the  many  simplifying 
assumptions,  if  either  of  Crede' s  results  yielded  accurate  predictions 
of  the  limits  of  stability  of  a  human  being.  Even  if  they  were  accurate, 
there  is  no  assurance  that  simple  loss  of  stability  would  result  in 
physical  damage.  Nonetheless  they  are  and  should  contf’t’.e  to  be  useful 
in  indicating  the  order  of  magnitude  of  tolerance  until  more  appropriate 
experimental  data  become  available. 

4.5.4  Design  Procedure 

Except  for  those  cases  where  all  essential  personnel  are  well- 
restrained  and  seated,  there  is  little  quantitative  information  on  which 
to  base  design  recommendation* .  In  general,  however,  it  can  be  assumed 
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that  in  almost  all  installations  some  shock  protection  for  personnel  will 
be  necessary.  Thus,  the  motion  to  which  the  personnel  will  be  subjected 
can  be  defined  broadly  as  a  nearly  harmonic  oscillation,  damped  to 
negligible  amplitude  in  not  more  f  .bout  60  seconds.  The  specification 
of  harmonic  motion,  of  course,  implies  that  the  peak  upward  acceleration 
is  equal  to  the  peak  dovnward  acceleration  and  that  the  peak  horizontal 
acceleration  wili  be  equal  from  all  radial  directions. 

One  significant  difference  in  the  service  environment  from  that  of 
most  tests  is  that  in  practice  the  supporting  platform  usually  oscillates 
vertically  and  horizontally  simultaneously.  The  extent  to  which  a  con¬ 
current  lateral  oscillation  would  influence  the  human  tolerances  shown  in 
Figure  4.5.6  ,  for  example,  is  not  known.  For  estimating  the  tolerance 
of  human  beings  to  combined  vertical  and  horizontal  accelerations  for 
aircraft  conditions,  reference  4.  2'(  recommenus  the  use  of  an 
"elliptic  g-function".  The  function  is  shown  in  Figure  4.5.10  where  the 
maximum  tolerable  vertical  ^ud  radial  accelerations  are  represented  by 
the  major  and  minor  semi-axes  of  the  ellipse.  The  ellipse,  then,  repre¬ 
sents  the  maximum  tolerance  of  the  human  being  to  any  combination  of 
vertical  and  radial  acceleration. 


Figure  4.5.10:  Elliptic  g-Function  for  Human  Acceleration  Tolerances 

The  elliptic  g-funetion  probably  predicts  with  acceptable  accuracy 
the  interaction  effects  on  seated  and  restrained  subjects.  It  is  equal  1 
probable,  however,  that  it  does  not  truly  represent  the  highly  nonlinea. 
interactions  one  would  exnect  to  occur  in  the  case  of  a  standing,  un¬ 
supported  subject. 
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While  in  each  design  case  the  entire  problem  of  protection  for 
personnel  must  be  considered  from  the  viewpoints  of  facility  mission, 
shock  environment,  and  modes  of  failui;-.  he  peak  accelerations  Bhovm 
in  Figure  4.5.11  are  suggested  tentatively  as  guidelines. 


Maximum  A 

Seated  and 

Direction 

Well-Restrained 

Vertical 

1.75 

0.75 

Radial 

1.75 

0.50 

Figure  4.5.11 


The  values  finally  selected  for  vertical  acceleration  with  the 
subject  standing  without  support  should  also  be  compared  with  those 
given  by  Crede's  analysis. 


i 
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4.0  Selection  of  Low  Frequency  Isolator  System  Characteristics 

I'he  decision  regarding  the  for  chock  isolation  to  prevent 
equipment  damage  cun  be  cased  on  a  .  ^./iiple  comparison  of  the  spectrum 
of  the  greatest  shock  survived  by  the  equipment  during  test  with  the 
spectrum  of  the  service  environment.  The  equipment  can  be  considered 
as  being  sufficiently  strong  to  withstand  the  service  environment 
without  shock  protection  if  the  test  spectrum  envelopes  the  service 
spectrum  at  all  frequencies.  Conversely,  if  the  test  spectrum  does  not 
envelop  the  service  spectrum  at  all  frequencies,  the  equipment  will 
require  added  protection. 

If  the  test  spectrum  is  not  known  directly  but  the  tests  have  been 
conducted  on  a  standard  machine  for  which  the  tec*  conditions  can  be 
determined,  information  relating  the  machine  and  the  response  spectrum 
it  produces  can  be  obtained  from  Section  3*2  or  from  the  machine  s 
manufacturer.  As  noted  earlier,  the  general  type  of  wave  form  produced 
by  the  machine  should  also  be  compared  with  that  expected  in  service. 

In  many  cases  the  make  and  model  of  the  equipment  will  not  be 
known  at  the  time  the  isolation  system  is  being  designed.  Test 
information  on  the  general  type  of  equipment,  such  as  that  given  in 
Section  4.4,  must  then  be  relied  on  to  indicate  the  level  of  tolerable 
shock.  The  error  introduced  by  this  approximation  may  be  sizeable. 

However,  the  risk  is  not  in  the  failure  of  the  equipment  in  service,  but 
in  establishing  a  shock  tolerance  which  is  so  high  that  commercial 
grade  equinment  is  not  acceptable,  and  special,  more  expensive  equipment 
must  be  procured. 

The  environment  to  which  the  equipment  needing  shock  isolation  will 
be  exposed  is  defined  by  the  spectrum  of  the  motion  of  the  equipment- 
isolator  assembly  rather  than  by  the  spectrum  of  the  ground  shock.  Since 
the  isolator  has  not  been  selected  at  this  phase  of  the  design,  the 
motion  of  the  assembly  is  not  known.  It  therefore  becomes  necessary  to 
formulate  a  procedure  by  which  a  reasonable  approximation  can  be  made. 

A  procedure  is  recommended  here  for  determining  the  isolator 
characteristics  necessary  to  yield  a  response  spectrum  of  the  motion  of 
the  isolated  mass  such  that  the  spectrum  will  be  lower  for  all  frequencies 
than  that  of  a  given  test  spectrum.  The  assumptj.ua  is  made  that  the 
natural  period  of  the  isolator -platform  system  is  large  relative  to  the 
time  interval  during  which  the  ground  motion  occurs.  This  assumption  is 
necessary  only  to  maintain  the  rigor  of  the  analysis.  For  practical 
purposes  the  natural  period  of  the  isolator  could  be  substantially  smaller. 

Consider  a  motion  of  the  ground,  or  hard-mounted  structure,  as 
defined  by:  the  velocity  time-history  shown  in  Figure  4.6.1,  the  dis¬ 
placement  time-history  shown  as  curve  (a)  of  Figure  4.6.2,  and  the 
response  spectrum  shown  in  Figure  4. 6. 3»  The  motion  of  the  shock- 
mounted  equipment  package  then  will  be  approximately  as  shown  by 
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curve  (b)  of  Figure  4.6.2.  The  maximum  displacement,  %x,  indicated 
in  the  Figure  corresponds  to  a  point  on  the  response  spectrum  at  a 
frequency  equal  to  the  natural  frequency  of  the  isolator. 


Velocity-Time  History  of  Hard  Supporting  Structure 


Displacement-Time  History 

of 

Hard  Supporting  Structure  and  Shock -Mounted  Equipment 
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Figure  4.6.3 

Undamped  Response  Spectrum  for  Shock  Motion 
of 

Hard  Supporting  Structure 


To  obtain  a  response  spectrum  of  the  platform  motion  indicated  by- 
curve  (b)  in  Figure  4.6.2,  the  work  of  Mindlin  (Reference  4.28  )  may 
be  used.  The  system  investigated  by  Mindlin  is  shown  in  Figure  4.6.4, 
page  4-  76  .  The  entire  assembly  was  assumed  to  approach  the  ground 
at  a  known  velocity  and  the  large  mass,  m^,  to  impact  inelastically 
with  the  ground. 

For  this  application,  the  mass  mo  is  considered  as  the  hard 
structure  supporting  the  isolated  equipment;  the  mgkg  system  as  the 
isolated  equipment;  and  by  varying  the  mjk^  system  as  an  analyzer  of 
the  spectrum  of  the  motion  of  nig. 

This  displacement-time  history  of  the  mass  mg  is  shown  in  Figure 
4.6.5.  The  time  id  story  of  acceleration  of  mg  is  quite  similar  to  the 
acceleration-time  history  a-sociated  with  the  curve  (b)  in  Figure  4.6.2. 
Therefore  their  spectra  are  similar. 

If  the  natural  frequency  of  the  mgkg  system  of  Figure  4.6.4  is 
taken  equal  to  the  natural  frequency  of  tie  isolator,  and  conditions 
are  adjusted  so  that  the  maximum  displacements,  ^  of  Figures  4.6.5 
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and  4.6.2  are  equal,  then  the  ratios  of  x^/xg  given  by  Mindlin  can 
be  used  to  obtain  a  response  spectrum  for  the  output  motion  of  m2. 
Curves  of  Mindlin's  results  are  shrv-i  in  Figures  4.6.6  through  4.6.11, 
page  4-76  through  4-QO. 

As  an  example,  assume  the  isolator  to  have  a  natural  frequency 
U) 2  of  one  cycle  per  second  where 


But  since  m2  >  >  mj_, 


From  the  response  spectrum  of  the  motion  of  the  hard  supporting 
structure  (Figure  4.6.3)  the  maximum  acceleration  is  seen  to  be  1.0  g. 
The  response  spectrum  of  the  motion  of  mg  is  then  obtained  by  plotting 
x^  as  a  function  of  where 


In  Mindlin’s  curves,  the  acceleration  amplification  ratio  Xp/ig 
is  plotted  as  a  function  of  the  frequency  ratio  lO-J  u>2  the 
independent  parameters  ^  ^  and  ^  g  used. 

The  damping  ratio  ^  2.  iB  that  oi’  ^  mlkl  "spectrum  analyzer" 
system  and  should  be  set  to  match  the  damping  rati;  of  the  test  spectrum. 
Frequently  the  test  spectra  do  not  indicate  the  damping  ratios  used, 
but  since  almost  all  these  spectra  are  computed  using  vary  small  or 
zero  damping  ratios,  a  value  of  ?  p  “  41 005  should  be  satisfactory. 

The  damping  ratio  for  the  ra^g  isolation  system  can  be  set  at  will  by 
the  designer  inasmuch  as  it  is  the  amount  of  damping  he  has  built,  or 
intends  to  build,  into  his  system. 
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For  the  example,  assume  1  =  0.005  and  $  2  =  °*40.  Then, 
varying  the  "spectrum  analyzer"  frequency  oi j  ,  the  following  values 
are  obtained  for  X]_  from  Figure  4.6.9: 


(cps) 

.4 

•  6 

2 

4 

5 

uy  u)2 

.4 

.6 

.8  12 

3 

4 

5 

•  #  <  *  * 
xl/  *2 

.6 

1.35 

2.5  4.5  1.6 

1.5 

1-35 

1.20 

*1  (g) 

_ 

.6 

1.35 

2.5  4.5  1.6 

1.5 

1.35 

1.20 

These  values  of  Xi  are  plotted  as  curve  (a)  in  Figure  4.6.12, 

(see  below)  ,  giving  the  response  spectrum  of  the  isolated  equipment 
motion.  This  spectrum  then  must  be  enveloped  by  the  test  spectrum  of 
the  equipment  if  survival  is  to  be  ensured.  If  the  equipment  response 
is  not  enveloped  by  the  test  spectrum,  or  if  it  is  too  conservative, 
a  new  value  of  t02  is  selected  and  a  new  response  spectrum  calculated 
in  the  same  maimer.  For  example,  curve  (b)  of  Figure  4.6.12  shows  the 
response  spectrum  for  0)2  E  5.0  cps. 


Response 


Fi 

Spectra  of  the  Motion  0 
5.0  cps 


^the^Mass^mg  where  a) 
,  and  Xg  =  1.0  g 


2  " 


1.0  cps 


and 
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5.1  introduction 

The  design  of  shock  isolat  Ly»  •  v  ^ems  for  underground  protective 
structures  must  be  approached  from  t.ie  broad  viewpoint  of  the  complete 
ground- structure -equipment  system.  The  known  parameters  are  the 
maximum  weapon  size,,  the  nearest  location  of  the  burst,  the  general 
conditions  at  the  sice,  and  the  type  of  equipment  to  be  protected.  The 
design  requirement  is  that  the  equipment  or  personnel  survive  the  shock, 
between  these  end  points  lie  the  problems  of  ground  motion,  soil-structure 
interaction,  response  of  secondary  structures,  isolation  system  performance, 
and,  finally,  the  reaction  of  the  items  to  be  protected. 

The  large  number  of  indeterminate  influences  between  the  weapon  and 
the  equipment  precludes  a  rigorous  statement  of  the  input  and  output 
requirements  of  the  shock  isolation  system.  To  be  truly  indicative  of 
the  degree  of  confidence  whj.cu  can  be  placed  in  the  survival  of  the 
equipment,  an  evaluation  of  the  performance  of  the  isolation  system  must 
include  the  possible  effect  on  the  system  of  all  unknown  factors  between 
it  and  the  weapon  on  one  side,  and  the  equipment  on  the  other  side.  To 
accept  criteria  defining  the  interfaces  between  elements  of  the  system 
where  they  have  been  established  without  regard  for  the  dynamic  properties 
characteristic  of  the  particular  isolation  system,  is  to  accept  a  risk 
of  undetermined  magnitude  and  to  foster  false  confidence  in  the  ability 
of  the  system  to  respond  as  predicted. 

Thus  the  shock  isolator  designer  cannot  accept  a  simple  response 
spectrum  of  the  ground  motion  at  the  point  of  interest,  a  maximum 
"permissible"  rattlespace,  and  a  maximum  "allowable"  acceleration  as 
sufficient  criteria  for  the  design  of  his  system.  Rather,  he  must  know 
something  of  the  types  of  ground  waves  which  generate  the  response 
spectrum,  their  phasing,  and  the  possible  error  in  them.  He  must  know 
something  of  the  structure  which  will  support  his  system  and  its  response 
to  the  ground  motion.  He  must  know  something  of  the  modes  of  failure 
of  the  equipment  to  be  protected  and  the  types  of  motion  to  which  they 
are  sensitive.  And  he  must  know  intimately  the  behavior  of  his  isolation 
system  to  all  types  of  input  motions. 

The  design  process  then  consists  of  devising  an  isolation  system 
which  is  compatible  not  only  with  the  environment  which  is  most  likely 
to  exist,  but  also  with  any  environment  which  cannot  be  shown  conclusively 
not  to  exist. 
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9 . 2  Isolation  System  Environment 

A  method  for  estimating  the  wave  form  of  the  free-field  ground 
motion  was  described  in  Section  2.C  ana  .£  ■  mmarized  in  Figure  2.6.2 
(pa ae  2-98).  The  method  employs  existing  ground  shock  prediction 
procedures  to  estimate  the  significant  parameters  of  the  Type  I  and 
Type  II  wave  forms,  uses  a  wuve  front  diagram  to  indicate  the 
direction  of  motion,  and  presents  equations  which  yield  the  approximate 
durations  of  each  wave  form.  The  high  frequencies  observed  in  the  test 
data  iiorn  which  these  waves  were  synthesized  have  been  deleted  so  that 
their  use  to  determine  the  responses  of  high  frequency  systems  is 
invalid. 

The  general  shape  of  both  the  air-blast  induced  and  c.ratering- 
induced  Type  I  wave  forms  can  be  explained  on  a  rational  basis  as 
resulting  from  the  pressure  loadings  on  the  soil.  Mo  simple  explanation 
can  be  offered  for  the  Type  II  wave  form.  The  Type  II  wave  form  has 
simply  been  observed  to  occur  in  test  data  from  layered  sites  where 
reflections  and  refractions  were  unquestionably  present.  There  is  no 
positive  assurance  that  the  Type  II  wave  form  exists  as  a  separate  ana 
distinct  phenomenon.  Yet  the  regularity  of  the  oscillations  which  were 
observed  appears  to  support  the  premise  that  they  are  not  merely  the¬ 
re  suit  of  random  interactions  of  several  waves  of  the  Type  I  form 
impinging  on  a  point.  In  any  case,  the  strong  influence  of  an 
oscillatory  wave  on  the  response  of  an  isolation  system  is  of  vital 
concern  to  the  designer  and  the  fact  that  the  oscillations,  whatever 
their  source,  have  been  observed,  is  sufficient  cause  for  concern. 

If  the  site  is  such  that  only  a  Type  I  wave  form  can  occur,  i.e., 
the  geological  formation  is  homogeneous,  the  critical  condition  foi  the 
shock  isolation  system  may  be  either  of  the  folloving: 

.  For  systems  in  which  the  vertical  or  horizontal  modes 
are  coupled  with  each  other  or  to  the  same  rotational 
mode,  the  weapon  yielding  the  greatest  vertical  ground 
velocity  will  be  critical  for  the  vertical  mode,  while 
the  one  yielding  the  greatest  horizontal  velocity  wiil 
be  critical  for  the  horizontal  mode. 

.  For  systems  in  which  the  vertical  and  horizontal  modes 
are  intercoupled  or  coupled  to  the  same  rotational 
mode,  several  weapon  sizes  and  locations  must  be  con¬ 
sidered  to  find  the  critical  condition.  The  phasing 
of  the  vertical  and  horizontal  components  of  the  ground 
shock  also  becomes  a  parameter  in  this  case. 
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At  sites  where  the  Type  II  wave  form  can  occur  at  the  point  of 
interest,  the  number  of  condition*  to  which  the  response  of  the 
isolation  system  may  be  critical  increased.  Since  a  Type  II  wave 
form  cannot  exist  alone,  all  the  conditions  mentioned  above  in 
connection  with  the  Type  I  wave  form  must  be  examined.  In  addition, 
the~following  possibilities  must  be  considered: 

.  The  Type  II  wave,  being  the  result  of  reflections  and/or 
refractions,  first  increases  in  strength  with  distance 
from  ground  zero  and  then  decreases.  The  Type  I  wave, 
either  airblast  or  cratering-induced,  always  decreases  in 
strength  with  increasing  range.  Thus  the  relative  strengths 
of  the  two  waves  and  their  phasing  are  continually  changing 
as  they  recede  from  the  point  of  burst.  Since  the  response 
of  the  isolation  nyutem  is  sensitive  both  to  the  relative 
strengths  and  phasing,  the  range  at  which  maximum  response 
will  occur  is  not  immediately  evident  and  usually  must  be 
fouoi  by  trial  and  error. 

.  The  horizontal  component  of  the  Type  II  wave  form  has  been 
observed  only  in  a  very  few  test  records.  In  all  cases  the 
wave  form  is  a  gentle  outward-moving  velocity  pulse  rather 
than  an  oscillation.  The  data  are  insufficient  to  serve 
as  a  basis  for  general  conclusions  however,  and  it  is 
suggested  that  the  horizontal  vector  of  the  Type  II  wave 
be  used  in  the  system  analysis  as  a  horizontal  input. 

An  indication  of  the  effect  of  the  wave  forms  of  different  ratios 
of  Type  I  to  Type  II  can  be  obtained  by  an  inspection  of  Figure  3-7-5(a) • 
If  the  periods  of  the  waves  are  taken  as  their  durations,  assuming  the 
durations  to  be  equal,  and  taking  the  phase  angle  as  positive  for  a 
leading  Type  I  wave,  the  variation  of  the  maximum  undamped  velocity 
amplification  ratios  are  shown  in  the  following  Table  as  a  function 
of  the  phase  angle  0. 


Amplitude  of  Type  I 

Maximum  Velocity  Amplification  Ratio 

Amplitude  of  Type  II 
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The  sensitivity  of  velocity  amplification  ratio  to  change  in  phase 
angle  would  probably  be  even  more  apparent  if  the  ratios  had  been 
calculated  for  intermediate  values  of  tf. 

Another  factor  which  may  be  of  great  importance  in  the  design 
of  some  underground  facilities  is  the  necessity  for  surviving  multiple 
attack.  The  criteria  for  many  facilities  specify  that  the  isolation 
systems  be  capable  of  withstanding  repeated  shocks,  although  the 
expected  frequency  of  the  attacks  is  rarely  established.  If  the  attacks 
were  .,0  occur  at  short,  reasonably  regular  intervals,  the  resulting 
ground  motion  would  be  quasiperiodic  regardless  of  the  shape  of  the 
waves  generated  by  the  individual  bursts.  Further,  if  the  intervals 
were  near  the  natural  periods  of  the  isolation  system,  the  response  of 
the  system  would  be  amplified  appreciably. 

If  the  possibility  of  sustaining  damage  through  multiple  attack 
appears  to  be  remote,  it  should  be  remembered  that  the  periods  of 
many  isolation  systems  fall  in  the  range  from  2  to  5  seconds; 
that  there  are  usually  many  critical  isolation  systems  in  a  facility, 
pnnh  containing  several  modes  of  oscillation;  that  many  systems  are 
only  lightly  lamped;  ana  tnat  several  small  bursts  may  cause  a  greater 
system  response  than  a  single  large  one.  It  would  appear  therefore  that 
damage  from  the  accumulative  effects  of  multiple  attack  is  quite 
possible  and  that  systems  intended  to  survive  in  this  environment  must 
he  designed  to  resist  quasireoonances  excited  by  the  periodic  inputs. 

Distortion  of  the  wave  form  introduced  by  the  interaction  of  the 
soil  with  the  structure  is  almost  impossible  to  evaluate  quantitatively 
at  the  present  time.  If  the  structure  is  rigid,  the  isolation  system 
designer  is  probably  .justified  in  neglecting  any  interaction  effect 
and  in  using  the  free-field  ground  motion.  For  highly  deformable 
linings  ana  for  unlined  cavities,  studies  of  simple  models  have 
indicated  that  amplification  of  she  motion  can  occur.  While  service 
conditions  differ  appreciably  from  those  considered  in  the  analyses, 
the  designer  is  cautioned  to  review  the  results  of  these  works  carefully 
before  assigning  quantitative  values  to  the  interaction  effect. 

In  addition  to  the  large  number  of  possible  ground  motions  which 
must  be  considered  in  the  design  of  the  isolation  system,  the  accuracy 
.-.ith  which  the  parameters  of  each  wave  can  be  predicted  Is  so  uncertain 
that  it  is  desirable  to  consider  each  parameter  as  a  range  of  values 
rather  than  a  discrete  number.  Sauer  (Reference  5-1  )  notes  that  the 
possible  error  in  his  prediction  equations  for  near  surface  vertical 
velocities  is  plus  or  minus  20  per  cent  for  the  superseismic  case  and 
'/xua  00  to  minus  ■: 0  per  cent  fc"  the  subseismic  case.  While  Nevmark 
(Reference  5-2  )  does  not  estimate  the  possible  error,  his  equations 
..ere  uerived  from  essentially  the  same  data  as  those  of  Sauer  and  they 
pi. ve  comparaDle  results.  It  .  ould  be  expected  therefore  that  the 
errors  coulu  be  of  the  same  magnitude. 
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The  method  used  for  predicting  phs.se  angle  between  the  Type  I 
and  Type  II  waves  is  based  on  the  assumptions  that  the  soil  is 
elastic  and  that  reflections  and  refractions  take  place  at  abrupt 
discontinuities  between  the  Liye.<:  .ledlai  As  noted  in  Section  2.0, 
the  validity  cf  these  assumptions  is  dependent  on  the  local  site 
conditions  and  in  some  cases  may  be  grossly  in  error. 

Further,  in  the  Design  Guide  the  periods  and  relative  amplitudes 
of  the  Type  II  wave  form  have  been  fixed,  based  on  averages  of  those 
values  observed  in  the  test  data.  It  is  highly  improbable  that  these 
values  are  independent  uf  site  and  weapon  conditions. 

In  summary,  the  large  number  of  wave -form  patterns  which  may  be 
critical  to  the  response  of  the  isolation  system,  the  many  parameters 
needed  to  define  each  pattern,  and  the  broad  range  of  uncertainty 
surrounding  the  specific  values  given  by  the  various  prediction  methods 
all  emphasize  an  essential,  need  for  thoroughness  in  isolation  system 
design.  Even  the  simple  shock  spectrum,  as  usually  formulated,  should 
be  viewed  with  suspicion  by  the  isolation  system  designer,  until  the 
conditions  of  shock  which  it  represents  have  been  clearly  defined. 

Does  the  spectrum  account  properly  for  the  oscillatory  ground 
motion?  Has  the  phasing  of  the  Type  I  and  Type  II  waves  been  considered 
so  as  to  give  peak  response?  What  damping  was  used  in  obtaining  the 
spectrum?  Were  multiple  attacks  considered?  These  are  only  a  few  of 
the  points  the  designer  must  verify  before  he  accepts  the  spectrum  as 
a  valid  indication  of  response  to  the  shock. 
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5.3  Variations  in  Isolation  System  Design  Parameters 

In  the  previous  section,  tU=  iaojatu  .  system  parameters  were 

considered  an  single  valued,  and  the  effects  of  variations  in  external 
^onsiaei e  In  service,  however,  many  of  the  parameters 

T^Z^n^itseU  may  change  through  wear  aging,  up -dating, 
or  even  during  normal  operation.  These  changes  may  alter  significantly 
the  behavior  of  the  system. 

5.3.1  Load  Changes 

As  indicated  earlier  in  the  Design  Guide,  rarely  is  the  mahe 
and  model  number  of  the  equipment  to  be  isolated  known  at  the  tune  e 
facility  is  being  designed.  Thus  the  center  ot  gravity  location  ana  the 
total  weight  of  many  items  can  only  be  estimated  roughly.  It  is  evi 
Safa  complete  uncoupling  of  the  six  possible  modes  of  oscillation  is 
essentially  impossible  under  these  conditions  without  corresponding 
changes  being  Sde  in  the  system  configuration.  Whenever  the  equipment 
SSo  be  provided  by  a  single  supplier,  it  is  highly  desirable  to  specify 
tnat  he  furnish  the  isolators  with  the  unit.  In  this  way  the  need  for 
Set facility  designer  to  allow  for  adjustments  in  the  mounting  provisions 
FuriLr,  shock  testing,  If  required,  con  he  acsooplished 
at  one  time  on  the  complete  shock-mounted  unit.  Care  must  be  taken, 
however,  to  ensure  that  flexible  lines,  cables,  or  other  connections 
added  later  do  not  influence  seriously  the  dynamic  response  of  the  unit. 
Here  again,  the  provision  of  these  accessories  by  the  equipment  supplier 
ana  their  inclusion  In  the  shock-test  unit  is  desirable. 

In  many  instances,  however,  it  is  not  possible  to  employ  this 
procedure.  The  isolated  mass  may  comprise  an  assembly  of  units  ox 
different  kinds  ranging  in  number  from  two  or  three  to  the  myriad 
required  to  house  and  equip  a  large  operations  crew.  In  .re se  instance o 
the  facility  aesigner  must  anticipate  the  possible  variations  in  total 
suspended  weight  and  in  center  of  gravity  location  and  to  ensure  that 
the  system  performance  is  satisfactory  throughout  tne  range  of  loading 
conditions. 

In  the  very  large  shock-isolated  systems  which  support  power  plants, 
liquid  storage  tanks,  personnel  areas  including  living  quarters  and  items 
of  this  nature,  load  changes  occurring  during  normal  operation  must  b. 
riven  careful  attention.  The  flow  and  consumption  of  water,  fuel,  and 
solids,  the  disposal  of  wastes,  and  the  movement  of  personnel  must  be 
studied  to  ensure  that  under  no  possible  condition  can  ehe  load  sizes 
and  arrangement  exceed  the  saf.  operating  limits  of  the  isolation  system. 

Changes  in  the  magnitude  of  the  load  or  position  of  its  center  of 
gravity  can  have  profound  efiacts  on  the  system  response.  A  change  of 
weight" on  any  isolator,  for  example,  will  be  reflected  by  a  corresponding 
change  in  its  natural  frequency.  The  resulting  motion  of  tnat  isolate! 
will,'  therefore,  be  altered.  If  the  center  of  gravity  is  changed  irom 
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its  original  location,  the  resulting  change  ox’  weight  due  to  the 
redistribution  of  load  on  each  isolator  will  introduce  coupling  between 
the  translational  and  rotational  modes  even  though  the  system  was 
uncoupled  initially,  in.  Large  as  rotation  is  particularly  undesir¬ 

able  since  even  snail  angles  of  rotation  result  in  large  1  inear  dis¬ 
placements  at  points  remote  from  the  axis  of  rotation.  Further,  since 
most  isolation  syw+.pn's  n.rp  relatively  "soft",  small  center  of  gravity 
shifts  can  produce  sizable  static  inclinations  from  the  horizontal 
position,  a  particularly  undesirable  occurrence  in  those  installations 
housing  personnel,. 

It  is  evident  then  that  in  many  instances  provisions  must  be  made 
to  adjust  the  system  to  accommodate  load  changes.  If  large  changes 
occur  frequently  or  rapidly,  this  requirement  may  necessitate  the  use 
of  partially  or  fully  automatic  systems  for  maintaining  a  well  balanced 
load. 


Balancing  can  be  accomplished  by  several  means.  The  simplest  in 
concept,  and  frequently  the  easiest,  is  by  means  of  ballasting  the 
assembly  to  maintain  a  constant  total  weight  and  center  of  gravity 
position.  If  the  degree  of  coupling  initially  in  the  system  is  not  to 
be  altered  when  the  unit  is  reballasted  to  correct  for  a  load  change, 
the  directions  of  the  principal  axes  of  the  reballasted  mass  should  be 
identical  with  their  initial  directions.  However,  within  the  range  of 
normal  load  changes,  this  requirement  is  probably  not  essential. 

In  small  installations,  simple  lead  or  iron  weights  may  be 
sufficient  to  provide  the  needed  ballasting.  In  larger  shock-isolated 
systems  and  where  the  complexity  is  warranted,  liquid  may  be  distributed 
among  severed,  tanks  by  a  cross -feed  pumping  system.  Frequently  liquid 
is  needed  for  other  purposes  and  while  extra  liquid  must  be  added  for 
this  purpose,  some  tankage  aid  liquid-handling  equipment  may  already 
be  available.  Care  must  be  taken  with  all  liquid  storage  systems, 
however,  to  ensure  that  the  forces  introduced  by  sloshing  are  considei  c 
in  evaluating  the  dynamic  response  of  the  isolation  system. 

A  second  meanB  for  balancing  the  system  to  account  for  changes  in 
load  is  by  providing  the  proper  adjustments  within  the  isolators  them¬ 
selves.  First,  the  force  exerted  by  the  isolator  must  be  adjustable 
so  that  the  position  find  equilibrium  of  the  suspended  mass  can  be  kept 
constant  throughout  weight  or  center  of  gravity  changes.  Second,  the 
stiffness  of  the  isolator  must  be  adjustable  so  that  the  natural 
frequency  of  the  isolator  does  not  change  with  changing  load. 

Variable  stiffness  -on  be  achieved  in  practical  isolator  elements  by 
a  variety  of  means.  Fov  example,  the  effective  length  of  beams  and 
torsion  members,  or  the  volume  of  liquid  and  air  springs  can  be  adjusted, 
For  nonlinear  elements,  however,  it  should  be  remembered  that  it  is  not 
sufficient  that  the  stiffness  of  all  isolators  be  equal  in  the  static 
position,  but  that  their  force -displacement  curves  be  coincident 
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throughout  the  entire  stroke. 

If  the  system  contains  only  velocity  damping,  no  adjustment  need 
be  unde  to  the  damping  when  correcting  r  .  isolator  characteristics  to 

ac.:0  mod  ate  changes  in  load. 


5.3*2  Ornplng  Requirements 


pret  ■>r,tive 
frequently 
and  to  rely 
damp  those 


The  provision  of  damping  in  isolation  system  in  underground 
structures  is  rarely  given  the  attention  it  deserves.  It 


has  oeen  the  practice  to  damp  those  systems  supporting  personnel 
■  on  friction  and  the  internal  hysteresis  of  the  materials  to 
systems  supporting  equipment.  This  design  approach  overlooks 


completely  the  possibility  of  quasi-resonances  being  excited  by  oscillate  ng 
components  of  the  shock  wave  and  periodic  disturbances  due  to  multiple 
attack. 


The  effectiveness  of  damping  in  reducing  oscillations  due  to  an 
impulsive  input  similar  to  the  Type  I  wave  form  is  slight.  For  example. 
Figure  5*3*1  shows  the  ratio  of  the  damped  to  the  undamped  response  a- 
t  function  of  clamping  ratio  for  a  single  degree  of  freedom  linear  system 
subjected  to  a  half-sine  acceleration  pulse.  For  a  damping  ratio  as  high 
as  50  per  cent  of  the  critical  value,  it  may  be  noted  that  the  peak 
response  is  reduced  only  by  50  per  cent. 

However  damping  has  an  appreciable  influence  on  the  response  of 
systems  exposed  to  oscillating  motion  such  as  the  Type  II  wave.  For 
example,  the  attenuation  due  to  damping  for  an  input  consisting  of  a 
decaying  sinusoid  is  also  shown  in  Figure  5.3*1*  Here  a  50  per  cent 
decrease  in  peak  response  can  be  achieved  with  only  5  per  cent  critical 
damping.  Since  the  response  to  an  oscillating  motion  is  greater  than 
tc  a  pulse  however,  the  Type  II  waveform  still  produces  the  critical 
response. 


In  Figure  5-3.2  the  acceleration  amplification  ratios  for  the  half¬ 
sine  pulse  and  the  decaying  sinusoid  are  compared.  For  the  case  considered 
here  it  can  be  noted  that  a  damping  ratio  of  0.15  is  needed  to  reduce 
the  response  to  the  decaying  sinusoid  to  a  value  of  2.0,  the  figure 
recommended  by  Kewaiark  (Ref.  5*2  )  as  a  correction  for  a  "complex" 

wave  form.  While  the  decaying  sinusoid  is  not  strictly  comparable  to 
the  Type  II  wave  form,  the  zero  damping  case  matches  closely  the 
velocity  amplification  factors  given  for  the  Type  II  wave  form  in 
Figure  3*7. 5(b)  (Page  3-110). 

The  effect  of  repeated  pulses  due  to  multiple  attack  on  the  peak 
response  of  tiie  system  is  dependent  largely  on  the  number  of  pulses  and 
their  spacing.  Thus  the  extern;  of  the  safeguards  which  must  be  incor¬ 
porates  in  the  isolation  system  to  resist  failure  from  this  cause  is 
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closely  related  to  the  basic  philosophy  of  the  facility.  In  almost  all 
installations  a  sequence  of  nuclear  bursts  can  be  postulated  which  will 
destroy  some  of  the  isolation  system.  T-.  tVo  instance , then,  the 
probability  of  the  occurrence  of  such  a  sequence  must  be  weighed  against 
added  cos+  of  the  protective  measures.  It  should  be  noted,  however, 
that  the  critical  attack  can  be  determined  only  after  the  gross  character¬ 
istics  of  the  isolation  system  are  known. 

Try  addition  to  minimizing  the  peak  response  of  the  primary  isolation 
system,  damping  is  also  beneficial  in  reducing  the  exposure  time  of  the 
supported  equipment  and  personnel  to  the  oscillatory  motion.  The  tol¬ 
erance  of  both  equipment  and  personnel  to  a  short  duration  oscillation 
is  significantly  greater  than  to  a  steady  vibration  of  the  same  peak 
amplitude  and  acceleration  because  of  the  lesser  energy  transferred. 

From  these  considerations,  it  ?p  seen  that  the  amount  of  damping 
needed  in  almost,  if  not  all, isolation  systems  for  underground  pro¬ 
tective  structures  is  appreciably  greater  than  that  Inherent  in  moving 
Joints  and  the  Internal  hysteresis  of  the  materials.  Auxiliary  damping 
devices  must  then  be  provided.  Coulomb  damping,  because  of  its 
deleterious  effect  on  the  static  positioning  of  the  system  and  the  high 
frequencies  which  it  introduces  in  the  output  motion, is  generally 
undesirable  and  velocity  damping  should  be  used. 

In  most  cases,  some  tradeoff  between  damping  and  rattlespace  can 
be  made.  That  is,  provision  for  oscillatory  and/or  periodic  inputs  can 
be  made  by  adjusting  the  damping  and  rattlespace  to  achieve  the  most 
economical  over-all  installation.  However,  as  the  damping  is  decreased, 
the  sensitivity  of  the  system  to  oscillations  is  increased  and  a  greater 
confidence  in  the  reliability  of  the  ground  motion  predictions  is  implied. 

5.3.3  Output  Requirements 

A  procedure  for  selecting  the  output  requirements  of  shock 
isolation  systems  to  match  a  spectral  representation  of  the  tolerance 
level  of  the  equipment  is  described  in  Section  4.6.  "Tolerance  level" 
however  is  associated  intimately  with  mode  of  failure  end  before 
quantitative  values  can  be  established,  the  function  of  the  equipment 
and  its  duties  during  and  following  attack  must  be  clearly  defined. 

The  spectrum  of  the  motion  of  the  isolated  system  is  governed  by 
the  natural  frequency  of  the  system,  the  isolator  force-displacement 
characteristic  and  the  kinematic  arrangement.  The  natural  frequency 
usually  fixes  the  peak  acceleration  of  the  response  while  the  latter  two 
items  control  the  breadth  of  the  Dand  of  frequencies  over  which  signi¬ 
ficant  accelerations  occur.  The  minimum  spectrum  is  obtained  by 
employing  linear  elastic  elements  and  the  suspension  system 

so  that  all  modes  of  acceleration  are  uncoupled. 
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It  may  be  noted  that  the  procedure  of  Section  k.6  is  based  on  just 
these  assumptions.  Systems  con+e-'rl'  -  .nonlinear  elements  or  coupled 
inodes  then  will  yield  broader  sped.  ,  and  appropriate  allowances  must 
be  made  in  comparing  the  simplified  output  spectra  with  the  equipment 
tolerance  data. 

Most  shock  tests  are  conducted  with  the  force  applied  along  axes 
normal  or  parallel  to  the  mount! rg  base.  In  service,  the  force  may  be 
applied  from  any  one  of  many  directions  and  may  vary  during  the  shock. 
It  is  probable  that  the  elliptic  g  function  method  described  in  Section 
li , 5.4  in  connection  with  human  acceleration  tolerances  could  be  applied 
here  as  well. 
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5.4  Summary 

The  two  moot  important  safeguard  i  .  isolation  system  designer  car 
build  into  his  system  are  raLtiesp&ce  ar„u  damping.  The  details  of  the 
attack  and  the  resulting  ground  shock  cannot  be  defined  explicitly; 
only  the  gross  characteristics  of  the  site  geology  are  usually  known; 
the  interactions  between  the  soil  and  the  stricture  cannot  be  determined 
quantitatively  and,  lit  fact,  probably  •.’ary  considerably  with  construction 
technique;  and  the  mechanism  of  damage  in  a  particular  Item  of  equipment 
can  only  be  based  on  broad  generalizations.  Faced  with  these  many  un¬ 
certainties,  the  designer  must  provide  his  system  with  a  capability  for 
surviving  any  and  all  oond.it ions  which  cannot  be  proven  to  be  outside  the 
realm  of  possibility.  Ary  lesser  capability  should  be  accepted  only  on 
the  basis  of  calculated  risk  and  not  on  optimism. 

While  in  most  underground  rtvuetures,  space  is  at  a  minimum,  rattle- 
s]»ce  should  be  recognised  for  what  it  is,  a  part  of  the  factor  of  safety 
of  the  isolation  system.  Reducing  it  to  a  marginal  value  is  comparable 
to  reducing  the  strength  of  the  structure  to  e.  bare  ninimum. 

Similarly,  damping  should  be  considered  more  a3  a  factor  of  safety 
than  simply  as  a  means  for  reducing  response  to  an  assumed  inprt.  All 
of  these  systems  are  sensitive  to  oscillatory  motions,  and  in  view  of 
the  little  known  of  the  oscillatory  components  of  the  ground  motion, 
damping  acts  as  a  governor  in  minimizing  the  effect  of  such  motion  on 
the  isolation  system. 


The  designer  is  entreated  to  extend  his  zone  of  inquiry  to  the 
weapon  system  extending  from  the  methods  of  attack  to  the  functioning  of 


--  W.X  j 


the  Bivucc.eu  equiymci.'/c.  oiiu  ou  regoru  ni»  iaui.tLl.Lun  Bysbem  tin  uu  e»t>em.ia i. 
part  of  a  weapon.  For  only  by  assuming  this  broad  viewpoint  can  he  hope 
to  attain  an  integrated,  reliable  design. 
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